Advanced Functions

Course Notes

Unit 6 - Trigonometric

Identities and Equations

We will learn
e about Equivalent Trigonometric Relationships
e how to use compound angle formulas to determine exact values for trig
ratios which DON'T involve the two special triangles
e techniques for proving trigonometric identities
e how to solve linear and quadratic trigonometric equations using a

variety of strategies
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Chapter 6 — Trigonometric Identities and Equations
Contents with suggested problems from the Nelson Textbook (Chapter 7)

You are welcome to ask for help, from myself or your peers, with any of the

following problems. They will be handed in on the day of the Unit Test as a
homework check.

6.1 Basic Trigonometric Equivalencies
Pg. 392 — 393 #3cdef, 5cdef

6.2 Compound Angle Formulae
Pg. 400 — 401 #3 - 6,8 - 10, 13

6.3 Double Angle Formulae
Pg. 407 — 408 Finish #2, 4,12 - Do #6, 7

6.4 Trigonometric Identities
Pg. 417 -418#8 - 11

6.5 Linear Trigonometric Equations
Pg. 427 — 428 #6, 7def, 8, 9abc

6.6 Quadratic Trigonometric Equations
Pg. 436 - 437 #4ade, 5acef, 6ac, 7 - 9
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6.1 Basic Trigonometric Equivalencies

Learning Goal: We are learning to identify equivalent trigonometric relationships.

We have already seen a very basic trigonometric equivalency when we considered angles of

: . . 2
rotation. For example, consider the angle of rotation for 6= ?ﬂ :
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Periodic Equivalencies

Example 6.1.1
Consider the sketch of the function f (&)=sin(6)
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Example 6.1.2
Consider g(x)=cos(x)
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Example 6.1.3
Consider h(8)=tan(0)

Shift Equivalencies

Example 6.1.4
Consider the sketches of the graphs for f () =sin(&) and g(&)=cos(0)

I B




Cofunction Identities

Consider the right angle triangle

SNG = ,1/.;:‘_: C‘:’SC@;@
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Using CAST, relating angles of rotation to 7z and 27

Compare Q1 and Q2
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Compare Q1 and Q3 Compare Q1 and Q4

~ +& A >/ A
[ Dfe e
\N7 L BN

’T Pl
| -
Sne = dg\“(ﬂq@ Sh@ = “S.h(é@/'"@)
(26 = 'CM(?HF@J Coos@ = COJ(;)\Q/‘—@)
Ton@ = +m(‘ﬂ‘9) +o & = h-l\m([lﬂ/—é‘)

Example 6.1.5
From your text: Pg. 392 #3
Use a C(gynctlon identity to %d an equivalency:

a)sm( j’ Cos ~ 5
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Example 6.1.6
From your text: Pg. 393 #5
Using the related acute angle, find an equivalent expression:

a) sin(%ﬁj = Sﬂ(;\j)

Success Criteria:
e | can recognize that there are many equivalent trigonometric expressions due to their
periodic nature

e | can recognize several types of equivalencies
o Shifting sin/cos by 2nt OR n/2
o Cos has even symmetry, Sin and Tan have odd symmetry
o Cofunction equivalencies
o Equivalencies based on the quadrant a principal angle is in



6.2 Compound Angle Formulae

Learning Goal: We are learning to use the compound angle formulas

Here we learn to find exact trig ratios for non-special angles!

Consider the picture:
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Can we find sin(A+B) if we

know sin(A) and sin(B)?
or cos(A+B)?

or tan(A+B)?% Jm,qﬂ—ft %nﬂ

Your text has a nice proof of one of the six compound angle formulas (there are six of

them!...see Pg. 394)

Namely your text proves that COS(A— Bj = COS(A) COS( BJ+Si n (A)Si n ( Bj

Using some trig equivalencies (from 6.1) we will find the other 5 compound angle formulae.
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Example 6.2.1 ) o )y

Find a formula for cos(A+B) B
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Example 6.2.2

Determine a compound angle formula for sin A+ B) using a cofunction identity and a
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Example 6.2.3

] sin(@ .
Using the fact that tan(6) = F((e)) determine a compound angle formula for

tan(A+B)).

= sm(A€)

(S (A—f{ g)

= SMACC’J@‘L (@SES-HA'
coshces® — suhsaB
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Example 6.2.4
From your text: Pg. 400 #3acd L
Express each given angle as a compound angle using a pair of special triangle angles
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Example 6.2.5
From your text: Pg. 400 #4ac, 8hd
Determine the EXACT value of the trig ratio
o, O
-+ 5 —_
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Example 6.2.6 o
From your text: Pg. 401 #9a )| W

If sinx:g and siny:—%, where OSXS% and 3?”3 y <27 evaluate cos(X+Y).

(495(»@\/) = (osX oSy — Eﬁ&g,_hy

\
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Success Criteria:
e | can identify SIX compound angle formulas
e | can use compound angle formulas to obtain exact values for trigonometric ratios
e | can use compound angle formulas to show that some trigonometric expressions are
equivalent
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6.3 Double Angle Formulae

This is a nice extension of the compound angle formulae from section 6.2.

Learning Goal: We are learning to use double angle formulas

Recall the compound Angle Formulae:
sin(A i@):sin(A)cos(ﬁ)isin(ﬁ—)cos(A)
cos(AiB):cos(A)cos(B)¢sin(A)sin (B)
tan(A)J_rtan(B)
l$tan(A)tan(B)

N
|+

Bl=

tan(

The Double Angle Formulae

1) sin(2A) = SV\[A'f /ﬂrv
_ 6,‘(\AC¢95A 4§in/ﬂrc05/4

—

= 2 QMACJSA
Q I A+ e~
P (A , J‘/ﬂ
(oS /4= =57
2) cos(ZA) . cos (AR k= |- coi A

] COSA(ajA - SY‘ASWA gw/ﬂr){Cos/¢1—4§hﬂr)
Cvf(aﬁr) cosh ~ s | = _ (cosh-

(&5(&"‘5 [~swA -
I~:1§n/4 2

gdsmzl*;l[““")f“) | - ’




3) tan(2A) = —Fm(ﬂﬁ@

- dwh s boh
= Ak

Example 6.3.1
From your text: Pg. 407 #2ae
EXpress as @aﬁo and evaluate:

a) 25in(45°)cos(45°) QS,hAfaSA' =
AR

_ sin(209)
— sw(e)
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Example 6.3.2
From your text: Pg. 407 #4
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Determine the values of sin(26), cos(26), tan(26) given cos(@)—g, 0<O<
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Example 6.3.3

From your text: Pg. 408 #12

Use the appropriate angle and double angle formulae to determine a formula for:

Q) sin(30) = sy (26 +©)
PR

A g g A
= @2@6059 + sinBcos2O

:(Rgmﬁpg?@)g,5g + S‘h&(]ﬂs‘;ﬁ@
} 251“&&3;’3& + snd _end _g
= QSM@L((—S\M’“@> e - s’ @

3

S
_AenB - Asm + saf — AN &
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Example 6.3.4
From your text: Pg. 407 #8 X + X >/ = X /{ +>/

Determine the value of a in the following:
(2tan(x)—tan(2x)+2a=1- tan(2x) tan®(x)

7Lm(;2><) ﬁf*(x) — Ytenle) + }M/&K}

QrJf-ea

Aer = er[l)() Jrff\/&@if"Jg c;%m()‘) t
‘Fm/&x l*——l\mQX) — Q-%m(kﬁ) + |
| —a'f‘cn(X) + |

Success Criteria:
e | can identify FIVE double angle formulas
e | can use the double angle formulas to simplify expressions and to calculate exact values
e | can use the double angle formulas to develop other equivalent formulas
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6.4 Trigonometric ldentities

Learning Goal: We are learning to prove trigonometric identities.

Proving Trigonometric Identities is so much fun, it’s plainly ridiculous. I should be paid extra for
letting you play with these proofs! We will be using ALGEBRA (remember the rules?). Inside our

algebra we will be using the following tools:

Reciprocal Identities

e.g. csc(0) = 5n (0)

Quotient Identities

- — i 1 I',

[ 2 sin(x) |

. | t = y \ t =
e.g./ tan(x) el S (x)

_ Y

—&)
>
~—

The Pythagorean Trig Identities on\y S%Udeoq

Sni =

cos(x)
sin(x)

sin?(0)+cos* () =1 1+tan®(6)=sec*(0)

Csc &

1+cot’(0) =

= (o= |— sv¥ = ] = 9lf- 4‘“‘3\‘9 = | =

2 2
or <= (-ces 8 o Fon =g o

The Compound Angle Formulae

sin (

ten (42 gy~ (A *tan(B)
an(4+ ]_1¢tan(A]Tan(B)

A+ B)=sin(4)cos(B)+xsin(B)cos(4)
cos(A+B)=cos(4)cos(B)Fsin(4)sin(B)

18



The Double Angle Formulae

sin(20)=2sin(0)cos(0)

| - Qs O
cos(260) =cos’(6)—sin?(0) = Q (o ~\
tan(2«9):1ftta+nz(‘(92’)

(And let’s not forget our friends, “The Trig Equivalencies” such as the Cofunction Identities!)

r "
A General Rule of Thumb

Convert everything to sine and cosine

Example 6.4.1
Prove 1+tan®(x) = sec?(x)
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Example 6.4.2
Prove{sln(x+ y))sin (x— y>: cos?(y)—cos®(x)

LS. () & 1(x—y o
(osy sny (05)()(/@@5’;/ s‘f\y ((;SX)

g
_',/ v v = - COJ K
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Example 6.4.3
Prove sin (@ -tan(6) =sec(6’Qcos(6?)

s Secd O

l (o3 (c+%)
T (050 [ (e
B |~ ¢os O
C@f@ :’: gl\ﬂé jLOA@G
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Example 6.4.4
_tan(x)+tan(y)

Prove tan (X) -tan y) - cot(X) +cot ( y)

’fcﬂ )+ T (V)
ot < cetl)

1ol + Fol)

| Y [ fex

foty 0

Yol) + 1) %

Fototaby)

tonly) + te ()
Fenl) #-()j

Feal) T) )

|
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Foaly)eal)
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™) W]——
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Example 6.4.5
From your text: Pg. 417 #9a
cos’(8)—sin* ()

Prove -
cos? (9)+5|n6£g)_cg§(¢9)

=1-tan(6)

> A
((95229 —S! (9 %Mraf

Cos(§ + nbget
{.Q:r/& ~sm&>(m.#&;\

CosO W
/--_'__H'"\\\.I
60569 /ﬂ/‘é\n Q :

/C/OSC?

~—
(s _ s
{ =56 oSG

1-a+w9ﬂ

Success Criteria:

e | can prove trigonometric identities using a variety of strategies

| can recognize the proper form to proving trigonometric identities
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6.5 Linear Trigonometric Equations

Learning Goal: We are learning to solve linear trigonometric equations.

By this time, asking you to solve a “linear equation” is almost an insult to your intelligence. BUT
it is never an insult to ask you to solve problems with math. Instead it is a special treat to be able
to spend time thinking mathematically. And so, you’re very welcome.

e.g. Solve the linear equation

3x-4=9
1 47

=12

.3

) W

— 13
= =3

Example 6.5.1
From your text: Pg. 427 #6
For 0 €[0,2x], solve the linear trigonometric equation

a) sin(0)= L exactly, and using a calculator.

N




e) cos(0)= L exactly and using a calculator.

V2

Example 6.5.2
From your text: Pg. 427 #7

Using a calculator, determine solutions for 0" <& < 360°

a) 2sin(0)=-1
sl = :i;{{
.
P %

04:%‘—; =

6 -
g2 =2

——
-

Note: our Domain is in
Degrees!!

Séo — 3©

G

o

JE—
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/ 4 (

2x A =]

d) —3sin(#)-1=1 (correct to one decimal place)

.—g%‘\nﬁ = ;2
4l ¢
Sné = ’% (91 - 1§07
86
| . CE 201,
/g/(\i g,‘n/ - *”3’” ¢
_ :z) ﬁ fgéo’w
peente 37"
o 9 g Gy =
Example 6.5.3
From your text: Pg. 427 #8 AlenS .

. . . Sl
Determine solutions to the equations for 0 < x < zng
a) 3sin(x)=sin(x)+1
- s-‘ﬂ(,() - (x)
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Example 6.5.4
From your text: Pg. 427 #9f

Solve for x €[0,27]
8+4cot(x)=10

((ﬁcvjr(K)_— ;)\
(oHK)= “'{5
Fizb

SIP
Faly 2
+m(>(j: I |
x = =)

x = L eud Xatg.tt«/ﬂ./(

Success Criteria:

=425

e | cansolve a linear trigonometric equation using: special triangles, a calculator, a sketch

of the graph, and/or the CAST rule

e | can recognize that because of their periodic nature, there are infinite solutions. We
normally want solutions within a specified interval.
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6.6 Quadratic Trigonometric Equations

Learning Goal: We are learning to solve quadratic trigonometric equations.

Before moving on to Quadratic Trigonometric Equations, we need to consider a mind stretching
problem, because it’s good stretch from time to time (in Baseball parlance, this would be the

Lesson 6 Stretch).
Don’t be afraid of the/ 3! {though it

Example 6.6.1 does give one some concern...)
Solve sin(3x)=—£ exactly on x [0, 2] ! >
= f27 sy S(e) = s / KX
S & = “J3
3 %(l‘od - %‘L—.
v ){3’ Er_‘,{-&\ ?’,{“‘n) II\O:S Q— g"o[le/"F"U"‘S)
P ) “ ~ We w-kl( JLMUQ— 6 go{w]La&)ﬁJB
Yalt | e = AT
5 | Y2 ;
e |
4
—~ O~ =
> F

5y
3
| ox T%lf ﬁega alfe
oir
¢

QW
[ 0‘) ”52
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In Quadratic Trigonometric Functions the highest power on the trig ‘factor’ will be 2

Example 6.6.2
From your text: Pg. 436 #4: Solve, to the ne

, arest degree, for 0° <@ < 360" ge
b) fos’ (6) I @ :
(s0= 1\ (e

o
656 = | (658 - - 290°
G=0 %o o= ¢
R G G
. @»: O {@) ) ?60
/
f) 2sin®(9)=1
2 2
_ P <
JSin 'QE A
] /N
500>t i

(o= ys*. 135" 929 315
v 2’?’ 5-77’ 7/’5“
¢ 7 r 7
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Example 6.6.3

- O
X =<
N

>
Wy ;

From your text: Pg. 436 #5: Solve for 0" < x <360 ~ |
IS = O X -6
Xz O@) [ ) B

X = O | @() 3¢0

d) cos(x)stin(x)—\/g):O
|
(05/5() =< |||| 2 S NX -~ J_g\ =0

¢ 0o - Js

x=10,2 25

9(: éc: , )90

. X= 6o, To 130,270
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Example 6.6.4
From your text: Pg. 436 #6: Solve for 0< x<2x

d)w )‘(Zsm( X)+ \/_)

2605(’0”{ =< Dsin(x) *J? J_:
=3
(os(x)= %\1 sn(x) ==
_ r onr
N (i T3
= /g) =
U\ {igvig
o X = 2J) %) 3
Example 6.6.5
From your text: Pg. 436 #7: Solve for 0 <@ <27z to the nearest hundredth (if necessary). N
a) 2cos’(8)+cos(0)-1=0 kaur ‘Qxafx —1 m== 9,4-;'r|‘
)4/ 9\(05&-1‘ = O
([CPS( ) > Neasl [ ~o (Qx +;2>ZQ>< ’"O
iji::[ e R (x—tl) (3:x1)
e o= I or v v &
7l v 3 @_# "Hj J%
e) 3tan’(0)-2tan(d)=1—— . s
3t - e 3 X7 A - 1 # o
(bt D)(3he6) = (9ol 7
(x — l)(SXH)
+M(9-—( — O §{mﬂm/10
_
+Nﬁ': / ’}‘0\“(9" "“B_E
5“: ﬁ) 5/—&, JW”F;‘ _}
707 g p-032
7, = 2 Y-0-32 = AEL
||/ o »Q ))J _\7(3 @‘&T 6.2% ~0.31= 5,96
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Example 6.6.6 (decimals are between the sixes!) A
From your text: Pg. 436 #8: Solve for x [0, 2] a

a) sec(x)-sc(x)2csc(x)=0
E/G'(Tv(' CD“‘+ cs C(()

cse( (Sec(x] —2) =0

(se(r)=0 | et 2
\ g_i/@(r) =

N _o
Sﬁﬂ(){) /1 = _2,

(cs(x l ~
o solubues R s
coslo) = 3 X fg
¢) 2sin(x)-sec(x)~23sin(x) =0
F@v{wf ;28\“(*)

2
Rsn(x)[ Secld ’“J?> =© %\i /ﬁ

Qg,n(x):o SKC(V)'J? _:6
Shx)=© Sec(x)= J3' i
Y

e

v l
X — O /lY Q/\‘/ (ot \.
/) cos(D= =
Jz°
)
)(r: . 76
KQ. = 6‘;%_ O:‘?’é = S_: gé

X = O) 0.7 fﬁ/} g‘og@/ 2 31



2 _ 1
(Lre—SnX y | Qeesac =l (= A8

Example 6.6.7 V8 ~6)
From your text: Pg. 437 #9: Solve for x €[0,2x]. Round to two decimal places. A ~I ,
._5_" /

a) 5cos(2x)—cos(x)+3=0 Q _ )

5 21052)( “‘/> ~Cosx +35 =O
(OCOJQX ‘*g ~CcoS X + S —O (/OX*g)(/Ox *f(f/
(2;(#/)(53&2)

}OCGSQX —(asx — A =0

[Q cosx 1) (g@sx +2) =0
9—(05)( 1‘-9— =0

(s XA =S
(
CosSX =

x =1 oL

A

Success Criteria:
e | can solve quadratic trigonometric equations by factoring, or using the quadratic formula

| can recognize when | must use other trigonometric identities to create a quadratic

equation with only a single trigonometric function
| can recognize when | need to use special triangles VS a calculator to solve quadratic

trigonometric equations
32



