Advanced Functions

Course Notes

Chapter 2 - Polynomial

Functions

Learning Goals: We are learning
e The algebraic and geometric structure of polynomial functions of
degree three and higher
e Algebraic techniques for dividing one polynomial by another
e Techniques for using division to FACTOR polynomials

e To solve problems involving polynomial equations and inequalities

y=(x+1) (x—2) (x+3)
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Chapter 2 — Polynomial Functions

Contents with suggested problems from the Nelson Textbook (Chapter 3)

2.1 Polynomial Functions: An Introduction — Pg 30 - 32
Pg. 122 #1 — 3 (Review on Quadratic Factoring)
Pg. 127 - 128 #1, 2,5, 6

2.2 Characteristics of Polynomial Functions — Pg 33 — 38
Pg. 136 - 138#1 -5, 7, 8, 10, 11

2.3 Zeros of Polynomial Functions — Pg 39 — 43
READ ex 3, 4,5 0n Pg 141 - 144
Pg. 146 - 148 #1 2, 4, 6, 8ab, 10, 12, 13b

2.4 Dividing Polyomials — Pg 44 - 51
Pg. 168 - 170 #2, 5, 6acdef, 10acef, 12, 13

2.5 The Factor Theorem — Pg 52 — 54
Pg. 176 - 177 #1, 2,5 -7 abcd, 8ac, 9, 12

2.6 Sums and Differences of Cubes — Pg 55 — 56
Pg 182 #2aei, 3, 4






2.1 Polynomial Functions: An Introduction

Learning Goal: We are learning to identify polynomial functions.

Definition 2.1.1 ons [oof Teem

A Polynomial Function is of the form
o
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Examples of Polynomial Functions
a) f (x) =8x* —5x>+2x* +3x-5

— = = "g
a, - z a, o G
b) g(x) = 7x° —4x® +3x* +ox
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Notes: The TERM a x" in any polynomial function (where n is the highest power we see) is

called the /ea.a)f ey ';Le m , and then we write all the following terms
in
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The LMM\T +€ m tells us the end beha\(jour of the polynomial function.
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Definition 2.1.2 )(Z A / y
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Success Criteria:
e | can justify whether a function is polynomial or not
e | can identify the degree of a polynomial function
e | can recognize that the domain of a polynomial is the set of all real numbers
e | can recognize that the range of a polynomial function may be the set of all real numbers,
or it may have an upper/lower bound
e | can identify the shape of a polynomial function given its degree
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2.2 Characteristics (Behaviours) of Polynomial
Functions

Today we open, and look inside the black box of mystery

Learning Goal: We are learning to determine the turning points and end behaviours of
polynomial functions.

Consider the sketch of the graph of some function, f(x):
G -~ LC 7("5
O

4

Observations about f(X):
1) f(x) isapolynomial of 2N order (degree).

Figure 2.2.1

The 21d bohadors ove. )L'{z Saxe

2) The leading coefficient is ﬂégok % (jd:\a olou/VD

3) f(x) has3 rhm:nb poitts  (where the functional behaviour of
INCREASING/DECREASING switches from one to the other.)
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4) f(x)has2 Zecos (xfn‘ﬂwLefC€701'5>
£(-5) =0 o? $(5) =0
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Consider the sketch of the graph of some function g(x):

Figure 2.2.2

Observations about g(x):

@Lo@( moe of [ 5’1;1) ol w locl min ot (10) > b
5 Tty fom (52w (1)
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General Observations about the Behaviour of Polynomial Functions

=
1) The Domain of all Polynomial Functions is X ¢ (_ 02, @)
"z
2) The Range of ODD ORDERED Polynomial Functions is
~C(Y.) & (FOOJ 0‘0)
[inin, )
3) The Range of EVEN ORDERED Polynomial Functions 00)
L The sign of the L.C T Le 2o, [
2 The yowke of fhe gl Ao/ L.(<0, (=4
[, ﬂw\x]

Even Ordered Polynomials

Zeros: A Polynomial Function, f(x), with an even degree of /n” {i.e. n=2, 4, 6...) can

have (7Z€f¢73} /) Q}%J C/J .. N Zeros

e.g. A degree 4 Polynomial Function (with a positive leading coefficient) can look like:
O zerss 1 zew 2 zeros

/\\/\\/ /\\/ L
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Turning Points:
The minimum number of turning points for an Even Ordered Polynomial

J Function is O/)@J De cavse Yo /?‘f_af +orn.

The maximum number of turning points for a Polynomial Function of (even)
ordernis

n - |
Odd Ordered Polynomials
Zeros: {V‘l-\f\ j?B onNe€ A@&uk H& ,{"mg_c {\S [“00; ﬁ))

max 15 1)

Turning Points:

o oo TR e zelo 7
mo\xﬁ s -l

Example 2.2.1 (#2, for #1b, from Pg. 136)
Determine the minimum and maximum number of zeros and turning points the given

function may have: g(x)=2x>—4x>+10x*-13x+8

@(r) '3 OAC/ ch Pa.sffh}/\(,

Zeros: mn= 1, mac=5 (/})
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Example 2.2.2 (#4d from Pg. 136)
Describe the end behaviour of the polynomial function using the order and the sign on the

leading coefficient for the given function: f(x)=-2x*+5x>—-2x*+3x-1

Lvna 74'4-; w\oj e.ve)

X = ~ X <> &

Fly) = — o D) = o0

Example 2.2.3 (#7c from Pg. 137)
Sketch a graph of a polynomial function that satisfies the given set of conditions:
Degree 4 - positive leading coefficient - 1 zero - 3 turning points.

Success Criteria:
e | can differentiate between an even and odd degree polynomial
¢ | can identify the number of turning points given the degree of a polynomial function
e | can identify the number of zeros given the degree of a polynomial function
e | can determine the symmetry (if present) in polynomial functions
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2.3 Zeros of Polynomial Functions
(Polynomial Functions in Factored Form)

Today we take a deeper look inside the Box of Mystery, carefully examining Zeros
of Polynomial Functions

Learning Goal: We are learning to determine the equation of a polynomial function that
describes a particular situation or graph and vice-versa.

We’ll begin with an Algebraic Perspective:
Consider the polynomial function in factored form:

F(X) = (2x -3 (X-D)(x+ 2)(x+3)

ovsriors: Loy Tecm: 2"
L §6) 5 Cver ed posite ;X 2T D, 060~ o0
2 Oder) dogee ;3 Y
2 Yzew of x=2, 0 -2 3
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- /g/[lf\ ¥
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2 ot ofe) = (- )ered)
= (7)(-1)(2)

- —g T -2

Geometric Perspective on Repeated Roots (zeros) of order 2

Consider the quadratic in factored form: f (x) = (x —1)2( ) )

\
N

Figure 2.3.1
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Consider the polynomial function in factored form h(t) (t+1‘u(2t 5)

Observations: d&o/}la /@f/i/l Qi /,/é)
/ .é

b Rt od even JE, - Pl o0
Q . LoresS o 7/ é g T/ , Wd é = 5
s
S >/-,‘/Jf‘i })/0) = /ﬁ~+/) /o%j -5‘)
- -5

—

Geometric Perspective on Repeated Roots (zeros) of order 3

Consider the function f(x)=(x-1)*

v

Figure 2.3.2
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—QK =0

/, 1% -0
Example 2.3.1

Sketch a (possible) graph of f(x) :(—ZXXX +1)(x-2)
' 3
Z T s —dx

‘% o(?l(} &v\”‘ ﬁeéa,é’lfe_
o )(.—9-.00} J:\(?()"’Qd
X = oo, Jp(x - - @

I 0

cocder |
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Families of Functions

Polynomial functions which share the same o ro}é(' are “broadly related” (e.g.
all quadratics are in the “order 2 family”).

Polynomial Functions which share the same Je( a ,qd ZE oS
are more tightly related.

Polynomial Functions which share the same @M/er Zeros ov\() g_no] bal\@m‘od’.
)

are like siblings. ,C(x) : ril()( *3)2(’% +1)
Example 2.3.2 CJ(’() T g(x #3) [K 'H)

The family of functions of order 4, with zeros x=-1, 0, 3, 5 can be expressed as:

fﬂx) :@(X + J)(K w)(x ﬁ3>(xﬁs‘>

L ““Lz 17 wlw} di%]’""“ m“JLe.J -rcm_'{?, /hg/nég—f
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Example 2.3.3
Sketch a graph of g(x) =4x* —16x

Lediy Terms Gy

Lg Pés, 'f—«‘»f) (3’4/0/’))r

X—>1rch

S P

Example 2.3.4
Sketch a (possible) graph of h(t) = (t—1)°(t+2)*

(/@a’b Term:’ fﬁ
L poste; odd!
X~ Hi)—-c°
X~ o0y Fo) »o°

Tows -+ | oder 3~ [
—é: ﬁc; ordr o VS

3
=

Jrte ey~ (o) (0+3)
< /*f)(‘!)
.
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Example 2.3.5 o 1 -
Determine the quartic function, f(x), with zerosat x=-2,0,1, 3, if ,.-"T(}l) __2 ]

Slo= @(%*QJ/XWBKXA)[K%)

D= a (1)1 (-1-(-1-3)
2= a( N(-D (- (-4)

~) = GL(-%7>
Eé;c\ ﬁ//v):z}/)(w@)/}(fo)&—f)/v —3)

,.Lf:a

7 Plo - %X@[*’)/X -3)

Success Criteria:
¢ | can determine the equation of a polynomial function in factored form
¢ | can determine the behaviour of a zero based on the order/exponent of that factor
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2.4a Dividing a Polynomial by a Polynomial
(The Hunt for Factors)

Learning Goal: We are learning to divide a polynomial by a polynomial using long division

Note: In this course we will almost 5 / d Lf g
always be dividing a polynomial by -20 ¥
a neia] | nper Jinsor by
~-93
Before embarking, we should consider some “basic” terms (and notation): “"?
dividend _ quotient + remainder R4 o 5/7?) + 3

/ivisor divisor
@

Avitknd = (6””0“) (sz bat) « (emandes

T)JQ, Jivision & %ﬂtﬂfﬁ@ﬂw(.

Note: The Divisor and the Quotient will both be

Factocs/Ze(oS

IF
The Cemainder is Zeco,
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Example 2.4.1
Use LONG DIVISION for the following division problem:

5x* +3x3 —2x% +6x—7

X2 Please read Example 1 (Part A) on
m ? Pgs. 162 — 163 in your textbook.
/X Q)W 4/
- (- /OX) | (O(57) = &x
o OICOY
0 (x) (Rt ) = 2’
*W-—%x)y (X>(§?>jg&

C o 130 Ak il -7 = (K”g)/573+/3x3+2?r+ 57) + [O/

KEY OBSERVATION:

(><~—;}> IS 0®7L G- Q’ﬁCw(m/
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(f
Example 2.4.2 ./0” y 0y /‘H( ‘ILef/h S /Mo in b&
on, divide 2¢ +3x —ax-1 Wl’

Using Long Divisi
x-1

§ 5 ~2
X Ty +5X +6\X+L

g/F&
(X—{ ;/{S_-FOX?#Brx?—F?)CQ‘—f/V _K
“*( rzx/ -~ x q) J x |

|
? I|
T ?);

Qxi Exj— he =) = (X“f)[a\( 9; A+ Sx e Bx *D
KEY OBSERVATION: ()( B !> ;3’ M

Classwork: Pg. 169 #5 (Yep, that’s it for today)

Success Criteria:
| can use long division to determine the quotient and remainder of polynomial division

[ ]
e | can identify a factor of a polynomial if, after long division, there is no remainder
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2.4b Dividing a Polynomial by a Pslyriemia
(The Hunt for Factors — Part 2)

Learning Goal: We are learning to divide a polynomial by a polynomial using synthetic division

Here we will examine an alternative form of polynomial division called Synthetic Division.
Don’t be fooled! This is not “fake division”. You’re thinking with the wrong meaning for
“synthetic”. (Do a search online and see if you can come up with the meaning | am taking!)

In Synthetic Division we concern ourselves with Hz Ca(;‘fﬁc ren Zéf O 52 {—ﬁé

dr‘vx‘Jﬁnc} CMJ H@ =Z&(0 Orp HL dﬁu:‘fo.ﬁ

Synthetic Division uses

-0 U Ses comboers
rly wss S (2 #imes @ Add

— three Snﬂﬁuﬂj @fgr’.‘t] Jown K—’///

NOte: (ov\ dﬂﬁ(/ uUSe /hgw- g/}'w‘rw_g

><'+§— Zero= — %

?X"% = e = %

The Set-up /
0{( /)MS/ %) /Mu*/’ be /6 @sen T g

Zeew of | 5= /
J Coe M ents pfom ILJW— dz)'un‘Jf/W[ X X =KX

[ . . s
blank [ imbér:f_a ('8 Yy £ Tom };'h{éé{{f X ?5 X = K

— 7¢
/ Coéf@‘o{cﬂ,g o@ ‘M& Zw*ﬁ‘eﬂ)l {@ x §71_~X = X

48




Example 2.4.3
Divide using synthetic division:

(4x3 =5%2 +2x=1) +(x— 2)

Z ere

l.’f/||q\| gr \ 'If] C‘. DC) {A_//l

() A»éf
C/”ﬁ) Add

(X 'Q)(%ra'ﬁ Sx 87) ol

QNg 2 ”‘(
A 6
R YL
X XX (emendes
7X3f6_><?\+3><~
3
Example 2.4.4 DX

f 3,1 =205 (6% -5 x5

Divide using gynthetic division: 5 3~/ P >l
Ax*+3x2—2x+1
X+1 IS Q0 ~o A%
x - | 5 v 3 ¢ o
-7 o 3 *l 1 i
i =4 Y gf7 S — T — T (K’g>/?/\ +?z<2“c)a'r‘5j
PR 2
A M
["Qﬂ\..\Jff‘

%{ < 3;f St = (x +()/£(X;—((X&+ 7)( ”7) —+
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Example 2.4.5
Divide using your choice of method (aid you choose synthetic division...amen)

(2x3—9%2 +x+12)+(2x—3)

> x=

" ;ngf%ix tId = (Qx%)/ Y 3k —CT>
= (23) (< D)o 4)

Example 2.4.6
Is 3%\—__1a factor of the function f(x)=6x—x>+2+3x"?
X = ; ?x?»—yB—fOxa«féx%l
_EL 2 -l 0o &6 Q
., L0 O 2
S 0 O é ﬂ %M o (M. ko/qrj S M\@{“
‘ O O ;) O ‘Cc‘& ‘{\‘DI _

X ~+ 50



Example 2.4.7 (OK...this is a lot of examples!)

Consider again (from Example 2.4.6) f (x)=3x"—x>+6x+2, and calculate f (%J .

- 5(3)- (- 6y
i) ()2

N T R 4 wioAd ! |

7 Thy 15 the some (@mande
LU[W\ OJ,'M‘(/r\b L’}( BX‘{

Consider Example 2.4.5. Let g(x) =2x>-9x*+x+12, and calculate g( j

3/> g() C/[) 2 . P
) (27) {%)’“*5 =

45
% 9*9 2
- 0 -o!l.
-2 =0/

Example 2.4.8

—_—

The Remainder Theorem

Given a polynomial function, f(x), divided by a
linear binomial, X—K, then the remainder of the division

is the value g{@
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Proof of the Remainder Theorem

(pa5:del X)’“ (X k>

I({g/y\a L)J—

T Bl (xB)(§@) 4 [ F %

(‘0 (5=6500) +
;(k)fr

i

Example 2.4.9

) ) | 5x* —3x%-50 ? :NK) WAIT!!!! We MUST have a
Determine the remainder of )
X —.@ FUNCTION

Y 3
C)= 5(3) ~3() 50 25 -1 6 o 5o

g0~ -50 © 9 27 58

=6 ;7 17 % }g

Success Criteria:
e | can appreciate that synthetic division is “da bomb”
e | can use synthetic division to determine the quotient and remainder of polynomial
division
e | can identify a factor of a polynomial if, after synthetic division, there is no remainder
(The Remainder Theorem)
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2.5 The Factor Theorem
(Factors have been FOUND)

Learning Goal: We are learning the connections between a polynomial function and its
remainder when divided by a binomial

The Factor Theorem

Given a polynomial function, f(x), then X—a isa

factor of f(x) 1 & om L, f@=0.

Example 2.5.1
Use the Factor Theorem to factor x® +2x? —5x—6. || WAIT!!!l We need a FUNCTION
EER
)= x <= 5x -6 = (x-@)< -5 (-8)
/);5;— }fﬁg_ Pm’g”'h/e -Q»-{»z/ c»f‘ é /a)(b)(’-) — *é
T 12,13, 16 sl Dby ek itk
/fry x=| o (x~1) -6
E; X
CQ(()T | +2(’)—5/A) -6 e ﬂ_é
= / + L -5 -6 { é
- —§ #0 e
Not=a ]Qﬂ‘f"r mé O
,4 M

Té‘y X=- or (x+)
S0 = (0t (-5~
= —(~+2 15 —6
= @ Jsa footoc?

T B S - (xﬂ)/x +x ~6
= (o) x- 2)@<+3))




#1313, 2 62 8,8 12 2 16, £ 5 IE

Example 2.5.2
Factor fully x*—x®—16x?+4x+48 ’:J/’()

f\}y; X=2 (K#Da) 211 -1 -6 ¢ ysg
Ch) = (N~ -166) +16) +45 2 2 - 4
=l ~F LTS+ Jr P e o
—~ Cootor!1 3 2
“ b 20)
M

T

/‘}\/: Xfé (X_é) gwx,”p\ (X&) .
o= Cre 21 [ 9 (3 < () 1) -3
+ O nt oo ek = =8 <7 2y -4

—= &
=R | -l -2y
22 ay
-t o

X(/_ﬁ X?)-{éxnl—t et 78 = (K~Q)[}<n2)(x:z~x r(2>

= ( ><~c2)§<7\2) / ><+3)/><»%)
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Example 2.5.3 (Pg 177 #6c¢ in your text)
Factor fully x* +8x® +4x* —48x

= X(iqi_?xg e T - 7@)

P
Tesk X = . . 20§ § -98
() ()« S6) - W) ~95 T
*—g* S ’7"?"*‘5/? !XQIO Yy ) -

=®!
o )§V+ 3)¢3+ ?)() = X/)( "Q) (XQ+(O,\< 1%2‘1)
= x(x-D(x+c+ %)

Example 2.5.4 (Pg 177 #10) ) g ( )) =D
When ax® —x2 + 2x+b is divided by x—1 the rémainder is 10. When it is divided by

X—2 the remainder is 51. Find a and b.

jf(a)) -5 This problem is very instructive.
all=(/520) b =10 alaf - (¢ 22)+ b =S
a(@rﬁ()f/o Po. — Y+ Y +b =51 |

: +b :51
a@N%’: 5]-%e —(@&,
5@@(5/%@ =T :j

O_ =
H?C{_ -_ = (( D.
a = ,é 19 7’3
Success Criteria:
e | can use test values to find the factors of a polynomial function

e | can factor a polynomial of degree three or greater by using the factor theorem
e | can recognize when a polynomial function is not factorable
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2.6 Factoring Sums and Differences of Cubes

patternspatternspatternspatternspatternspatternspatternspatternspatternspatterns
atternspatternspatternspatternspatternspatternspatternspatternspatternspatternsp
tternspatternspatternspatternspatternspatternspatternspatternspatternspatternspa
ternspatternspatternspatternspatternspatternspatternspatternspatternspatternspat
ernspatternspatternspatternspatternspatternspatternspatternspatternspatternspatt
rnspatternspatternspatternspatternspatternspatternspatternspatternspatternspatte

Knowing how to factor a sum or difference of cubes is a simple matter of remembering patterns.
Learning Goal: We are learning to factor a sum or difference of cubes.

Example 2.6.1 (Recalling the pattern for factoring a Difference of Squares)
Factor@;; —p5’

(
= (axt5)[ax-5) S

e.g. Simplify x*+4

%
f S

Skeme
0 F;:JS!W
Differences of Cubes g’xg._ ;? / [woyS

Dhsihve
Pattern

(cube, —cube, ) = (cuberoot ~ cuberoot,) cuberoot -(- cuberoot, x cuberoot, -+ cuberoot, )

W -37= (R )(‘(x o bx A

TWO POSITIVES and ONE NEGATIVE

Sums of Cubes (These DO factor!!) 8?‘-’ + 3’7

Pattern
(cube, +cube,) = (cuberoot, T-cuberoot, )(cuberoot ? — cuberoot, x cuberoot, cuberootzz)

Bx127= (3¢ + 2 (W — 6x + ?)
N
Not Qm-kbmbﬁg
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Sam!. , OFposa‘JLQ ) a(.,.,c?d F_,,’,A,__

e r s = (x =)+ 2+ 1)

Example 2.6.3

Factor 27x° +125y° = (SX ~+ 5\7> (7)(31—— /g\)(>( -+ D, 6\)/1)

Example 2.6.4

Factor 1-64z2° = 94)( (/2 -+ 62)

Example 2.6.5

2
Factor 1000x° +27 = [/OK +3)/KG'@X —SOx + 7)

xam 6. 2
o pllzeait(?rﬁxﬁ—ng = ( X; — 7)( X? -+ ?)( ~+ g D

o = (DX -+ 75%?/)

Success Criteria:
e | can use patterns to factor a sum of cubes
e | can use patterns to factor a difference of cubes
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