Advanced Functions

Fall 2017
Course Notes

Chapter 2 — Polynomial
Functions

We will learn
o about the algebraic and geometric structure of polynomial functions of
degree three and higher
o algebraic techniques for dividing one polynomial by another
o use the techniques we learn for division to FACTOR polynomials
o solve problems involving Polynomial Equations and Inequalities
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Chapter 2 — Polynomial Functions

Contents with suggested problems from the Nelson Textbook (Chapter 3)

2.1 Polynomial Functions: An Introduction — Pg 30 - 32
Pg. 122 #1 — 3 (Review on Quadratic Factoring)
Pg. 127 - 128 #1, 2, J@, 5, 6

2.2 Characteristics of Polynomial Functions — Pg 33 — 38
Pg. 136 - 138#1-5,7, 8, 10, 11

2.3 Zeros of Polynomial Functions — Pg 39 — 43
READ ex 3, 4, 50n Pg 141 - 144
Pg. 146 - 148 #1 2, 4, 6, 8ab, 10, 12, 13b

2.4 Dividing Polyomials — Pg 44 - 51
Pg. 168 - 170 #2, 5, 6acdef, 10acef, 12, 13

2.5 The Factor Theorem — Pg 52 — 54
Pg. 176 - 177 #1, 2, 5 -7 abcd, 8ac, 9, 12

2.6 Sums and Differences of Cubes — Pg 55 - 56
Pg 182 #2ael, 3, 4



2.1 Polynomial Functions: An Introduction
ex: $60- g><3 - &;& t &

Definition 2.1.1
A Polynomial Function is of the form
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Examples of Polynomial Functions
a) f (x) =8x* —5x> +2x* +3x -5
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b) g(x) = 7x° —4x® +3x* + 2x

Notes: The TERM a, x" in any polynomial function (where n is the highest power we see) is
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The leﬂé’/ftj ’)[\ﬁ'f/l’} tells us the end behaviour of the polynomial function.
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Definition 2.1.2 ’)D 71/’
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Class/Homework for Section 2.1

Pg. 122 #1 — 3 (Review on Quadratic Factoring)
Pg. 127 -128 #1,2,3cd, 5,6




2.2 Characteristics (Behaviours) of Polynomial
Functions

Today we open, and look inside the black box of mystery

Consider the sketch of the graph of some function, f(x):

Figure 2.2.1

Observations about f (x): &)A %vé
1) f(x) isapolynomial of €U¢/\  order (degree). TL‘@ e/\c) o ere

Seme.
2) The leading coefficient is /]Qaajp'v?,

3) f(x) has3 -h,m, ‘N fa ,‘f]st (where the functional behaviour of
INCREASING/DECRQA ING switches from one to the other.)
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Consider the sketch of the graph of some function g(x):
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Figure 2.2.2

Observations about g(x):
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General Observations about the Behaviour of Polynomial Functions

1) The Domain of all Polynomial Functions is
fxd{} or (-0, =)
2) The Range of ODD ORDERED Polynomial Functions is
%ﬁvﬁ?? or (- %)

3) The Range of EVEN ORDERED Polynomial Functions a/(p:nt‘/d o
{' T‘Aﬁ S’ D’v\ c:l: "LK L 6 - ] p .}O"S fowve o :__}_

- £ ﬂpg""”“; <
. +1(e U orlue f ’)‘*}! I@L)ol Mo

X -1
Even Ordered Polynomials

Zeros: A Polynomial Function, f(x), with an even degree of “n” (i.e. n=2, 4, 6...) can

have
02@05} ’}D. N\ 22 rus.

e.g. A degree 4 Polynomial Function (with a positive leading coefficient) can look like:
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Turning Points:
The minimum number of turning points for an Even Ordered Polynomial

Function is
0/?{? éé(&t(fjc’ >/()q /}1&5)4 71(;{/7

—_—

The maximum number of turning points for a Polynomial Function of (even)

order n is N—) @0() L= Hun odd B AL ALomes
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Odd Ordered Polynomials
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Example 2.2.1 (#2, for #1b, from Pg. 136)
Determine the minimum and maximum number of zeros and turning points the given
function may have: g(x) _—}. 2xi—4x3 +10x*-13x+8
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Example 2.2.2 (#4d from Pg. 136)
Describe the end behaviour of the polynomial function using the order and the sign on the

leading coefficient for the given function: f(x) :E —2x4l+ 5x* —2x* +3x -1

even ond /Jéaoné'fﬂ

X >~ WCCY)“%_‘OO

x = o0, fl) -0

Example 2.2.3 (#7c from Pg. 137)
Sketch a graph of a polynomial function that satisfies the given set of conditions:
Degree 4 - positive leading coefficient - 1 zero - 3 turning points.

Class/Homework for Section 2.2

Pg.136-138#1-5, 7,8, 10,11




2.3 Zeros of Polynomial Functions
(Polynomial Functions in Factored Form)

Today we take a deeper look inside the Box of Mystery, carefully examining Zeros
of Polynomial Functions

We’ll begin with an Algebraic Perspective:
Consider the polynomial function in factored form:
form

_—

ZH&os
F(x) = (2x=3)(x-1)(x+2)(x +3)

N~/ - v _
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Now, consider the polynomial function g(x) =(x— 3?(x -1(x+2

the zero 1’5
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Geometric Perspective on Repeated Roots (zeros) of order 2

Consider the quadratic in factored form: f(x) = (x-1)°

\ 4// st D Ze e

a¢?[ ﬂﬁ/g_ 'Daméaéq

Figure 2.3.1

Consider the polynomial function in factored form: h(t) = (t +1@(2t -5)

Observations:
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Geometric Perspective on Repeated Roots (zeros) of order 3 o r(fv 1 -

Consider the function f(x)=(x-1)°

P

Figure 2.3.2

Example 2.3.1 :

Sketch a (possible) graph of f(x)= —_21%()5 +1(x-2)

afo‘-fr a:
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Families of Functions /7 Im*a}w{i expaa‘zﬂr(,

Polynomial functions which share the same @ d €r  are “pbroadly related” (e.g.
all quadratics are in the “order 2 family”).

Polynomial Functions which share the same rJer o\/\d zesof
are more tightly related.

Polynomial Functions which share the same o r/er) 2’?;0)} o d éen J ég/‘“"‘bff
are like siblings.

Example 2.3.2
The family of functions of order 4, with zeros x=-1, 0, 3, 5 can be expressed as:

() = o (x +D(x 19 =) (x =)
He L.C. JJ’AV}O&J},&J 1@(0”\

Example 2.3.3

Sketch a graph of g(x) :(4@1&2

Foot Dt
()N 7
3(0 - A’le&( +Q) (X *Q)
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Example 2.3.4
Sketch a (possible) graph of h(t) = (t-1)°(t +2)°

L
LT s ﬁ)?é)fi§ /!
— Wos,‘l;‘vf ovxa’ 06{6/

s —oo Dy oo
X —> oo —C{x) - @©

X Zews of 4 ) (ot o) f
t:-a/drﬁ/(f“g)

5S y—.ﬂ"'- h(a_) = ('/)3(;2)2
-

Example 2.3.5 x
Determine the quartic function, f(x), with zerosat x=-2,0,1, 3,if f(-1)=-2.

)= a[x Nt )3

=3 = o (<1111 -/ -9
3= a(D(DE3) ()

-.? = jga K g(k) = %X ()(+.Q)(X—l)()< ‘13)
— s
/[;—, e

Class/Homework for Section 2.3

READ ex 3,4,50n Pg 141 - 144

Pg. 146 - 148 #1, 2,4, 6, 8ab, 10, 12, 13b 43




2.4a Dividing a Polynomial by a Polynomial
(The Hunt for Factors)

Note: In this course we will almost
always be dividing a polynomial by

a meaes= /“Mar o/r'ln‘sar‘
T BNt S dx-5

Before embarking, we should consider some “basic” terms (and notation):

dividend _ quotient + rEmainder remainder —— HGC-;K /G’JZ)A

divisor divisor

|

!H;e H«‘ﬂ /

LD:‘U-'O’@J = uo'/'f'm?fj (O’:'uf‘wr) P fgmaﬂ
Divdad - (3

The Jdivsion S%a/e’mn%
Note: The Divisor and the Quotient will both be

an‘ ORS




Example 2.4.1
Use LONG DIVISION for the following division problem:

5x* +3x3 —2x* +6Xx—7

X—2
LT 9T 432 2 1Y

)V*Q[S\)c f3C A +6II)( 7 (k>(5\%3> _ 5\)\?

- (SA ’/Qﬂ) "I
135 - QE H‘ (O( 13 2) -

-—('§X~Q6x i | (C R )= Qi

R (N &9 = S5
- (;) N - 18 J|/

Please read Example 1 (Part A) on
Pgs. 162 — 163 in your textbook.

51x -7
- 5% —198)
[O

.., gxﬁ“ gx>’9\,\f-{-6x -) = (5‘\;{31‘(5431- a‘fxf~5‘r)(>< —SL) + (O]

(Y*as S ﬂO't‘ 2\ ’QQC‘(@/‘
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Oy C?xl A/Wr:?g f\\c/wo/é’ OL//

Example 2.4.2

5 3 Y, X — fermg e ')C)
Using Long Division, divide 2X F3X —4X 1. 7L ven

2 - 5&;1/53;;!‘—( ’%07 N ﬂ@zL Lhere.
Xx - | ‘ W+ Ox'+ 3 +Ox> - e o

3%
2" ~27)
Ly Ox:z
- (st - §XQ)
Sx - %
— (B\XQf Qx‘

X |
“(x -1)
_ —

. Q{;r 3?(3—%( -/ = (X“I)(Qx%r‘&x}«’- 52(2-(- Sx +()

KEY OBSERVATION:

(x—-r) NS af\(f”“['

Classwork: Pg. 169 #5 (Yep, that’s it for today)



2.4b Dividing a Polynomial by a Polynomial
(The Hunt for Factors — Part 2)

Here we will examine an alternative form of polynomial division called Synthetic Division.
Don’t be fooled! This is not “fake division”. You’re thinking with the wrong meaning for
“synthetic”. (Do a search online and see if you can come up with the meaning I am taking!)

In Synthetic Division we concern ourselves with qL-,ll@ Co g*[(f‘c&oﬂ (\S o’@ %

d(b’(/a/ld ond/ 7%6 ZC o CD[\ ql/b AR

e e——

Synthetic Division uses
Nom ‘JWJ no ua.n‘ué/éj) and /"(W*i dp@”{?tﬂ?.

> [JffD /OW/I) 7"”‘*!% aﬂd AG{G/

Note: S, bobe divsion ooy uges

e

[Mear J}v&( ors

Qxt QX'S_J Xt S 3 %

The Set-up
. n U
Zew o {Ifof'(‘(\ﬁc{{ml.s o.—( H’\@ dr:w'(/ﬁqﬂ——a alf oS st~ éla

drvs=C /ofefe/)%
i)
(o¢ ‘L)C'c!m koo F fLe f/a@| re‘”‘“ifla/eri
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Example 2.4.3
Divide using synthetic division:

2e(°

(4x3—-5x2 +2x—1)+(x—@

(()(3 - 9K1+ A>c — /

Example 2.4.4 Ox
Divide using synthetic division:

AX413x2 —2x+1
X+1

)L(O?»-a|
Ly 7 1
1 -1

O 8‘”6 D)wf/;

)@ Times .
[ @ /40/0( )

= (k’a)/((xlf?xdﬂ + (&

/ /
>/ 4, D [),?M/]

(f\ T/wﬂf
@ Akt

W30t = () (6870 % -D + 1o



Example 2.4.5

Divide using your choice of method (and you choose synthetic division...amen)

(2x3-9x2+x+12)+(2x-3)

Al =7 1 I

hon ou howe L
tj Qra?(::f 3 ’3 - [D
divide ¢
6(,(91(,}/\4 L\/ L _g_\__h 6 _____35 O
fhe | -3 -9

Jen(}m;nm(ar

a)(:z_ 7x1+)< = (QX’S)(Xa_ Sx _,c/)

= (ox ) (x-9 )= /)

Example 2.4.6

Is 3x —1a factor of the function f(x)=6x—x°+2+3x*?

|

x=" :2.,‘? -k?faxa—réx +
!
13 -1 © ¢

|

| :

(
L oo 2

Sx~l s not <

ao'f(of-

becocs »LL/G S a f@/l/lat‘/w/éfﬂg



Example 2.4.7 (OK...this is a lot of examples!)

Consider again (from Example 2.4.6) f(x)=3x*—x*+6x+2, and calculate f (Ej :
4 4
( | ( [
(- 308) - (D)« 442

- 5/(_’_9 L e+

B Q7

é[ U/mHL |1 T[‘d rS 7%/ S%M;
[oma nde o dwo’J

Example 2.4.8

Consider Example 2.4.5. Let g(x) =2x>-9x* +x+12, and calculate g Gj

366‘5 9(&) ?/> 2
NG

- YT ? ‘/ 4 B 71‘ O
The Remainder Theorem

—?4_

Given a polynomial function, f(x), divided by a
linear binomial, x—Kk, then the remainder of the

division is the value g(@

S/



Proof of the Remainder Theorem

(onsider $() = (x -K)

then  He  divren clodennt ¥ f/gOOém%
N/
P (k) s6) +
s (k)= (k) gl
’Q(%B = s
Example 2.4.9 m'rg") WAIT!!! We MUST have a
Determinethe@minderofT - / [FUNC-T-IBN ]

£2) - §(°)4~ 3(2) -0
€0 -3 -5o0

= 0 . #Q [omonds /S 6

Class/Homework for Section 2.4

Pg. 168 - 170 #2, 6acdef, 10acef, 12,13

51



2.5 The Factor Theorem

(Factors have been FOUND)

Given a polynomial function,
factor of f(x) /f o oaly,

Y= 0

The Factor Theorem

f(x), then x—a isa

£

Example 2.5.1

Use the Factor Theorem to factor x3 + 2x> - 5x—6. WAIT!!T We need a FUNCTION

f()=x"+2x ~5x 6

Tpsx 1“11 r)’-fSa'ZD/( ?«cﬁor; c>£ '"6

0+ )0 (-

(36 = -4
1, *a *3 16 ‘| : Lol pout
Tey x=1,= x={ I e
S~ rPea0-st)-¢ = -5 [ 411 a —T
T al o e ol -1 -1 6
9(-n - 0’ (-0 -5/) -6 "!1 ”‘, $ .

< o L +5 -6 =0 J

S e - S - (< -t-f)()(n-f- x *-6)

= (<ot )(x<3) b=



iy 13 17 £, 0%, 109, t/6 r&f)j =
Example 2.5.2 I{) e T T
—
Factor fully x* —x®-16x* +4x + 48

oy xa, e ARy 7 ys

0(2) = (-2 - (-3) 16(-) < (-3) 98

2 b Qs -Ig
= 6 +% -6y ~F ry¥ .

) -3 ~|0 Y ©
< O
3 Q
— = x —Sx —lOx f&‘p’:g&}
If\/ Y'Q/ X:D\ /1 T
S(Q): 33—3(9')3\*!0/&)—#&? J { -3 -(0 QY
= % - ’9- ‘&0 (. QC/ L Q ~2 f&y
=0 = -2 0

7 3
Soox ~x ﬂ/’éxl-f le ¢15 = (X*Q) (e‘m‘&yxa‘k ~()

= (<= 2)(x £ 3)(x =)l +3)
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Example 2.5.3 (Pg 177 #6c¢ in your text)
Factor fully x* +8x® + 4x* —48x
el

g(Y)’ X(ng 5):11‘ (/X *78')
3
Ty =R RPy= 2+ 8] + fh) 4&
C+32+§ ~95 =0t

NS \ & C/ ,é/g/ )('1_( %ng ?x;ﬂ 7~

D d O 21 - = X(’f‘&)(kauok «a9)
IETINE x ()<< 9) (<0
Example 2.5.4 (Pg 177 #10) £y = 1o

When ax® — x* +2x+b is divided by(x—1 the remainder is 10) When it is divided by

%Z)Wer ris 51. Find a and b.
This problem is very instructive.
'§(>(3= X “>< £ + b )
—(3) ¢ a)«b =

3
1y = W (7 (] < 20) 46 = /o $0y = (o)
a "T//‘Fé? (O

o +b=9
(5o 6 - 51)

Qu ~ Y+ ¢ +b =5

Class/Homework for Section 2.5
Pg. 176 -177#1,2,5-7 abcd, 8ac, 9,12 (angels sing over 9 & 12)



2.6 Factoring Sums and Differences of Cubes

patternspatternspatternspatternspatternspatternspatternspatternspatternspatterns
atternspatternspatternspatternspatternspatternspatternspatternspatternspatternsp
tternspatternspatternspatternspatternspatternspatternspatternspatternspatternspa
ternspatternspatternspatternspatternspatternspatternspatternspatternspatternspat
ernspatternspatternspatternspatternspatternspatternspatternspatternspatternspatt
rnspatternspatternspatternspatternspatternspatternspatternspatternspatternspatte
nspatternspatternspatternspatternspatternspatternspatternspatternspatternspatter
spatternspatternspatternspatternspatternspatternspatternspatternspatternspattern

Knowing how to factor a sum or difference of cubes is a simple matter of remembering patterns.

Example 2.6.1 (Recalling the pattern for factoring a Difference of Squares)

Factor 4x” - 25
4 N
Note: Sums of Squares

= (QX -g)(QkﬁLS‘) DO NOT factor!!

e.g. Simplify x* +4

2 4 g 7
Differences of Cubes
g& mée 9&00 ste A[t«/:?; s _ﬂpom‘ live

—_—

Pattern
(cube, —cube, ) =(cuberoot, —cuberoot,) (cuberoot1 + cuberoot, x cuberoot, + cuberoot, )

8;’*37‘(80( n 3)({( ‘__bx r [

TWO POSITIVES and ONE NEGATIVE

Sums of Cubes (These DO factor!!)

Pattern

(cube, +cube,) = (cuberoot, «cuberoot, ) (cuberoot,” _ cuberoot, xcuberoot, ¢ cuberoot,’)
=)

Praz-(ax + 3)( T - bx < T
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Example 2.6.2

Factor i -8 = (X — 3)(><D‘ + o L/)

Example 2.6.3 _

Factor 27x* +125y° _ (’3% + _gl)( ?XQ _ jQ')v i & §/1)

N—

Example 2.6.4

Factor 1-64z° _ (l . (72-)(' 4 5,2' + (ézz)
Example 2.6.5

Factor 1000x° + 27

97»(@ = [/O)( + 3)//0%:&# SOx + C@
2
(19) (09 [ )

Example 2.6.6

Factor x® —729

(=) (7 17 ED)
- () L e ey

/
= (x -3)(}1%51()<9+ 7XQ+_Q/>

Class/Homework for Section 2.6

Pg 182 #2ael, 3,4

If you finish early, begin the review
Pgs. 184 — 185 (skip #8, 9)




