Advanced Functions

Fall 2017
Course Notes

Unit 6 — Trigonometric
|dentities and Equations

We will learn
o about Equivalent Trigonometric Relationships
e how to use compound angle formulas to determine exact values for trig
ratios which DON'T involve the two special triangles
o techniques for proving trigonometric identities
o how to solve linear and quadratic trigonometric eguations using a
variety of strategies
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Chapter 6 — Trigonometric ldentities and Equations
Contents with suggested problems from the Nelson Textbook (Chapter 7)

6.1 Basic Trigonometric Equivalencies
Pg. 392 — 393 #3cdef, 5cdef

6.2 Compound Angle Formulae
Pg. 400 — 401 #3 -6, 8 - 10, 13

6.3 Double Angle Formulae
Pg. 407 — 408 Finish #2, 4, 12-Do # 6, 7

6.4 Trigonometric Identities
Pg. 417 - 418 #8 - 11

6.5 Linear Trigonometric Equations
Pg. 427 — 428 #6, 7def, 8, 9abc

6.6 Quadratic Trigonometric Equations
Pg. 436 - 437 #4ade, 5acef, 6ac, 7- 9



6.1 Basic Trigonometric Equivalencies

We have already seen a very basic trigopnometric equivalency when we considered angles of

. : . 2
rotation. For example, consider the angle of rotation for 6 = ?ﬂ:
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Periodic Equivalencies

Pﬂr,\,o/ ;‘J 277/

Example 6.1.1 A7 @ rs A /06.'"00/!'(-
Consider the sketch of the function f (6)=sin(6)
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Example 6.1.2
Consider g(x)=cos(x)
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Example 6.1.3
Consider h(0) =tan(0)
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Shift Equivalencies

Example 6.1.4
Consider the sketches of the graphs for f (6)=sin(6) and g(0)=cos(0)
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Cofunction ldentities

Consider the right angle triangle
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Using CAST, relating angles of rotation to 7 and 27

Compare Q1 and Q2
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Compare Q1 and

Q3
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Example 6.1.5
From your text: Pg. 392 #3

Use a cofunctlon identity to find an equivalency:

a)sm( J = (o c((} - A(")
e (FF) = eos(F)s cos(3)
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Example 6.1.6

From your text: Pg. 393 #5

Using the related acute angle, find an equivalent expression:
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Class/Homework for Section 6.1

Pg. 392 — 393 #3cdef, 5cdef




6.2 Compound Angle Formulae

Here we learn to find exact trig ratios for non-special angles!

L" No ra((ufo—{‘-mf.

Consider the picture:

Can we find sin(A+B) if we
know sin(A) and sin(B)?

or cos(A+B)?

or tan(A+B)?

= AoA 4B
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Your text has a nice proof of one of the six compound angle formulas (there are six of

them!...see Pg. 394)

Namely your text proves that cos(A— Bj:cos(Ajcos(BjHin(Ajsin(Bj

Using some trig equivalencies (from 6.1) we will find the other 5 compound angle formulae.
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Find a formula for cos(A+ B
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Example 6.2.2
Determine a compound angle formula for sin (A+ B) using a cofunction identity and a

cosine compound angle formula. Sl = Cog g—_ 69

Sl ~ (3 (48))
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Example 6.2.3

. sin(@ .
Using the fact that tan(6) = L) determine a compound angle formula for

cos(0)
tan( A+ B)).
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Example 6.2.4
From your text: Pg. 400 #3acd
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Express each given angle as a compound angle using a pair of special triangle angles

a.) 75 = L_S‘C)O'f‘%/gc
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Example 6.2.5

From your text: Pg. 400 #4ac, 8bd

N ) =

-6 3
3k 2%
- (- _l'-i-
_ O

Determine the EXACT value of the trig ratio

a) sin(75')
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From your text: Pg. 401 #9a
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Class/Homework for Section 6.2

Pg. 400 - 401 #3-6,8-10, 13
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6.3 Double Angle Formulae on Moy Q)

This is a nice extension of the compound angle formulae from section 6.2.

Recall the compound Angle Formulae:

sin(Ai B):sin(A)cos(B)isin(B)cos(A)
cos(Ai B)=cos(A)cos(B)$sin(A)sin(B)
tan(A)itan(B)
litan(A)tan(B)

tan(Ai B)z

The Double Angle Formulqe{f
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3) tan(2A) = %m/##—/%
w Ao At ferA
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Example 6.3.1

From your text: Pg. 407 #2ae
Express as a single trig ratio and evaluate:

a) 23in(4£°)cos(4?°)
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Example 6.3.2

From your text: Pg. 407 #4 CQ |

Determine the values of sin(26), cos(20), tan(20) given cos(@)zg, OSGS%
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Example 6.3.3

From your text: Pg. 408 #12

Use the appropriate angle and double angle formulae to determine a formula for
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Example 6.3.4
From your text: Pg. 407 #8
Determine the value of a in the following:

(2tan(x)—tan(2x)+2a=1—tan(2x)-tan2(x)
—>
Ao = 4| :_t&j__(&x) *Dﬂk)( — a%&) + e (&x)

Jo = feafas) wLm(ax)Mx) 1 =2 fenfl)
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Class/Homework for Section 6.3

Pg. 407 — 408 Finish #2,4,12 -Do # 6, 7




6.4 Trigonometric ldentities Qm /hade_ma{,wq( Jc,y,

Proving Trigonometric ldentities is so much fun, it’s plainly ridiculous. I should be paid extra for
letting you play with these proofs! We will be using ALGEBRA (remember the rules?). Inside our
algebra we will be using the following tools:

Reciprocal Identities

1 : _ (
e.g. csc(0)=— S/ "= L
( ) sm(@) (Sﬁﬁ
Quotient Identities
_sin(x) _ cos(x)
e.g. tan(x) = cos(x)’ or cot(x)= Sin(x)

The Pythagorean Trig Identities
sin?(6)+cos®(0) =1 1+tan®(6)=sec’(9) 1+cot?(0)=csc?(0)

= S'.nld':'{h(wn& :_}\_m"lﬁ: fe:ﬁ -/ — C()wf;(ﬁ = (S'(_.Dg “—'I‘
o oS¢ (=snf o | = Secd ~Feafor | = ¢ o — ccﬂﬁﬁ

The Compound Angle Formulae

sin(A
cos(A

)=sin(A)cos(B)+sin(B)cos(A)
)=cos(A)cos(B)Fsin(A)sin(B)
_ tan(A)+tan(B)
~1xtan(A)tan(B)

+B
+B

tan( A+ B)




The Double Angle Formulae

sin(20) = 2sin(0)cos(0)

(o = | — 2578
co 5'/3695 -~ Rcotl —/

cos(20)=cos*(6)-sin*(0) =

2tan(0)

tan(20)=rnz(0)

(And let’s not forget our friends, “The Trig Equivalencies’ such as the Cofunction Identities!)

A General Rule of Thumb

G&seri everything to sine and cosine
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Example 6.4.1
Prove 1+ tan®(x) = sec*(x)
¢ |+ 1@
=]
T' (o5 &

= -+
CO’S&, (o§ &

|
(059

- S&Qﬁ L_Q
1

\!

L
AN
9



Example 6.4.2

o+t 5 0‘_()
Prove sin(x+y)-sin(x—y)=cos®(y)—cos®(x) ( ) ( )
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Example 6.4.3
Prove sin(0)-tan(0) =sec(0)—cos(0)
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Example 6.4.4

an(x)+ tan I': ( 95? T- ?{ 2
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Example 6.4.5
From your text: Pg. 417 #9a

cos’(0)-sin*(0)
cos?(6)+sin(6)cos(0)

=1-tan(6)
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Class/Homework for Section 6.4

Pg.417-418 #8 - 11




6.5 Linear Trigonometric Equations

By this time, asking you to solve a “linear equation” is almost an insult to your intelligence. BUT
it is never an insult to ask you to solve problems with math. Instead it is a special treat to be able

to spend time thinking mathematically. And so, you’re very welcome,

foon
(nbers C’fo o=

e.g. Solve thg linear equation
3x—4=9 "7 -
2 Yo fuade /4a 402 Lo

Sx = 13
aC‘F[f“j N 7L/£ \\X !

Example 6.5.1
From your text: Pg. 427 #6
For 6 €[0,2x], solve the linear trigonometric equation O
a) sin(0) _ L exactly, and using a calculator. 2 <
V2
= }-e--\c*{ ly - (
) " S.n/&’ i ==
& c=1 | ) RY
| f ¢ |I
NLG " : J(...(_
— . Z= §n (@
6= 2

| ’

" ©-0.7%5)F

6‘; _ ;_.:____. B i“
= BN-.29
= L35



e) cos(0)= _ L exactly(and using a calculator.

7 o
EH} '/(;('F 4 ( O.s'f j \'3_ 3
. &= 3 /g ”%’3\)
7 ;
o . so [ 77
s

Q - 31y-90-729 = .35
E5 = 318 +0-79 = 3.93

Example 6.5.2
From your text: Pg. 427 #7

Using a calculator, determine solutions for 0° <6 <360°
a) 2sin(0)=-1

Note: Our Domain is in
Degrees!!

Sn/e)= i;,%
L (G =80 50 = Ruo°

[

= L
sofS 7 3 & = 360 -50 - 33
g (3)
-3

G = R0 d 23

-~



+*" t

d) —3sin(#)-1=1 (correct to one decimal place)

g ~3
-
2 > T
\ <on (F =
| >
o 2
> /7/;) Z

Example 6.5.3
From your text: Pg. 427 #8

a) 3sin(x)=sin(x)+1
N

S TS

an&)vf

Sl = =
A
><?_gi)

O = /%o + /%
- 28

F= 360 -8
~ 3/F2°

Seereressatar determine solutions to the equations fort@raf/f“"‘1Lr =



Example 6.5.4 S
From your text: Pg. 427 #9f / .
Solve for x €[0,27] -
~3 -g ,\75' / /

8+4cot(x)=10 Iy

feotf - 2

.pf,rp C@’{‘(K) z =

+m()()""9\ )(::/.//

= |/ = 3+
x =735

Class/Homework for Section 6.5

Pg. 427 — 428 #6, 7def, 8, 9abc




6.6 Quadratic Trigonometric Equations

Before moving on to Quadratic Trigonometric Equations, we need to consider a mind stretching

problem, because it’s good stretch from time to time (in Baseball parlance, this would be the
Lesson 6 Stretch).

Example 6.6.1 Don’t be afraid of the 3! (though it

A does give one some concern...)
Solve sin(3x) = —? exactly on x € [0, 2]

s = I3 $6> = 50 (3)
( 'D Pgr"@d: __?_3(_},*‘—
_
ol 7 F 3 2 —(; e.:/?f‘)«
e > o fwers r
G = #*% & 3 per.‘ea’_
- (;\7'_ = 5‘{,\’,_
(9’ "/§" @ _5" Lo bke .__.,.'(/ Ac.vg é.(./
ﬂ/()"‘/ o e ,.qpooj

s:ﬂ/u‘[lz‘oﬂs
Ha 6 caswers:

vz, +/j w = It 20 | oo 50 2%
par

7 Ed
Add the — x= @27 2w | x =l Qe
peci«d w' 7 S 7 d
d X = /f}'@ x = L2




In Quadratic Trigonometric Functions the highest power on the trig “factor’ will be 2.

Example 6.6.2
From your text: Pg. 436 #4: Solve, to the nearest degree, for 0° <6 <360°

b) co§9(0)=1 A (e‘S
AL R
CoS@ = f( AX

Cos& = | (o> LG O,
o I .
b= 0o, 2% = /§0° = O rfo, 36

J o
0, 3o

f) 2sin*(0)=1 k
> f - —
S f R o,
SME = T 5




17,
4 %
Example 6.6.3 >< X — l) = O
From your text: Pg. 436 #5 Solve for 0° < x < 360°
b)- cos -1)=0
m X — O ) Xll
S ax = O (05)(-{:o
, x = 0,0, cosx= I
i i 00 150 s’
i / _ O
c x =0,
o

)

= 03(]\7’)}0}/ or Ou/ /?00/ 3@°

d)fcos(x) W) =0

-7 QS*W ()’) "J? = 0
(osx = O /)
ﬂ\!’ g 9= -
T\ e M A
7T = T gd &
° < _ 7()? 200° ~ 3 2

_ Y Qe 3
X,._ 5}3)%)3

- 60, %5, B, JN



Example 6.6.4

From your text: Pg. 436 #6: Solve for 0 < < X< 27

d) (2cos(x)— )(Zsm( )+ \/—)

o7
Qe 7| =€ Dsinfy +/3'=© ﬁ
|
Cos(x) = 3 S'V’[y) = ‘B—\ Lf/;
"~ L
A o G
3 3
.
¢ 22 3/ 73
Example 6.6.5
From your text: Pg. 436 #7: Solve for 0 <0 <27 to the nearest hundredth (if necessary).
2cos’ (6 0)-1=0 led Xx =cos® - -
0 205" (0) +0s(0)-1=0 c Qe x (=0
(3 - ((m? =0 (2x =)(x 1) <0
s =2 8= -
(of ‘ Cos E ,f'\fj ™ 5
0= %r) ?'; ¢=r t 3 3

e) 3tan”(6)~2tan(6)=1
3ton O - e ~ | = O

(B‘fmﬂ' ff)7+m51- /SO‘:—‘—O

=3

et x= A& S '—&x"{zo

(gx r/)/)( F./),_O

L
s s ol = /W
Y, / S
om0 B &: :)Z{J ..% /J
d L o/ \ ? ?
Irf ) Iif 3 )
g =0 32
ﬁ: lf — o 3; a %l

- 20-0.3> = 5.76 , (9_;17') ) 82 ;5;_?2’} 5.76
o (/ 4



Example 6.6.6 (decimals are between the sixes!)
From your text: Pg. 436 #8: Solve for x €[0,27]

a) sec(x)-csc(x)—2csc(x)=0

Gebr csc(0! cg((,cfo[je((x) ~ Q>i ~

3|‘,OC Sc ()C) — 9 ?C(r'(/? _‘sl.‘!-'?SéC(x_) = 2?\ [ ((o
| (
o

$ ) = F{ Cos( = 5

, T _J s
SN0 Soletiun s XE e 3

c) 25in(x)~sec(x)—2\/§sin(x) =0

st‘o(f)ca(sef@*) *Fj: 0

D Sh(y) _o El'f’ée(&_) _ 1}—3—7 r’f'f_/p ‘/3‘;:
g.n(,() = 0 (056() - J_}—{—' NOT S,Q_p_c(_,w(,’
-~ x =0 1Y, 2 - L
? f> 7
£ («:"[J?) = O, 74/ Rr- 0.7

s x= 076, 5.3

X = O,0.96, r,5.83 Ar



(as@y) = Q(o&a)c — {

Example 6.6.7
From your text: Pg. 437 #9: Solve for x €[0,27]. Round to two decimal places.

a) 51§os(2x)]—cos(x)+3=0
5(2cers -]) ~corx +3 =0

/(QCC’J?X -8 —cesx +3 =0

Let = cesx

2
[Ox - X -2=0°

2
JOX =25 ih 3=

+c

S

J()
/gfesx +Q>(Qcauk ’) o (5‘}‘ fQ)(c;),( _,) ~o
5 cesxtd) =0
_ ‘-_% Q(orx -'/ =0
(OSX = z ) (
(eSX = —
2~ 2 d
(_os(v ’/
7- N B //\r_ 5*((‘,'-
tﬂ?éﬂﬁ/f‘)-/./é X=73 73

X = -1l - |98 \
X = 1}’%/‘/6 = 5’«3

1 .
ﬁﬂeﬁof@) X = 3) 178, 25 53?7/

Class/Homework for Section 6.6

Pg. 436 — 437 #4ade, 5acef, 6ac, 7 -9




