Advanced Functions

Course Notes
Chapter 2 — Polynomial
Functions

Learning Goals: We are learning
o The algebraic and geometric structure of polynomial functions of
degree three and higher
o Algebraic technigues for dividing one polynomial by another
o Techniques for using division to FACTOR polynomials
o To solve problems involving polynomial equations and inequalities
y=(x+1) (x—2) (x+3)
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Chapter 2 — Polynomial Functions

Contents with suggested problems from the Nelson Textbook (Chapter 3)

2.1 Polynomial Functions: An Introduction — Pg 30 - 32
Pg. 122 #1 — 3 (Review on Quadratic Factoring)
Pg. 127 -128#1, 2,5, 6

2.2 Characteristics of Polynomial Functions — Pg 33 — 38
Pg. 136 - 138#1-5,7, 8,10, 11

2.3 Zeros of Polynomial Functions — Pg 39 — 43
READ ex 3, 4, 50n Pg 141 - 144
Pg. 146 - 148 #1 2, 4, 6, 8ab, 10, 12, 13b

2.4 Dividing Polyomials — Pg 44 - 51
Pg. 168 - 170 #2, 5, 6acdef, 10acef, 12, 13

2.5 The Factor Theorem — Pg 52 - 54
Pg. 176 - 177 #1, 2, 5- 7 abcd, 8ac, 9, 12

2.6 Sums and Differences of Cubes — Pg 55 - 56
Pg 182 #2ael, 3, 4






2.1 Polynomial Functions: An Introduction

Learning Goal: We are learning to identify polynomial functions.

Definition 2.1.1

A Polynomial Function is of the form , (o]
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Examples of Polynomial Functions

a) f (x) =8x* —5x° + 2x° +3xr"—52
c - a = ’“6/

CZ? g/ ac:z C; .
b) g(x) = 7x° —4x> +3x* + 2x
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Notes: The TERM a, x" in any polynomial function (where n is the highest power we see) is

called the LQM} f‘-/rﬂ TL@( W) , and then we write all the following terms
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The L&»db %éf/m tells us the end behaviour of the polynomial function,
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Definition 2.1.2
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Success Criteria:
e | can justify whether a function is polynomial or not
e | can identify the degree of a polynomial function
e | can recognize that the domain of a polynomial is the set of all real numbers
e | can recognize that the range of a polynomial function may be the set of all real numbers,
or it may have an upper/lower bound
e | can identify the shape of a polynomial function given its ¢ g8 |
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2.2 Characteristics (Behaviours) of Polynomial
Functions

Today we open, and look inside the black box of mystery

) '{’Jér‘ o*g ZEree §
Learning Goal: We are learning to determine the turning points and end-behavieurs of

polynomial functions.

Consider the sketch of the graph of some function, f(x):
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Observations about f (x): #L
T}]L gn() EQ/LLO/U-\WI ove

1) f(x) is a polynomial of e uve\ order (degree).
Same,
2) The leading coefficient is ﬂ@a&%m@—

3) f(x) has3 +u o no pol\mtf (where the functional behaviour of
INCREASING/DECREASING switches from one to the other.)
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4)

5)

6)

7)
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Consider the sketch of the graph of some function g(x):
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Figure 2.2.2

Observations about g(x):
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General Observations about the Behaviour of Polynomial Functions

1) The Domain of all Polynomial Functions is

X é’(’"w/COD

2) The Range of ODD ORDERED Polynomial Functions is
I e (-, 9

3) The Range of EVEN ORDERED Polynomial Functions /é/)«m& on!
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Zeros: A Polynomial Function, f(x), with an even degree of “n” (i.e. n=2, 4, 6...) can

have

O zesos, f7 2

- /1 zeroy

e.g. A degree 4 Polynomial Function (with a positive leading coefficient) can look like:
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Turning Points:
The minimum number of turning points for an Even Ordered Polynomial
Functionis /2 . Nt L, /

AN / - /
__/. LA DT 1 4 [ !

( e
The maximum number of turning points for a Polynomial Function of (even)
order n is a Z

Odd Ordered Polynomials

Zeros: /D ./ tﬁ OS}- ze fod S 9!9_6\

JER—

Max & of zewps 1S | N\
L

Turning Points:
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Example 2.2.1 (#2, for #1b, from Pg. 136)
Determine the minimum and maximum number of zeros and turning points the given

function may have: g(x)=2x>—-4x>+10x*-13x+8

Y (ood e term,
7 odd - |
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Example 2.2.2 (#4d from Pg. 136)
Describe the end behaviour of the polynomial function using the order and the sign on the
leading coefficient for the given function: f(x) =—-2x*+5x®-2x*+3x-1

Q/C/\ aﬂJ /)@31&/4/&—'
X%;OQ ) ﬁfx)ﬁ — O
X > oD y g()(f) -

Example 2.2.3 (#7c from Pg. 137)
Sketch a graph_qf a polynomial function that satisfies the given set of conditions:
Degree."_4j- positive Iergdip]g coefficient - 1 zero - 3 turning points.

pyven “'\\ / |

Success Criteria:
e | can differentiate between an even and odd degree polynomial
e | can identify the number of turning points given the degree of a polynomial function
e | can identify the number of zeros given the degree of a polynomial function
e | can determine the symmetry (if present) in polynomial functions

38



2.3 Zeros of Polynomial Functions
(Polynomial Functions in Factored Form)

Today we take a deeper look inside the Box of Mystery, carefully examining Zeros
of Polynomial Functions

Learning Goal: We are learning to determine the equation of a polynomial function that
describes a particular situation or graph and vice-versa.

We’ll begin with an Algebraic Perspective:
Consider the polynomial function in factored form:

f(x)=(2x-3)(x-D(x+2)(x+3)

Loy Ferm  (20(0)0) =
x>~  FH > O

. C%) hes  order (/3 f?{efepfa even X o0 | Ll > a0
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Observations:

Loyt 50 S = (F()()5) =18

A
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Now, consider the polynomial function g(x) = (x—3)*(x-1)(x +2)

Observations: [/ed\lo ‘}L@\m: GQQC}()(K) = ><6/

. s i}
. 0@81% /S 9 even -2, 53&)%@0
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Bany
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ol
(x _,3)

@i‘d@f & Zeo

Geometric Perspective on Repeated Roots (zeros) of order 2

Consider the quadratic in factored form: f(x) = (x-1)°

\

Figure 2.3.1
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Consider the polynomial function in factored form: h(t) = (t + 1)*(2t -5)

Observations: 2 4
L Lediy Term i @)(2% =
Q‘ JDQ‘“Ufo S Pyen omc/ L. é, X F&Ja%&e

X — —d) ?(Y)%CO
A3 TR ‘96()“‘3@0

% 2 2w ot (ot |ond £ 2]

(e ocder S Zers

3
Y y-mf boy= (0/~s)=-5

Geometric Perspective on Repeated Roots (zeros) of order 3

Consider the function f(x)=(x-1)°

orJﬂf‘ Q
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Example 2.3.1 (hg\f *O> (X ‘H) (X /93

Sketch a (possible) graph of f(x)=-2x(x+1)(x—-2)

V L@mfﬁn Tfir”m‘ —Qk(x)()() ’H_‘;?f
N\ 0

DPJZF‘ 5 5 x— % (]J:'(a)-::a\:)
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Y-t Moy = O/
Ml zerss are orcke ..

Families of Functions

Polynomial functions which share the same ® {\0/6 ( are “broadly related” (e.g.
all quadratics are in the “order 2 family”).

Polynomial Functions which share the same 0\(\0(@(‘ o/ld zereS
are more tightly related.

Polynomial Functions which share the same or(r Ze(os omd Qﬂd bQAaM'@ry
are like siblings. /

Example 2.3.2
The family of functions of order 4, with zeros(x = -1/ 0, 3, 5 can be expressed as:

9= a(x ff)(x +9)x ’5)/ X ~5)
L;C. 0/(257(1}15(;‘“5,4@ )(\ro-m an// /Wfﬂ’/é?/ff
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Example 2.3.3
Sketch a graph of g(x) = 4x* —16x°

GO (x - >
3@4:— Wl - r2)
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x ==
X = o
3yt g=2
Example 2.3.4

Sketch a (possible) graph of h(t) = (t-1)°(t +2)°

3, 2
LZ;NA 3 (é)/é) =
Odd ond pesve o X7 — ) -0

X =0 7[1\//‘()—:50@

Zews ol X = | order 3
- ;\ oﬂjﬂ' & 2 =

Y-t b= (’"J’)B(Q}Q: -
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Jor
Example 2.3.5 /O v f _
Determine the @unction, f(x), with zerosat x=-2, 0, 1, 3, if f(-1) =@ = 4:(*)

g(}o = L (Xf&) (X*OB(X "/)(X *3)
—a = a (1R () ~3)
—= @ ({0 (- 29

S — ¥

=G

. (%()—; ,l/tx(xqﬂ}\)(x ﬁ/)(XfS)

A
7

Success Criteria:
e | can determine the equation of a polynomial function in factored form
e | can determine the behaviour of a zero based on the order/exponent of that factor
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2.4a Dividing a Polynomial by a Polynomial
(The Hunt for Factors)

Learning Goal: We are learning to divide a polynomial by a polynomial using long division

Note: In this course we will almost
always be dividing a polynomial by
ameseETal e~ drvnSor — T X1

Before embarking, we should consider some “basic” terms (and notation):

Hﬂ %"”J c— d|y|Qend _ quotient+rema_mder —
divisor divisor
Q
YU (o8 O\r II\.\
- ) — f M, _—
Y ()" ( . N §> ’ \( 4
jﬂ A ey e e
\ | q 70 | |

I"',I 1 : | |
I"\ C ;i S {"‘__ (; 7 U - J1 I,-""-\ = };FJ\ Iu‘
-

__ ©
The Jivesn Stebernnf
dwic/md = (ZUO%\Q/]%‘YJ[J)SOFJ ~+ (2 ma. 1cer

Note: The Divisor and the Quotient will both be

FACTORS
IF
He Komainder is zeco.
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Example 2.4.1
Use LONG DIVISION for the following division problem:

5x* +3x3 —2x* +6Xx -7

X—-2 Please read Example 1 (Part A) on
——___‘_'_éx fo f‘j}%( Tj_ _____I?s:_l_62—163 in your textbook.
dd»’&yj 5v7 .37 by — __\
ﬁ[ﬁx —/ov) | g:oj 0 71749 e o ]/O/
o it e Yoo e wolls
/3700 ’
- (13" -96:32) (o) =
2 b (D (33) =
2 (-
(2% /i) () () = 2
SN -7
X —
~(5"’/)( - /08) ()(Sﬁ%jf Sl

(of
S O 32m 26> = (x ) (6574 13 e 57) + 0/

KEY OBSERVATION:
(Jc {Q> rS /ROWL o Qa(@f.
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- 2
Example 2.4.2 Ox" - Ox

5 '// 3;/ _
2X° +3x° —-4x-1
x—1 '

2y <o« 5 5+

Using Long Division, divide

Xl | Q7 Ox < 324 03" - the G ) = R

)
F w3y
5)(31@)3
5y - o
57—ty
~(&" -5
[x ~
“(x ~()
O

LT3 et = () (2 A5 S )

e

KEY OBSERVATION: <
<><ﬂ~!> 1S « g;éap e

Classwork: Pg. 169 #5 (Yep, that’s it for today)

Success Criteria:
e | can use long division to determine the quotient and remainder of polynomial division
e | can identify a factor of a polynomial if, after long division, there is no remainder
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Ote. More @Mﬂ/@ :

k Qx,-f'_k_”‘/gxi‘:)i

ol
X 'rf;?x“%/sz{f 8x?~3x + Z{y lox +&
‘—@ng C(ky ~@><3) f,
?/ks’f 5\9(31“ QXQ
h(%’? t (@3“3 ~/6xl)
'”Skg  (Sx7 ~lox

— (3 —6y 2x)

—_— T

A7 x4+ 8
~CH> « 45 _%>
e —

B 7(9)( + (OY

]\_//_j = CXQTQK’LO(&KSeB(rXQng .&)ﬂf> + [”7dxf/d$)




2.4b Dividing a Polynomial by a Polynomial
(The Hunt for Factors — Part 2)

Learning Goal: We are learning to divide a polynomial by a polynomial using synthetic division

Here we will examine an alternative form of polynomial division called Synthetic Division.
Don’t be fooled! This is not “fake division”. You’re thinking with the wrong meaning for
“synthetic”. (Do a search online and see if you can come up with the meaning | am taking!)

In Synthetic Division we concern ourselves with *Hm coe fﬁ tien /—J o 7[ ](-é@

Jrker o Wﬂ/ zeco of the  JmtA  Jrser.

L e
G» (@ .J
Synthetic Division uses 0«117 ﬂwﬂ/b@“\f) no ua_n‘q(o/eg _

b 1 e So ]
'
. U
IJ—* et

dd

NOte: gyﬂ/%ﬁ/ﬁt Ojt‘uﬁixb/\ USeS cr\/f(/

T/\Qj-ﬁ B ']Lllfe()_ @(p@i\"“é‘o&&.

) © —

l;neaf dﬂu,‘&or@_

Qxe ami) Y“g) X}{

The Set-up

|/ oot henls f He Dindend ”
)@Lﬂuﬂb% M"”\j &/‘” ) Fimes fudo

el o e gt [[ rd]

A | v
met?  foe Ot
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Example 2.4.3

Divide using synthetic division: @ 6(,\40 D@W\/;

(4x3—-5x2 +2x—1)+(x—@

59 Add
“\\ , f{/.
1\ N ) 8 - y IL\—D - ezl | —
/ -
\3/ -g 015
— —'———___0_ _;f p/he e
K X X

Z/y:i/%afh# —= (x*aj/[/yaq‘ Sy +§) + (&

Example 2.4.4
Divide using synthetic division:

4x*+3x%-2x+1
L’X:j;];'wf g
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Example 2.4.5
Divide using your choice of method (and you choose synthetic division...amen)

(2x3-9x2+x+12)+(2x-3) .

x= 70

= —_
= Eil 7T 0

W%m you kw v g - /(f —Q

« J;f%““‘"aduf 2 -6 -8 o)

}77 ‘H,\e Jomr " y J | Lo no (emender /{,(

[ -3 ~1
2097 xed2= () x3- 3 )

Example 2.4.6 5
[ 2
Is 3x—1a factor of the function f(x)=6x—x*+2+3x*? => N~ x O et
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Example 2.4.7 (OK...this is a lot of examples!)

Consider again (from Example 2.4.6) f(x)=3x*—x*+6x+2, and calculate f (%j :

EONOROR
(%) T

7 M/A'IT”) TLZ /< M.e Sowua
(o made who o L -/ !

Example 2.4.8
Consider Example 2.4.5. Let g(x) =2x>-9x* +x+12, and calculate g (gj

3(@?@(%73”/%)2*“ Fie

217 “ffj_) f . (2

= %—?—éff-'?éf‘?j:,@—j@j
4 /7 ¢

The Remainder Theorem

Given a polynomial function, f(X), divided by a
linear binomial, X—K, then the remainder of the division

is the value OC(@
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Proof of the Remainder Theorem

COn . Jer g\(y) - (X )

uufh‘*/‘ rem c-'i’LJC/\

00 = (X }’0 (@5@ -
Q {k) ) Qi\ii)/ Z{k)) «

Example 2.4.9

o)

1]

1!

1

B —3x “50) )- L) | WAIT!HI We MUST have a
Determine the remainder of!
FUNCTION

9‘/9)9,_ 3/;)) 3 _

QO - 9(/ - 50 - ,}/L fomonde— 5 6.
&

Success Criteria:

| can appreciate that synthetic division is “da bomb”

I can use synthetic division to determine the quotient and remainder of polynomial
division

I can identify a factor of a polynomial if, after synthetic division, there is no remainder
(The Remainder Theorem)
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2.5 The Factor Theorem
(Factors have been FOUND)

Learning Goal: We are learning the connections between a polynomial function and its
remainder when divided by a binomial

The Factor Theorem

Given a polynomial function, f (x), then z(/—a isa
factorof f(x) ;L wd (m/;/ e %:/a) -0

Example 2.5.1
Use the Factor Theorem to factor x* +2x? — 5x(—@ WAIT!!T We need a FUNCTION

et - (s D eee)
Tob Ho prch ke o7 76 (a)(b)(c) = -6
+ 21316 /
| / o ’)L’[]-e QC‘I(O/‘S /1405/'

lest =l er (X’D (jz'w‘Je —6
Clo- e 207 -s) 6 =-F

1. -1l 2 -5 -6
lest x= ~| or ()(-H) L
Yoy ente ald) =) -6 o 1~ 4
1 4 0
= led £5~6=0 / )(_2 6
N / X X

roN L 0ol
’ '\X-f'-"D /S "5'44*3-' e

-, Xg’r&)fl» g‘x% = (}(‘+{>(X§2 e 6)

= (D (x - 3)



Example 2.5.2
Factor fully x* —x®-16x*+4x+ 48

me SoyS 717 X= o (x-2)

LAl ~( -6 ¥ ¢%
Ol2) - (- ~Kfaf + 12) <52

R A

- b~ B LY 98 I A AR
3 2 |
= o gk = x t x — (7 x =Y
J@g;“ Toys ”}\vy Xx= 3 (er) Km[?if Sf»)s 7Lr)/ if; fk—ﬁd
s
9(3 = (37 + (3= /(5)- 2% W)= ¢ «§ -Itf1)- 25

=370 9 ~9) -7 A0 =69 416 - 5C ~AY
= fo- o =04 e

10 1 -1y 2
49 20 Ry
| g +6 @)

9‘.5(7-—}(3~/6(% ?)(7‘5/9 = 6(*";@//\/”(/) (){Q+ Sx 1-6)
:(k”g)(k"/)(xfr)’)//\ff&)
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Example 2.5.3 (Pg 177 #6c¢ in your text) Q ijd . gr\ 1€
Factor fully x* +8x® + 4x? “

Sl = y(xfgw + Y ?

969
T - . 200 9 ¥ -4y
’P}/ o (Xgé) 2 2 ko Yg
gR)= - 5(3) « 7(2) 9% | 1o &% O

- 8T39T?*’6/g:®u

3({/% Bx 31‘ ?)( :2_ VI?;( —-x(}( HQD(;(Q‘[- (Ox « QU

HK(K*@)(MQ/M)

Example 2.5.4 (Pg 177 #10) =l (=10
When ax® - x* +2x+b is divided by | x 1 the remalnder is 10. When it is divided by

X—2 the remainder is 51. Find a and b.
This problem is very instructive.

0= w T Rrb ooy a(ar- (3)% 200 b = S

F0) = O(f ‘m - Q(f)r% = /0 & Vi b5
L rleb =/ S + b= ST use elminhs
(o + b =9) We;i;z’é%
loo = 9
a= 6

Success Criteria:
e | can use test values to find the factors of a polynomial function
e | can factor a polynomial of degree three or greater by using the factor theorem
e | can recognize when a polynomial function is not factorable

55



2.6 Factoring Sums and Differences of Cubes

patternspatternspatternspatternspatternspatternspatternspatternspatternspatterns
atternspatternspatternspatternspatternspatternspatternspatternspatternspatternsp
tternspatternspatternspatternspatternspatternspatternspatternspatternspatternspa
ternspatternspatternspatternspatternspatternspatternspatternspatternspatternspat
ernspatternspatternspatternspatternspatternspatternspatternspatternspatternspatt
rnspatternspatternspatternspatternspatternspatternspatternspatternspatternspatte

Knowing how to factor a sum or difference of cubes is a simple matter of remembering patterns.
Learning Goal: We are learning to factor a sum or difference of cubes.

Example 2.6.1 (Recalling the pattern for factoring a Difference of Squares)

Factor [4x* 25
-~ - ~ r \
- (&X -5 ){@X t 5) Note: Sums of Squares

DO NOT factor!!

e.g. Simplify x*+4

. 7
3 -+
By 227
Differences of Cubes SoAp
d(\‘ﬁf HOGS,:yJ/L
Pattern sa/m< / o /H “rd

4
(cube, —cube, ) =(cuberoot, ¥ cuberoot )(cuberootf + cuberoot, x cuberoot, + cuberootzz)

F-a7=(x — B (AT 6x c 7

TWO POSITIVES and ONE NEGATIVE

Sums of Cubes (These DO factor!!)

Pattern
(cube, +cube,) =(cuberoot1«(-cuberoot2)(cuberoot1 — cuberoot, xcuberoot, +cuberoot

%27 (% « 2) (4 - b+ @
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SR e O
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Example 2.6.2 L 2 .
Factor x*-8 = (X’ - &)(X -+ ‘QX + 7)

Example 2.6.3
Factor 27x® +125y?

= (gx + 5y)/7xa-— [Sxy + ;?97l)

Example 2.6.4
3 ~, )
Factor 1-64z _ !/_] U N/ o~ U 02
- [ ¢ [ Z ) . ' [ 2 ~+ 6z
\ v

Example 2.6.5 <

Factor 1000x°* + 27 | 2 o
Example 2.6.6

Factor x° —729 ~ ()(lm ﬁ)/y%f 7){‘2 —+ /)
= (-3 3)(x %>, 5)

Success Criteria:
e | can use patterns to factor a sum of cubes
e | can use patterns to factor a difference of cubes
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