Functions 11
Tew e

Course Notes

Chapter 1 - Introduction to
Functions

Two NUMBERS CAN DESCRIBE THE UNIVERSE

We will learn
e the meaning of the term Function and how to use function notation to
calculate and represent functions
» the meanings of the terms domain and range, and how a function’s
structure affects domain and range
e how to use transformations to represent and sketch graphs
¢ how to determine the inverse of a function
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Chapter 2 — Polynomial & Rational
Expressions

Contents with suggested problems from the Nelson Textbook. These problems are

not going to be checked, but you can ask me any questions about them that you
like.

Section 1.1
Pg. 10 — 12 #1, 2 (no ruler needed...), 6, 7, (no need for the VLT, but do sketch graphs
even if you use Desmos to do the sketching!), 9, 11, 12 (think carefully about the idea that
the domain and range are “limited”)

Section 1.2
Page 23 #1-2, 5, 8b, 10, 11cd, 15, 16, challenge #17

Section 1.3/1.4
READ Examples 3 and 4 on pages 32 — 34 in your text

Pg. 35 — 37 #2 (also: which are functions?), 9bce, 11 (use a graphing
calculator, or Desmos if you want!), 12, 14 (calculate the functional values for each
given domain value)

Section 1.5
Pg. 47 -49 #1, 8,10, 16, 17
Also, determine the inverse (your method of choice) of:

a) f(x)=2vx-3+5 b) g(x)=ﬁ c) h(x)=%(x+3)2—1

Section 1.6-1.8
Handout (which will be handed in) and Pg. 70 #18

OR

Pg. 70 — 73 #4 (state the transformations), 5bd, 6 (state the transformations), 7b, 8¢, 9a,
10 (state the transformations), 16, 17, 18, 19ac
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Chapter 1 — Introduction to Functions
1.1 Relations and Functions (This is a KEY lesson!)

Learning Goal: We are learning to recognize functions in various representations.

This course is called FUNCTIONS, so it seems rather important that you know what a function
actually is. Thus you need to know, very well, the following (algebraic) definition:

Definition 1.1.1

A FUNCTION is an algebraic o which commeciz vz
Sele of npumbeg Ina Specidl way, A 6. oscigas
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We can visualize what a function is (and isn’t) by using so-called “arrow diagrams”:
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We need a few more definitions before moving on, so that we can “speak|the language” of
functions (and that language is mathematics!)
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KNOWING WHEN A RELATION IS, AND ISN’T, A FUNCTION
Graphically: The Vertical Line Test (V LT)
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Algebraically: (NOTE: this is a “rough” way of thinking about the problem)

_
If the Dependent Variableis (oised 1 amn EVE7 o wer +he relalon
- VR P
( He 'y ) NOT a Einchon
e.g.
3cx-¢ 2 4 x =
Y / W=+ Z @,
FN -’_ - MOTQ /Cﬂ ij = ’_?<_+__2
. | _r‘_ A\
YW x-S N =N-r+2

Success Criteria:
¢ [ can determine the domain of a relation or function as the set of all values of the

independent variable

¢ [ can determine the range of a relation or function as the set of all values of the dependent
variable

e [ can apply the vertical line test to determine if a graph is a function

e [ can recognize whether a relation is a function from its equation
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Chapter 1 — Introduction to Functions

1.2 Function Notation %

Learning Goal: We are learning to use function notation to represent linear and quadratic
functions

Here we learn a NEW AND IMPROVED wAY for describing a function, algebraically. You have
been using the following form for functions (in this example, for a quadratic):

y=3(x—=2)"+1

A much more useful way of writing function is to use FUNCTION NOTATION. The above
quadratic (which we call a “function of x” because the domain is given as x-values) can be

written as: ;{{O - 3[7( ~Z72+’ (3: ‘F()()

This new notation is so useful because the “symbol”

shows BOTH the DOMAIN and the RANGE values. Because of that, the function notation
shows us points on the graph of the function. S&ec. nexf €Xamn /]c

Let’s do some examples (from your text on pages 23 —24)

Example 1.2.1

4. Evaluate f(—1), f(3), and f(1.5) for
) ﬂ(x) = (x-2)2-——1 b) f(x) =2 + 3x — 4’

fe = (en- ?—> @)= (3-2> 1] £y 24302-105)

= (-®)° = (D~ =2% 95 -9
11‘65'0 :/g} (:cs) = 0O - -2.C

)
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-2,¢7)

e ———

@)~ (O ‘2)16'1

Cant 90 b ther

,:



Disare'e  —onchon (o ttned
We an S‘i\ﬂtﬁq st He valars

Example 1.2.2 \é]
6. The graph of y = f{x) is shown at the right. A - fix)
B | 61 (%)
a) State the domain and range of £ Jd e
b) Evaluate, (%), e L5
) f(3) i) f5-3) 4 (Y
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Example 1.2.3
11. Forg(x) = 4 — 5x, determine the input for x when the outpur of g(x) is
. o L )
) -6 b2 00 main Rars€

These ARE FC*)

) gy =9 2 = 975%
—6 = U-SA -2 = 75X
—10 = &3 -2 = X
S =5
2l = % }{. = X
2, -6 2
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Chapter 1 — Introduction to Functions

Palls =

1.3 and 1.4 Parent Functions and Domain and Range
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Learning Goal: We are learning the graphs and equations of five basic functions; and using
their tables, graphs, or equations to find their domains and ranges.

We will be ClOSCly studying 5 TYP ES OF FUNCTIONS (Actually we’ll study more than the following five,

but for now...the big five are: )

werkex A (S I)
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Two INCREDIBLY IMPORTANT aspects of functions are their whcl: "¢ anﬁ 'S

DOMAIN AND RANGE

Again, the Domain is +4€ setr of \(\Ap\j’r valoe s

And, the Range is }he set af oDt Ueloes

Example 1.4.1
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Given the SKETCH OF THE GRAPH of the RELATION determine: the domain, the range of
the relation, and whether the relation is, or is not, a function.
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THE PARENT FUNCTIONS (for Grade 11)

Together we will explore (graphically) basic properties of the ﬁve{parent gnctions:

a) Linear Rﬁ) =A ‘
o 7 X | foo f_bink . 7
/ 7z | -2 (-2, -2) O: 2 X é’kg

' — ~ ("‘/”D .
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d) Reciprocal L\C") = % e) Absolute Value ,.
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2 ¥ Example 1.4.2 (From Pg. 36 in your text) ) l .

8. Write a function 1o describe coffee dripping into a 10-cup carafz'it 2 rate of

1 mL/s. State the domain and range of the function (1 cup = 250 mL). 2500 \
dep £ be e (domen)
Jt Vo be Ayt
4

&3 12129
7“"0/1 Vi = £ g 250 mL < )0cups g‘i“’%iéw mL an)
oS
g%ekj o%CZfoog e,

Example 1 4 3 (From Pg. 37 in your text...use Desmos)
s\,o\n‘ 6""?\1

9. Determine the domain and range of each function.

a) f(x) =-3x+38 d) p(x) =.§_(x )t B rid) = V5—x

D §rERT D: §x ERZ e jl
-x 2
| ' R ngé/fe! by 275

s Z X
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Example 1.4.4
10. A ball is thrown upward from the roof of a 25 m building. The ball reaches a
B height of 45 m above the ground after 2 s and hits the ground 5 s after being

thrown.
a) Sketch a graph that shows the height of the ball as a funcrion of time.

b) State the domain and range of the function.
¢) Determine an equation for the function.

DDA=geen| 0t <5

R=3ho ER[O =) 2455

(5;°)

wheee (hy ’°> i He vedex

‘ 2
D b = a(f-L)+k 1 1o some ok SAA

T
hp =a(t-2) t4s ) 0 e o o vt

va it (5;0)
o = Cf(S’-'Z) 15

Y5 = Q4) )
__5 = d “: 5/)(#) = -—-§(%-Z> 45

Success Criteria:
¢ I can identify the unique characteristics of five basic types of functions

e I can identify the domain and ranges of five basic types of functions
¢ [ can identify when there are restrictions given real-world situations

13
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Chapter 1 - Introduction to Functions
1.5: Inverses of Functions

Learning Goal: We are learning to determine inverses of functions and investigate their
properties.

Definition 1.5.1 (very rough definition!)
Given a function f(x), the inverse of the function (which we write as /™' (x)) can be
considered to “undo” what f(x) originally did.

Consider the Arrow Diagrams:

pofon €xpnedt!

5
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Example 1.5.1
Given the graph of f(x) determine: D, R,, /™ (x), D R

F(x)={(2,3),(4,2),(5,6),(6,2)} .Is f'(x) a function?

Dr:§2,4,5,63% p"(@:i((g, 2), (), (6,5),(2,6)%
RP:ig,-“Z/ 6§ Dp :gg/z/ég =Re | £ oy s

: — i ’
Re™ = E ARY 6% = Del 15 e
o Caage
vedves,
Determining the Inverse of a Function

We can determine the inverse of some given function in either of two ways: Graphically and
Algebraically.

r
I
|

| Note: Finding a function inverse ’
|

Function Inverses Graphically PR s)no\ﬁ"?")[ graphically is not a very useful
T\,,Is\\'!ﬁ S 1 method, but it can be instructive. J

Ve et @in e ;M”"’*B___

36:)\ actg, e @ Mh"o(‘!

L

(2)

( “‘\) :ih /’f" (‘i/l)

e
- (',))
._____1____*___.1‘ 7] - -

(’/")

Mk: £ B8 NT a6,
Fails VLT, 15



Function Inverses Algebraically

Determining algebraic representations of inverse relations for given functions can be done in (at
least) two ways:

1) Use algebra in a “brute force” manner (keeping in mind the Big Idea)
2) Use Transformations (keeping in mind “inverse operations”)

Example 1.5.2
Determine the inverse of
a) f(x)=2x-5 b) g(x) =%\/x—1 +2.

State the domain and range of both
the function and its inverse.

f

| Method:

Here we will use “brute force”.

| R
a) ko lneae B = S XERS Y i:;’]tjlf()ljlf((x))d
K ’EF@&/R% 2) Solve for £7(x) :
R S \
\ t), D.(::Zkéﬁ))@@ ZL_ ) >
X 4S i ?Z-:-g Re? jFo€R Jo228 1
Z‘i’f =Y 9= "Zm +?
| S J
L(fof)v -’5+—§- =4{41 7+
e 2x1=llg- | R
e = $XCRS

TR e f-a liagar
Funchon Xs [rnear,



Example 1.5.3

Using transformations determine the inverse of f(x) =2, %(x -1)+2.
D Fronsty cmabog, becosre  ver o | |
HOF CU~Q C " 7 - I/B Eﬁ( ) E; @

i) verhedd ! " her zontad (D becomes (X
D The tyre 45 fordkion inees and vie- verza
(sques  Sazcome qudalics)
So, fex S Sqare oo} €~\Qc> = o[vac)mﬁ"TC
A% 1 H A 7 \/ ) H
Shetor x2 | Steeh 85 7 . shekh x3 | shekh 22
shigp +2 | Sher ¥l Stk 1 | shie =2

2l
So) FP'QQ = E(Ji (X'Z>> U J

/.z'“\__.,

then sol vig recipeoced oS, use bk B £ 69 *-P“‘Ck>
foo =3<1
\L

H

(4

=1
J
)
1
X

Tntces of recipacs are pccprcali |

/F o=

Success Criteria:
¢ I can determine the inverse of a function using various techniques
I can determine the inverse of a coordinate (a , b) by switching the variables: (b , a)

®

¢ I canrecognize that the domain of an inverse is the range of the original function
e I can recognize that the range of an inverse is the domain of the original function
[ ]

I can understand that the inverse of a function is a reflection along the line y = x
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Chapter 1 — Introduction to Functions
1.6 — 1.8: Transformations of Functions (Parr 1)

Learning Goal: We are learning to apply combinations of transformations in a systematic order
to sketch graphs of functions.

To TRANSFORM something is to CH A /\/6/ E ( Mo VC)

TRANSFORMATIONS OF FUNCTIONS can be seen in two ways: algebraically, and graphically.
We’ll begin by examining transformations graphically.

But before we do, we need to remember that the GRAPH OF A FUNCTION, f(x), is given by:

f(x)=

(x,f(x)jpce Df

So, for functions we have two things (NUMBERS!) to “transform”. We can apply

transformations to
1) Domain values (which we call HORIZONTAL TRANSFORMATIONS)
2) Range values (which we call VERTICAL TRANSFORMATIONS)

There are THREE BASIC FUNCTIONAL TRANSFORMATIONS

1) Flips (Reflections “around” an axis) TIR AW
2) Stretches (Dilations) %N O"’P 7

3) Shifts (Translations) a&éfi oM

So, we can have Horizontal flips, stretches and/or shifts, and Vertical flips, stretches and/or
shifts. Now let’s take a look at how transformations can be applied to functions.

Note: We'll (mostly) be applying transformations to our so-called “parent functions” (although
applying transformations to linear functions can seem pretty silly!)

18



Example 1.8.1
Consider, and make observations concerning the sketch of the graph of the parent

function f (x) JX and the transformed function g ()C) 2 —x— +1 - Z“ -—(X"’Z) +

; 7

Horizontal Transformations Vertical Transformations

Flip Heth
it febt 2 shoek-vp 1

Note: In the above example we can algebraically describe g(x) as a transformed f(x) with the

functional equation g(x)=2f(-x-2)+1

’F?

HOan:ﬂu 19
vertcal



Example 1.8.2
Consider, and make observations concerning the sketch of the graph of the parent
i 2
function f (JC) = X2 and the transformed function g ()C) = —%(x —2) -1

Parflﬂt 1 T 7

~

Horizontal Transformations Vertical Transformations

1o Rkt 2 i
Sl Ry e (Flarfted)

<LifF Down 1

Note: In the above example we can algebraically describe g(x) as a transformed f(x) with the

N e
&7\;)"“ ~Z 15(7\'2) "‘ 20

functional equation
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Chapter 1 — Introduction to Functions
1.6 — 1.8: Transformations of Functions (Parr 2)

We now turn to examining Transformations of Functions from an algebraic point of view
(although a geometric perspective will still shine though!)

Definition 1.8.1
Given a function f(x) we can obtain a related function through functi?-xéﬁ
ouU J

transformations as [ / /)i“ fﬂ_\éSj; be €ach
2(x) =ff[§(x—g)]+_c_, Fhers
; ;s\ e ve:);uQ Stebey, / |k is He hovizonts] Stekh wsith
labon . Lf a KO, we ‘Chrehh buchr o€ L, 76 F o
C\\S@ have a verktcal FIP l$ Y v /
(reflec )1%) l e alio have a Lo 2oatd ELP.
C s the verbced shnéf %C) is the honion b Hn&’aﬁ&/ﬂ
(Fe rigia b‘an) L '
Example 1.8.3 ktd o He opposik af thel zov
Consider the given function. State its parent function, and all transformations., exp, o,

f(x)=3J=x+2-1
Pacd: goo =NxT -3 TR -
{-chy,s Guchr K |

Horizontal Transformations Vertical Transformations

Flip 2 Yes ! Flip? No

Shekl x| Crefcy X3
Shick 2 right chitd Jdown 1

[P
- (4. z) 21



Example 1.8.4
The basic absolute value function f(x)= |x| has the following transformations applied to

it Vertical Stretch —3, Vertical Shift 1 up, Horlzontal Shift 5 right.

Determine the equation of the transformed function. a

e = -3 [x-5| +]

Back to a geometric point of view

Sketching the graph of a transformed function can be relatively easy if we know:
1) The shape of the parent function AND a few (3 or 4) points on the parent.
2) How transformations affect the points on the parent

ii) Vertical transformations affect the range values

Note: Given a point on some parent function which has transformations applied to it is called an

IMAGE POINT on the transformed function.

Example 1.8.5
Given the sketch of the function f(x) determine the image points of the transformed

function -2 f ( (x+ 1)) +3 and sketch the graph of the transformed function.

_\_/_GM cM?,cM : ‘ sIE{, | 5
elip Shebrn3 EARREEARARAREE
/ shebh ¥ et | et SERess! |
W3 P RERaRSE
L 1L :
§it 34_ ; LAy i
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g & M % i/! mhNESFR]

L/
v
|

y AN c-ul) l (z-1) N
; / , , | i i [ e :__3>
"] : | P! O"‘}l
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Example 1.8.6

vesl
Flp MO

Shebh x T
Rn

foed

x [fe
0| 0O
I
hle2
g | 3
6| 4

Trans JbrmeJ

-x t|

NO Shekeh
chift 1 right _

On the same set of axes sketch the graphs of f(x)= Jx and g(x)=2d—-x+1-2.
Determine three points on the parent function and state the image points for each.

Hor.
ves Hie

A1)
<o
T o)

|

2F -2

|

O
-3
-3
— 1S

-2

Success Criteria:

I can use the value of a to determine if there is a vertical stretch/reflection in the x-axis

I can use the value of k to determine if there is a horizontal stretch/reflection in the y-axis
I can use the value of d to determine if there is a horizontal translation

I can use the value of ¢ to determine if there is a vertical translation

I can transform x coordinates by using the expression -,1;x +d

I can transform y coordinates by using the expression ay + ¢
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