Functions 11

Course Notes

Chapter 1 - Introduction to
Functions

We will learn
e the meaning of the term Function and how to use function notation to
calculate and represent functions
e the meanings of the terms domain and range, and how a function’s
structure affects domain and range
e how to use transformations to represent and sketch graphs
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Chapter 1 — Intro to Functions Name

1.1 Relations and Functions (7This is a KEY lesson!)

Learning Goal: We are learning how to identify the difference between a function and a
relation. Also, learning to recognize functions in various representations.

This course is called FUNCTIONS, so it seems rather important that you know what a function

actually is. However, before we define and dive into the world of functions, it is important to be
familiar with a few other commonly used terms in the language of functions.

In Grades 9 and 10, you learned about lines ( y = mx + b) and parabolas (Y = ax’ +bx+ c). Little
== —

. . V—__ . ., . .
did you know, these are called functions. Before we get into a formal definition of a function,

let’s first look at something more familiar, a relation.
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And yisthe Al W variable

A relation can be represented in a few ways:

1. Mapping Diagram
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5. Set of Ordered Pairs

{(-1,-3), (0,1), (1,1), (2,9)} 1(1,4), (3,2), (0,5), (5,6), (3,0);

Before we define what a function is, we first need to define a few other things:
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Set Notations:
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Now comes the moment finally!! We are ready to explore and understand FUNCTIONS!

You need to know, very well, the following (algebraic) definition:
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Definition 1.1.1
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We can visualize what a function is (and isn’t) by using so-called “arrow diagrams”:
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We can also view Functions visually like a Vending Machine because they are
PREDICTABLE just like our functions!!

THINKING QUESTION:
‘i?' - i. Are all Functions also Relations? 7E,.S

P O ii. Are all Relations also Functions? I\JO

iii. Which one of the two can be a function machine? Madkine 1

KNOWING WHEN A RELATION IS, AND ISN’T, A FUNCTION

Graphically: The Vertical LineTest (\/ Ly
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a)

*Algebraically:

(NOTE: this is a “rough” way of thinking about the problem)

If the Dependent Vaa;ble is with en ODD e)xdaom_/\t —d FunNcT oAl
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Let’s go back and determine the domain and range and whether or not each relation is a

function.

Domain and Range can be represented in just words (“x can be any number”), but Math is all
about representing things in numbers and symbols. This is what makes math universal, because
people in CoCoLoCo island may not understand “x can be any number”, but they would
understeind the symbols used to represent that.

Domain: {x € R}

Range:{gve R|y <4}

vl

Domain: {x € R|—-3 <x < 3}

Range:{y € R| -3 <y <3}

For the following, determine the domain and range using set notation, and then state if it is a

function.
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a)

HW- Section 1.1 (Suggested problems are from the Nelson Textbook. You are welcdme to a:

Given the SKETCH OF THE GRAPH of the RELATION determine;

the relation, and wh

1l

. . . =
e relation is, or is not, a fimct@Note

e domain

range are sets of niimbers and can be represented by the fancy set notation)
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from your peers or myself. It is due the next day!)

Pg. 10 — 12 #1, 2 (no ruler needed), 6, 7 (no need for the VLT), 9, 11, 12 (think carefully

about the idea that the domain and range are “limited”)

Success Criteria:
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(2,3)

D:gxé R_}

fie range of
at domain ana

157(:(]

22X

(L1=+ {dsef l‘\@/c.f. jig

/\y
4_.
e o o )
B 5 )
\I_II_IIQLiIaI/
—2- e Y
_4_.

D-[- w,lls,—v-,-
R={2,1,0,1,-
Afo‘f "\tFw\;EOQ

T

I can determine the domain of a relation or function as the set of all values of the

independent variable

I/o/ {/1/3/‘{:}
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I can determine the range of a relation or function as the set of all values of the dependent

variable

I can apply the vertical line test to determine if a graph is a function

I can recognize whether a relation is a function from its equation



Chapter 1 — Intro to Functions

1.2 Function Notation

Learning Goal: We are learning to use function notation to represent linear and quadratic
functions

Here we learn a NEW AND IMPROVED WAY for describing a function, algebraically.

When we determine that a relation is a function, such as y = 3x +4, it is worthwhile to state that
it is a function by giving it a name and indicating what the independent variable is.
f('x..) Dz 4= 36X+ =22

/@:3x+4 “3x+4 S e g

This much more useful way of writing y = f(x) is called the FUNCTION NOTATION.

Here, x is the independent variable,
which is used to determine the functional value (formerly known as y).

, . . 2 2«): ?
Let’s look at how this works: Given f(x)=3x+4 , evaluatg

f(D=3()+¢

= 6t%
= (O

Let’s do some examples
GivenV(x) = 2x? + 3x — 1}evaluate
- 1 _ g _
a) f(3) b) f —) o f(53) d)—f(4)

Hor= 2(9%s(e)-1 | f1os) £(®)

=1g+9-] 2 2(05) % 310:8)-] | > (2303 (2) - |
W =0S+1S~) |=e+b—] {(g): 2US) e38) -1
o = =13 T 5o 4/s -1

7‘("’) = 2(W5 3¢¢) ~ |
32+ (12—
= 9

. f(-‘)fJC(q) = (»‘r—“—}«.-.@
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2. Given g(x)=>5x-38, determine the x so thay’g(x)=18.

(B =sx—-¢&
I B+8 =S« ?
26=5~
. 3 =
[(x=52]
3. Evaluate@ for each of the following.
a) {(1,2),(2,0), (3:1), (4,2)} o 1y
b Ix|1]2|a]|a °] &3)
y|l2]3|@|s 25(1:3).(3,2)
: 140 T
(s} (3)=-l :II—II_IIQIIITII’
)—f 6-4-2 % 2 46
b) jl'(&):-l{’ —4],

) £03)> 2L
4. Lastly, something a little strange: given| h(x)=2x" —3x+4,evaluate h(a) and h(x—2).

h(e)= 24~ 2a+

2=
h(x-2)=2 S 2 ([t
= 2(*hnty)—3(x-2)H b = 20— Bu kB =Bx ol
L(_x-L) 2.)(—-(|=L-H8’

One more Example-

6. The graph of y = f{(x) is shown at the right. Ay
a) State the domain and range of f. 6- y =flx)
b) Evaluate. | I
) f(3) iii) £(5 — 3) i
i) f(5) iv) f(5) — f(3) 2 .
i Wl
.5 eI T
O)Dj { 2—12)%{/?,{ —2:/

Re={1,234, s

Dfw=4  (Wfs-D= f022
. ;“7’9’ (W f(s)-jc(g,;-, 2—4=-2 10



Some more practice:
Textbook Example 1.2.4
7. For h(x) = 2x — 5, determine

a) h(a) o h(3c—1)
b) A(b+ 1) d) 4(2 — 5x)

@h(«)ﬁla—-{ @l;(Bcrl)c 2(3c-()-—-§
@L(LM); 2(bt1)-s = bc-2-5

=2b+2-S =6c-7
= 2b—3
@ lﬁ(2-§x) = ZCZ“§‘1> -s
Example 1.2.5 = 4 — (0% -5

12. A company rents cars for $50 per day plus $0.15/km. =/ —(0x-1\
a) Express tl}i\d'alzy rental cost ¥ a function of the
wravelled. a/:f(w) = >a
b) Determine the rental cost if you drive 472?(%1 in one day.

—

¢) Determine how far you can drive in a day for$ _
B - o)
@/f('ﬁf)’ S -‘—O.’S-js/#%kﬂ\c}ﬂ-\/m.

b"“i‘(x‘/
o (D) flrp= sot01S(17)= S0 0 fra0 s

@ 8‘0: SO+ 015X

200 1S _— 200 km.

HW- Section 1.2
Page 23 #1-2, 5, 8b, 10, 11cd, 15, 16, challenge #17

Success Criteria:
e [ can evaluate functions using function notation, by substituting a given value for x in the
equation for f(x)
e I can recognize that f(x) =y corresponds to the coordinate (X, y)
e Ican, given y = f(x), determine the value of x

11



Chapter 1 — Intro to Functions Name

1.3 and 1.4 Parent Functions and Domain and Range

Learning Goal: We are learning the graphs and equations of five basic functions; and using
their tables, graphs, or equations to find their domains and ranges.

THE PARENT FUNCTIONS (for Grade 110)
Together we will explore (graphically) basic properties of the five parent functions:

a) Linear f{‘x.):‘)c /l%L‘E» of VMUES D ZJ(G.K\}
”.4 -2 -2 f— ,—2)
2 — | =t [t} The M G
o o O |(o, o')
k ! ) Cr0) Sroa(CHT LeANE
2 2 10y

b) Quadratic ( x)= )L‘b
J _ D =£x€'2}
TABLE OF \AlVES J‘[@(")ék) 203

x99 (@)l "4~
THf -2 Uy (-)ki,w)JLM *

— | l (-1,0)
0 0 ( 0,0) /ﬂ'LH'GOLA'
| [ |\ l)

2 Y (2,4)
/

c) Absolute Value ‘l(})= J X,‘ Em_é ﬁ}
TAsle OF VALES g (he)€R | h(w) 2o

X 4\/(%) (x Q&)
! ) o (223 JAATA I A
"\‘f" - | - (-—l,l)

= |
0 =0 | (09
J = | (l,()
9 =2 (22)
= d

12



d) Square Root LC7‘—) = \‘ > &

TaaLg oF VALWES

Pl L(’C) ()( ) L(l)/
i 0 =0 | (0,0)
D= [ =0 | (1)
4 =2 [ (4,2)
9 =3 | (%3
LA ¢ | (l6,%)
2 =g | (257%)
34 ¢ | Geef
4
e) Reciprocal JCL) —;Z y X$0
TABLE of yALUES
x| 1060 [354069
~4 [(Foas| °
-2 |—-05
v T — -1 -y
L -0§ | -2 ]
'_ — O S
0s 2
: : . | l
ASWIPTOTEMI‘;‘S—; v .&L\ af;rf‘ada Z oS
/ Aever hs

but O’
So, we see that the GRAPH OF A FUNCTION, f(x), is given by: ] ( )C)

D =£xélﬁ)%2 of
R =] ife Rl (0]

A a

wig e,

vl
Dj = ke &) %9

KJ »{J(w)ef\(\)(*)4'9)

The- w A
A

Uh,

{(x, f@))jxeD f}

In Grade 10, we learned about transformation of quadratic functions. To TRANSFORM

something is to

Transformations are values which change the shape, direction, and position of the function. In a

quadratic function, \I

f(X)=x" = f(x)= a(x h) +k

where a 2 V. sTReTeH , V.FLIP

h—H swfFr (u.rﬂe\qHQ

k> V.SaeT (\JP}DDW\I)

H \/

Recall that y = a(x-h)* + k

is the Vertex Form and is
considered the strongest form
for its ability to tell us about all
the transformations.

So, for quadratic functions(and functions in general) we have two things (NUMBERS!) to “transform”. We can

apply transformations to

1) Domain values (which we call HORIZONTAL TRANSFORMATIONS)

2) Range values (which we call VERTICAL TRANSFORMATIONS)

13



i@g 2" —— Q(x-h) *‘k‘)(@h)
Also, there are THREE BASIC FUNCTIONAL TRANSFORMATI

1) Flips (Reflections “across’ an axis)
2) Stretches (Dilations) C’X‘ J> — ( 3 —+ l’\ Qg ‘(‘\(

3) Shifts (Translations)

Example: Given f(x) and its graph, state the vertex, domain and range

2y f(x)z—l(x+4)2+2
4- 3 .
- 2 X = O ('ﬂ"'"\) 'l"k
TRy V(i )= (%2
L D—f = JneR)
_]25, g[ ={1c(gea | {(@s 24

In general, given f(x)=a(x—h)’ +k, the domain is ALWAYS Zl xe &S

66 2.,

The range, however, depends on the vertical stretch, or

(k. k)m&]‘ R- ff(x)e | }(L))@T’C s ConSTANT
Ifa<0 R= ff(x)eﬁlf'(*) C—_S

Determine the domain and range of each quadratic function:

f(x)=3(x-4’-8 1} g(x) =<23(x+365)> +4303
_D [x € Rb .Da/ {xe RJ
) )(‘(1 ER ,)l( 02 8j P& 2 au)qa [ J(x) < *303}

Note that sometimes the domain needs to be restricted. This means that instead of {x € ™}, there

will be some limitations to both the domain and the range.

Example: A baseball thrown from the top of a building falls to the ground below. The
path of the ball is modelled by the function 4(#) = —5#* + 5¢ + 30, where
h(t) is the height of the ball above ground, in metres, and # is the elapsed time
in seconds. What are the domain and range of this function?

(For this unit, let’s use Desmos/GeoGebra to find the vertex form of the quadratic function)

D f{te&(b>gj NGZ (o-s,sz)
X - {(\(«)ee\\ h(t)< 22g] p

14
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*Now, let’s explore the transformations of other parent graphs as well. Iv4+Y4 20
: : : : 1 =2-4
ADetermme the domain and range of the following graphed functions: g
( () =0(x—3) —41 f(x)=2x+4 <6 -

¥
¥
4
] E
4 4
o 3

T 3 3 T 3 O

] ) D-{+er |Gz
e = s f)er If(” >4 = gj(aoe«z | fo) 2483

f(x):—4|x+2|+5

¥
; ; 4
3
o
= J= =

= \ T T s+ 35 &%
-4

D{xet]
R - [f(x)c&l f(%)é s

0= (frxp f@fh‘ﬂ

15



E-x 2o
S Z2x
Example 1.4.3

9. Determine the domain and range of each function

2
a) f(x) =-—-3x+8 d) p(x)=—(x—2)2—5 f) @
s mn b 3

D{_ .ﬂfxem_j 'szxé'gj D}f[&é&)xsq
& =4 forc RS R, > {f(oe&) pe)>-S§ Q,‘f["(“)é‘@”sb‘)?j

EXCEPTIONS
g=1 5 orte

- )= ¥) = n 3
p-[icj j N ) 1:%

f}"" R={forer) D{ {xgtﬁ ]z.:j-,.j

0, feoct | fi 4

xample 1.4.4
@’ ball is thrown upward from the roof of a 25 m building. The ball reaches a
& height of 45 m above the ground after 2 s and hits the ground 5 s after being

thrown.

a) Sketch a graph that shows the height of the ball as a function of time.
b) State the domain and range of the function.

o) Determine an equation for the function.

HW- Section 1.3/1.4
Domain and Range Handout

Success Criteria:

e [ can identify the unique characteristics of five basic types of functions

I can identify the domain and ranges of five basic types of functions
I can identify when there are restrictions given real-world situations

16



Chapter 1 — Intro to Functions Name
1.6 — 1.8: Transformations of Functions and Graphing them

Learning Goal: We are learning to use transformations to sketch the graphs of functions
Graphing a Quadratic function (and other functions) requires an understanding of

transformations. Transformations are values which change the shape, direction, and position of
the function. Recall from Grade 10 that in a quadratic function,

QA =V. STRETCA
V.FLie
In gendfal: f(x)=a(x—h) +k L= . swEr .

s | X+h E
x 17 = aﬁ |
— e ‘(\:H SH‘F‘T
o |o a .
ap - |

The process to graphing was pretty straight-forward.

1. Identify the transformations
. Create starting points from the base “parent” function
. Transform the starting points

4. Graph the transformed points

2
Example: f(x)=-2(x+4)’+6 Qa (31.—- h) +k

V. FLIf
N. STRETCH

|< =5 V-SwfT

a=-2

k'_—q’ H'SH‘FT

(MAGE TABLE
r;c, x¥ Q.):ar XA : Otz/;r-l"l
p T L |22y +L
AN xs [
0 o —L | Zo
: ' —— m
e ¢ | ¢

[ =3 ¢4 17
[ -2 _




Now, let’s generalize the transformations for all functions..
Definition 1.8.1
Given a function f(x) we can obtain a related function through functional

transformations as
\
g(x) :.af(k(-x_d) 1-C . where
\ \NefTichaL 'rrLa.Jsﬁmur-o,x_q Hoo.\zwm{/ ‘FFN‘?O&‘ MAT L0 oS5
0=V SReTeh & o Ve LiZon ThL STRETCH hy L
— @ Roti2eN TAL Y

PRt [Thaurgrco
)

A(V\rw7$

= . Ufb N = . H
C vsmFr( /W) d = P sHieT N =

E' r:\:tt,’wf:ﬁa- wovedinades / o&?«ﬁj

Example 1.8.3
Consider the given function. State its parent function, and all transformations.

W=of(kix-d))«C G =321 e
a ]C &,{192336(—'364’2._}-(: 3}’(_, 1(—2.))—“
Horizontal Transformations

Vertical Transformations

k: - , H'ST%’TGH/ (..\.Fur, a=23 V. STQE‘(‘c;H

d =2 Q sHFT c ==t \.swer

it: Vertical Stretch —3, Vertical Shift 1 up, Horizontal Shift 5 right.
Determine the equation of the transformed function.

o= —3 d=5
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Sketching the graph of a transformed function can be relatively easy if we know:
1) The shape of the parent function AND a few (3 or 4) points on the parent.
2) How transformations affect the points on the parent

il) Vertical transformations affect the range values

Note: Given a point on some parent function which has transformations applied to it is called an

IMAGE POINT on the transformed function.

Example 1.8.5
Given the sketch of the function f(x) determine the image points of the transformed

function| -2 £ (% (x+ 1)) +3 'and sketch the graph of the transformed function.
Cc

a \3 4
P ¢

x)

>

AP

123
K .
'

C IR 4 Aytc @b - -0
x,a,)—e (K‘X—l— , &
pa 3x-] | r+3
=4 | U2 =12 [ Yo |
-3 | 4% -9 -5
-1 — U s

19



o (o) :L(W _( &

= ')-(ﬁjf ‘

Proper Function Vertical Horizontal | Horizontal Vertical

Function Stretch Stretch Shift Shift

f@=af(k(x—d))+c (@
a d c
=2 B3x112 6 —I
G EE D) X

2 ¢ | ¢
- w XL =20

- 4
12 =3 /
=3

omaiqn>’ ’:E C ange -— ' y-int /
D gxeﬁ}wé C—kj Rang {C(‘&}iﬂ) C(**)ij oo | 09
Parent Function: t ’ + d Transformed Fuac@tlgi -
. v~ elx ):JI 1—;—3(*{',' 2—&——6
Table =) Y
of (_,TD ,O_) “ —£
Values I l 3 7 -
4 2 2.7 -2
9 3 ( O
(6 Y =3 9
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Extra work space.

HW- Section 1.6-1.8
Big Handout

Success Criteria:
e [ can use the value of a to determine if there is a vertical stretch/reflection in the x-axis
e [ can use the value of k to determine if there is a horizontal stretch/reflection in the y-axis
e [ can use the value of d to determine if there is a horizontal translation
e [ can use the value of ¢ to determine if there is a vertical translation
e [ can transform x coordinates by using the expression %x +d

e I can transform y coordinates by using the expression ay + ¢
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