Functions 11

Course Notes

Chapter 1 — Introduction to
Functions

Two NUMBERS CAN DESCRIBE THE UNIVERSE

We will learn
e the meaning of the term Function and how to use function notation to
calculate and represent functions
e the meanings of the terms domain and range, and how a function’s
structure affects domain and range
e how to use transformations to represent and sketch graphs
e how to determine the inverse of a function

OUR RELATIONSHIP ENTERED
ITs DECLINE AT THIS POINT.

T / THAT'S WHEN YOU
STARTED GRAPHING
<@ EVERYTHING.
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Chapte r/ Mﬁ{ynm‘maiﬁaﬁﬁﬂal
—Expressions — —

Contents with suggested problems from the Nelson Textbook. These problems are
not going to be checked, but you can ask me any questions about them that you
like.

Section 1.1
Pg. 10 — 12 #1, 2 (no ruler needed...), 6, 7, (no need for the VLT, but do sketch graphs
even if you use Desmos to do the sketching!), 9, 11, 12 (think carefully about the idea that
the domain and range are “limited”)

Section 1.2
Page 23 #1-2, 5, 8b, 10, 11cd, 15, 16, challenge #17

Section 1.3/1.4
READ Examples 3 and 4 on pages 32 — 34 in your text

Pg. 35 - SY@also: which are functions?), Soce, 11 (use a graphing—

calculator, or Desmos 1f you want!), 12, 14 (caiculate the functionai vaities for each
given-domain vaiuey———

Section 1.5
Pg. 47 - 49 #1, 8, 10, 16, 17
Also, determine the inverse (your method of choice) of:

a) f(x)=2vVx-3+5 b) g(x)z)%s c) h(x):%(x+3)z—1

Section 1.6-1.8
Handout (which will be handed in) and Pg. 70 #18

OR

Pg. 70 — 73 #4 (state the tra
10 (state the transfo ions), 16, 17, 18,

te the transformations), 7b, 8c, 9a,

19ac
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Chapter 1 — Introduction to Functions
1.1 Relations and Functions (This is a KEY lesson!)

Learning Goal: We are learning to recognize functions in various representations.

This course is called FUNCTIONS, so it seems rather important that you know what a function
actually is. Thus you need to know, very well, the following (algebraic) definition:

Definition 1.1. / )

A FUNCTION is an algebraic < ule whee h comect  fuwo  sels
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We can visualize what a function is (and isn’t) by using so-called “arrow diagrams”:
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We need a few more definitions before moving on, so that we can “speak the language” of

functions (and that language is mathematics!)
e SGI{' er (ea | Numbers.
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Definition 1.1.4 é
The DOMAIN of a function (or a relation) is 74/@ 5:0,/ @f [Slamoerd WA*CZ{

ane OL,[(OL)“’&-(J )Lé 60 e ﬂO(Mg?J e’thD MIQ Q—-— or (‘Q/a?é!sw,
waﬂe L fg&f*ﬂt Ll"‘/‘J‘ on QA\OA ( ggfp*ggs‘, &S

Definition 1.1.5

The RANGE of a function (or a relation) is 7‘@ 5@4 @dC mﬁeé@j’ Ca /c wl r-»z(eo/
’Frgm '}‘AQ ngﬁ!\ﬂ.

Two other important terms to know are:

1) The INDEPENDENT VARIABLE /s e Jm«w% vacialb/L

2) The DEPENDENT VARIABLE -

5 % Faﬂé}b/}/ uam‘aé)/g



KNOWING WHEN A RELATION IS, AND ISN’T, A FUNCTION

Graphically: The Vertical Line Test (/LT

e s b ottt 0t B o s
2SS %& te* ﬁlﬂl oMce. '1'/}@ #GUJ\UJ (&/g/;; Moe HAhon
fouchad /e Teaial et 7

Algebraically: (NOTE: this is a “rough” way of thinking about the problem)

If the Dependent Variable is POU.SgJ fo o euen @Wﬁ& %,é /g/q,i,"m /S
L/MJ

v /)GL L 70,9

Success Criteria:
e | can determine the domain of a relation or function as the set of all values of the
independent variable
e | can determine the range of a relation or function as the set of all values of the dependent
variable
e | can apply the vertical line test to determine if a graph is a function
e | can recognize whether a relation is a function from its equation
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Chapter 1 — Introduction to Functions
1.2 Function Notation

Learning Goal: We are learning to use function notation to represent linear and quadratic
functions

Here we learn a NEw AND IMPROVED WAY for describing a function, algebraically. You have
been using the following form for functions (in this example, for a quadratic):

y=3(x-2)*+1

A much more useful way of writing function is to use FUNCTION NOTATION. The above
quadratic (which we call a “function of x” because the domain is glven as x- values) can be

written as: g;(xj g(x Jg) +‘ ‘ Q X) _ 7 (:I

S &- od 4 ——'—-—-—-—-—.—_—/

ot x )
This new notation is so useful because the * symbol

shows BOTH the DOMAIN and the RANGE values. Because of that, the function notation
shows us points on the graph of the function.

Let’s do some examples (from your text on pages 23 - 24) J L
( e A N C \A af{ X =
Qv
Example 1.2.1 r’ - y
3 XA clot
4. Evaluate/ =34 3], andf(l.fi) for
a) flx) = x—Z)z—l f() Z—I-"%ﬁc—f-ix'

w 77

3 gﬂ;) _ (,f/_;> y W) S(3)= (Eﬁj - S;(x;@ -+ g(k’&) WX’*«Q)
fn="F —| 5= - Foxpprd ore/
oo o= o S,
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The Cocbon af x=- 587 | (30
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Example 1.2.2

6. The graph of y = f(x) is shown at the right. ™

a) State the domain and range of /. 6; . i
b) Evaluate. l ;: ‘
) A3)=7 i) £(5 — 3) EE
i) A(5)=2 v) f(5) - f(3) TR TEA
457 0BT 50y -5
1 35
AT 2D 55 - £6)
Lo
- =
Example 1.2.3 deman o .

11. For g(x) = 4 — 5x, determine the inpur for x when the output of g(x) is)

a) —G6=4) b) 2=90)

3(?() = é/_ Sx 4 ¢
Ay L= -ox
1@-_—_ :—9) —-j__ - :_S:Jr
G ~-5 "_‘_5, -5
L= X
X

% 3(9-)":_‘—é "'TE"'
39 (D=2 (2



Example 1.2.4
7. For #(x) = 2x — 5, determine

a) h(a) ¢) h(3c— 1)
b) A(b+ 1) d) #(2 — 5x)

D = a5 O ey = ze) 5

N -6 2 TS
' ptl) = btl)~-5
) blowd = 2D h(3e-) = bc =7

L](ﬂlg‘ﬂ)‘: Ab * A5

oy = 2b -3
Example 1.2.5
12. A company rents cars for $50 per day plus $0.1 SIkm‘i\Q‘/
@' Express the daily rental cost as a function of the number of kilometres
wavelled. WheF 13 M{Q COUL 7@(-__5_7?__/&;1 6’(“3)/
b) Determine the rental cost if you drive 47 in one day.
¢) Determine how far you can drive in a day for $80.

T cosk o ()
x) Cla)= O.lsd + 50 2 G0 = ousdt <5

D = O.(sA

b) Cimy= OU5(472) =52 | L

_
(L= Z(x0.80 e con e 200k

for 260
C ( 20d) = '8‘8’0
Success Criteria:

e | can evaluate functions using function notation, by substituting a given value for x in the
equation for f(x)

e | can recognize that f(x) =y corresponds to the coordinate (X, y)

e | can, giveny = f(x), determine the value of x
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Chapter 1 — Introduction to Functions
1.3 and 1.4 Parent Functions and Domain and Range

Learning Goal: We are learning the graphs and equations of five basic functions; and using
their tables, graphs, or equations to find their domains and ranges.

We will be closely studying 5 TYPES OF FUNCTIONS (Actually we’ll study more than the following five,

but for now....the big five are:)

Egquation of Function

Name of Function

Sketch of Graph

fla) = x inear function
%"x) = X~ %/
Fx)m ! guadratic function

sguare root
function

flx) = % reciprocal function
X #£O
L6+
%‘) a(X'B) Q(?O £0O
oy 70
flx) = il | absolute value
function
§lo= FQH >(+5'2 - > ¢ the ditonce
6? X fv 2er0)

MosmiNe, #Jng (esit

1S q[m?_s dofys;ﬁ:be,



DOMAIN AND RANGE

Two incredibly important aspects of functions are their / gﬂ?mlm WLJ Q

Again, the Domain is f’/;é SGAL ODD fﬂ/&”% elues (K “""("‘”}
And, the Range is 7%& j’e,l 07[' Ouﬁam)ﬁ uo(CAZJ (Y,m(‘,&u/joﬁc) -un{UPD

Example 1.4.1

Given the SKETCH OF THE GRAPH of the RELATION determine: the domain, the range of
the relation, and whether the relation is, or is not, a function.

2 £ HE
5555555553‘/(“ | \57@7 o,

b) ) X

W fex

. veses VLT
Y@S'#‘[j t' HH ?‘x: .__._:.*?JC.::P
P ﬁ |
Dg gxé/ﬁ';i ML:;LS? Dﬂr;gx&/{?} X Con be Onszﬁf
R.- §5t0eR| - 2 52357 C - tsmek| 90 = 37
(4]
C) (0,45)

Yé}@ Digxé@)v?ﬁék&?s}
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THE PARENT FUNCTIONS (for Grade 11)

Together we will explore (graphically) basic properties of the five parent functions:

Points

3, ) .

((4]-?) Dgl‘ gXC@?

(O)d]

((, 1) %: fg(@éﬁ}

(2,2)

R N

Sy (4,1 leweR @gc)}
olo @A % & :
{ | (fJI)
& L{ (137)

¢) Square Root féﬁ) - J‘—;l y
X X

o
EEREE y |2 Qﬂ. %f(x)éfJ C(x) 20}
’ 113
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e) Absolute Value _j (x) = ] X}

= ‘:j Of%“@_ |
"(; 0’ R, :EJ@)é/ﬁldka%.O}
l
A

/
A

;l Example 1.4.2 (From Pg. 36 in your text)

8. Write a function to describe coffee dripping into a(10-cup karafe at a rate of
1 mL/s. State the domain and range of the function (1 cup~=<250 mL).

(O cups = 250OML . ¥ ( £ efP {af_é < 52570%
.

Lol Lowe (seons) bel £ o
Le% /mL b@ )% [fe,{wwe-, IQ/'» ff/(@éﬁg ) (95;(/[{;)9 ggac);

Example 1.4.3 (From Pg. 37 in your text...u@

9. Determine the domain and range of each function.

2 flx) = —3x+8 d P =S-22-5 | H @ =V5-x

v: (3 -5)
R VL I
Qg {g(ﬁé@? (\)(D {p&)é@/ f(x) 2,5‘2 (< g(“(x) éﬁi{ (0 =z O}
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Example 1.4.4

10. A ball is thrown upward from the roof of a 25 m building. The ball reaches a m ax
(A height of 45 m above the ground after 2 s and hits the ground 5 s after being -
thrown.
a) Sketch a graph that shows the height of the ball as a function of time.
b) State the domain and range of the function.

] Determinesa uasien-forcheTunctom.

di ".%Hb’) b> 0. { LefP ‘ oLt & 5’)2

AN

(0 55) R . Chiy R ) O hl) < ‘fs—f

Success Criteria:
e | can identify the unique characteristics of five basic types of functions
e | can identify the domain and ranges of five basic types of functions
e | can identify when there are restrictions given real-world situations

13
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Chapter 1 — Introduction to Functions
1.5: Inverses of Functions

Learning Goal: We are learning to determine inverses of functions and investigate their !
properties.
_m/@rge/
Definition 1.5.1 (very rough definition!)
Given a function f (x), the inverse of the function (which we write as fo)) can be

considered to “undo” what f (x) originally did.

Consider the Arrow Diagrams:

$v)

Rl dea
Switch Phe JOW\@V\ ond
Qawaa, Cx rd Y yaluer)

14



Example 1.5.1 //// /

Given the graph of f(x) determine: D,, R, f(x), D, R
f(x)={(2.3),(4,2),(5,6),(6,2)} .1s f™(x) a function?

D 2,4 563K 57 £ (32),(39) (4,%) (3 é);

. 52 3,657
K; % ) 7 )3 $ 5\'[()() 3 Net o Q{ DocouSe

SPtade

Determining the Inverse of a Function

We can determine the inverse of some given function in either of two ways: Graphically and
Algebraically.

Note: Finding a function inverse
graphically is not a very useful

Function Inverses Graphically method, but it can be instructive

[\:c; s W
210

?/
no o TH

15



Function Inverses Algebraically

Determining algebraic representations of inverse relations for given functions can be done in (at

least) two ways:

1) Use algebra in a “brute force” manner (keeping in mind the Big Idea)
2) Use Transfermations (keeping in mind “inverse operations™)

[
Example 1.5.2

[lofpod.

Determine the inverse of

a) f(x)=2x-5 b) g(x) =

%\/x—1+2.

State the domain and range of both
the function and its inverse.

Here we will use “brute force”.

I\/Iethod Mo mibo

o) o
1) SWltch x and f\yx) and

\YJ 7 ] ,-

2) Solve for (k)

5) TV orn :W?lc? g'\A(X)

16



Example 1.5.3 /}'l (’L
J‘

N

Umng.ﬂ@%#smah&%determmethe inverse of f(x)= 2,/—(x 1) +2.

i a—

l BN 5
e Sﬁi@ - 3%“ g )
)

;'Iffrl;?

b -2

Success Criteria:

I can determine the inverse of a function using various techniques

I can determine the inverse of a coordinate (a, b) by switching the variables: (b, a)
I can recognize that the domain of an inverse is the range of the original function

I can recognize that the range of an inverse is the domain of the original function

I can understand that the inverse of a function is a reflection along the liney =x &

17
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Chapter 1 — Introduction to Functions
1.6 — 1.8: Transformations of Functions (part 1)

Learning Goal: We are learning to apply combinations of transformations in a systematic order
to sketch graphs of functions.

To TRANSFORM something is to C[ﬂf/v’iaé, o NI

TRANSFORMATIONS OF FUNCTIONS can be seen in two ways: algebraically, and graphically.
We’ll begin by examining transformations graphically.

But before we do, we need to remember that the GRAPH OF A FUNCTION, f(X), is given by:

S

-

F(X)= {[ ]|xED }

So, for functions we have two things (NUMBERS!) to “transform”. We can apply

transformations to
1) Domain values (which we call HORIZONTAL TRANSFORMATIONS)
2) Range values (which we call VERTICAL TRANSFORMATIONS)

There are THREE BASIC FUNCTIONAL TRANSFORMATIONS
1) Flips (Reflections “around” an axis) — Nnegu fiv S
2) Stretches (Dilations) |t f“/

3) Sshifts (Translations) gdika % b Hﬂ@(ﬁh

So, we can have Horizontal flips, stretches and/or shifts, and Vertical flips, stretches and/or
shifts. Now let’s take a look at how transformations can be applied to functions.

Note: We’ll (mostly) be applying transformations to our so-called “parent functions” (although
applying transformations to linear functions can seem pretty silly?!)

18



Example 1.8.1
Consider, and make observations concerning the sketch of the graph of the parent

function T (X)=+/X and the transformed function g (X) {2\/ —;+1.
-*f’i %‘f‘ 5 T

1o

Horizontal Transformations Vertical Transformaii)ns

HQ(‘T'ZOH]LC’( ShtF @gV o fo the /ewp/’ Vee Heal S@M R i

o — ‘- ;
' lecked Shokh o3 2
HOK.?M bt I P ::

Note: In the above example we can algebraically describe g(x) as a transformed f(x) with the
functional equation g(x)=21(-x-2)+1

19



Example 1.8.2
Consider, and make observations concerning the sketch of the graph of the parent

function f (X)Z X2 and the transformed function g(x) :@%(X—@j ~1)

fov

|Il 4‘ .
{8 |\ V@r"A'c‘v/ S‘;(‘(g/é’['
> R L
ll
Horizontal Transformations Vertical Transformations
L vt ) _witer mems | Shelch o f o
ERN LR .

ﬂuthﬂa&’ f@fJ TIJ/IM _O___V_’:Q—’-.

_ L | 0
- ] : D N\ 7 ‘f]é; )

Note: In the above example we can algebraically describe g(x) as a transformed f(x) with the

functional equation {
4= 2 §(x-2) ~| 2
_E@(f .
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Chapter 1 — Introduction to Functions
1.6 — 1.8: Transformations of Functions (part 2)

We now turn to examining Transformations of Functions from an algebraic point of view
(although a geometric perspective will still shine though!)

Definition 1.8.1 (X * 3>
Given a function f(x) we can obtain a related function tr:(;ough functional ( 3)
transformations as st be Joctored out [X -

g(x) af (k(x w)j+c where

o~ U?(‘} el S}L{EFCL\ W‘J . % —~ Homzom[o»{ Sﬁ’éﬂfé @'ﬁ K md C/r/o
Qe bty o Hheov's /m/,zﬁ/ wth s
(- Verbesl Shi St J— Worizonket ShilF f A /9’&‘”‘ the ~)
U/g“' ot wifh \/ 5 ad’(%ub{\f—\ ot with >(\§

(I Al }Lc«(/a oP osite -&5 wi% e mzq/s
Example 1.8.3 Y P H?J o

Consider the given function. State its parent function, and all transformations.

LRt R e
%PJ?M T
Horizontal Transformations #,d | Vertical Transformations «, ¢
7[({‘9 ~ W F_/fdo
Sult o A C Shelck of 3
Je &(“’{)m‘ — Sl of —| or [ down
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Example 1.8.4

The basic absolute value function f(x)= |x| has the following transformatlons applied to

o
it: Vertical Stretch -3, Vertical Shlft 1 up, Horizontal Shift 5 rlght
Determine the equation of the transformed function.

3(,\') = oL’ %()«~d}| +C

900> -3 x— 5[ +
Back to a geometric point of view
Sketching the graph of a transformed function can be relatively easy if we know:

1) The shape of the parent function AND a few (3 or 4) points on the parent.
2) How transformations affect the points on the parent

i) Vertical transformations affect the range values

Note: Given a point on some parent function which has transformations applied to it is called an

IMAGE POINT on the transformed function.

Example 1.8.5
Given the sketch of the function f (x) determine the image points of the transformed

o d C
function -2 f (%(x+1)j+3 and sketch the graph of the transformed function.

I."f._{',-w [ - [']Lg.r’f‘zra»'??[ﬂ*{ — X

Hp ve Flip k1
Sk Wi'flr\ @'(F ,[2 S\-J'fé’lcﬂ\ cz.-? 3
Shitf ogz ) Skt —1 (leIlJ

)|
s
' q"‘/l /\ / ((;3)\
SEEaARiaReaNaSHE ,1
N o= D




A€
—K __. —-‘;l
Example 1.8.6 (=0~

On the same set of axes sketch the graphs ot 2nd g(x) =2+v-x+1-2.
Determine three points on the parent function and state the image points for each.

\cor |I ng 2nf fed
!E’j,l S
Ve Clif | B r-;: W
S,t{meu\ @({‘ D‘ ‘ h

Jodf o —2

Tk | ) ol

Success Criteria:
e | can use the value of a to determine if there is a vertical stretch/reflection in the x-axis
e | can use the value of k to determine if there is a horizontal stretch/reflection in the y-axis
e | can use the value of d to determine if there is a horizontal translation
e | can use the value of c to determine if there is a vertical translation

. . - 1
e | can transform x coordinates by using the expression X+ d

e | can transform y coordinates by using the expression ay + ¢
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