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Course Notes

Unit 6 - Sinusoidal Functions

l4/e wiH learn how to

. identify' situations that can be modelled by simisoicia] or periodic

functions

. interpret the graphs of sinusoidal or periodic functions

. graph sinusoidal functions with transformations

. determine the equations of smusoidai functions from reaJ-world
situations
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Chapter 6 - Sinusoidal Functions
Contents ir/7// siigge^tecf problems jrom the Nelson Texthook. Yoii are welcome !o
ask for help, from myself or your peers, }\'i't!i any of the following problems. They
}\'il1 be hiin^ed in on the clav of the Unit Test (is a homework check.

Section 6.1
Pg. 352-355 #4, 5, 7-10

Section 6.5

Pg. 383-3385 #1, 2, 4-7, 9

Section 6.6

Pg. 391 - 393 #4b, 5bcd, 6acd, 7, 11

Section 6.7
Pg. 398 -401 #4- 6, 8, 10 Ui ciiicslion ofbeniity
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Chapter 6 - Sinusoidal Functions
6. 1 - Properties of Periodic Functions

Learning Goal: We are learning to interpret and describe graphs that repeat at regular intervals.

Definition 6. 1.1 >\
A PERIODIC FUNCTION is one in which the functional values repeat. in ̂ <l«^^\<t ^ <^y

e.g. Consider the following pictures: Determine which are periodic.

a) ^24^ Hours of Daylight in Hudson Bay
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/^L?<- (?e'^^{^Definition 6. 1.2

The Period of a periodic function is the amount of the domain \'alues where oiie cycle

takes place. '^T^f^^0]
$^f^

Example 6. 1.1
Determine the periods of the above periodic functions:

a) 36 $~ ̂ ^
^) H secc^s

C) ^ S^c^S
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Definition 6. 1.3 ^''/^^
a) The Amplitude of a periodic function is half of the distance between a maximum
value and a minimum value. . ,- , . y .,

llnw;^min -^^ ^..^s L<-AI-S ^ ^A//..,,^
Amplitude =

b) The Central Axis is halfway between the maximum value and the minimum value.
max+ min /

The equation of The Central Axis is given by y= /,Ar.. ^ ^

Example 6. 1. 1 c^
Detennine the range, period, equation of the axis, and amplitude of the function shown.

10-

8-

(r-
4

2

0

f(x}\

fp(

2 4

{

x

6 8 10 12 14 16 18 20

^^ '- ) 6

T^6
^\ z

^^ fe^z)
rr ^ S^Ccii^S / C^°l ̂ .

^^. ^^/^^^^ '°;

rv7«^ -(^> in

C. /\^ = p^-'< ^^//7
z.

f^ t-?-

,

~t

{^i



Example 6. 1.2

3. The motion of an automated device for attaching bolts to a household
appliance on an assembly line can be niodelled by the graph shown ar the left.
a) Wi.u is the period ofoiic coniplere cycle?
b) V(/liat is tlie ni.iximuni distaiice bet\veeii the device And rhe appliance?
c) Wliar is rhe range of this fuiicrion?'
d) If the device can ruii for five complete cycles only before ir nuisr be

turneti off, determine rhe doinaiii of the function.

e) Derermine rhe equarion of the axis.
f) Derermiiie the aniplinide.
g) 'fh^ve ar^^'ei-al^pafrs7to ea^ii-cOmplete c.y^tc'"pf tlie grapj?. Ex^uir'^liat

eg^lr^arr c6wld meaia-kTrhe coiij6gy-r6f"arta4iHT'grhe b<^lf:" tU^--"'
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Bolt Machine Motion ^ P^^o<$ ^ I ^rc0^6

I. r c^ C^rfM^ c- .-^ ̂3

c)^^. i^<?«/o^^></r
^c. ;i ;s r p^^^r^c)d)&>'

^^^/o^^"^'
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Success Criteria:

. I can find the range, period, central axis, and ainplitude of a periodic function

. I can detennine IF a function is periodic
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Chapter 6 - Sinusoidal Functions
6.5 - Sketching Sinusoidal Functions

Learning Goal: We are learning to sketch the graphs of sinusoidal functions using
transfonnations.

By this point in your illustrious High School careers, you have a solid understanding of
Transformations of Functions in general. In terms of the sinusoidal functions Sine and Cosine in
particular, the concepts are as you expect, but the transfonnations have specific meanings
relating to nature of the sinusoidal "wave".

General Form of the Sine and Cosine Functions

f{0)=asm(k(0-d))+c g{0)= acos(k(0-d))+c

Transformation | Properties _/A
a=a^^v\^3^ . ^1^1

fver^ S^nJ^i.)

Jp q ^0^ <-^  d^6 ^i^V^

a ver^^ -F//fJ
k=^^^ <^C^-

^zo^i^ s^M)

d=^s^ S^v^-4

(^z^^hJ ̂ ^)

c= Ce^ h^ ,^ <rs) ^=c
(^rKc^ sSi^)

a =
max - min C\

+
C/^-^f- -^A^"-

S^^e

-{'A.'<v^-

Period = 3^

1<

|;=3^

^5, i^
pfV-X ^("A - rv*^-C/+-tv'4<X

p\\n -CA ->n^x '^.
^t^\

/: cc^vtrh. a n^ (/ ^
fe^wS C^fc^^) r/i(^
^y^es>.

Note: To determine rf you MUST ^^ ^^ ^
^>m a^y\^ £>

c=
max + min



Example 6.5.1
Detennine the amplitude, period, phase shift and the equation of the central axis for:

^. . .. /.. - /-. ^^ ^^jc'
b)g(0)=3cos(2(9-90°)

f'^
a)f{0)=Jsm^+60°)+^

^n^ck, Q ^ ? fc-^ - 1^? ̂  5^0
I

C^W y ̂  | ^^ ̂ -^
A<rs " ' " 60° Le^

:^ ^(i^-^))

^fl^--3 fe^ ^-^ ^'y0'

^W ̂ ^o ^«se^^
A15 

" ' 

^r° ^^+The Graphs of Sin and Cos

Using the special angles of 0°, 90°, 180°, 270°, and 360°, graph the following functions

f(0)=sm(0) 0°< 0^720°
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g{0)=cos{0) 0°< 0^720°
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Wl ^or^r^4
^u^(o(^^^ ^

f^vr^-^ch-c^,
Example 6.5.2 \/y ^

Sketch /(x)=sin(A') andg(x)=sin(2x) for 0°^x^360° on the same set of axes.
$c<ivi^- c/3 ojr ©.v^i^r ^ ('^

0(^f 'hrft^ ̂ r/Y\£^^6 <k>

fa^ R^^^^ ^
a. I k32

rQ fh^^'^ ̂ °

x
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^
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0
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J<P^ 0

-\ t

Now... what would sin | -x | look like?
2

7i, e ^ ^^ ̂  ^
c^^fT"^^ ^e y'yS

^^ s.)^^^l^ ^^L, i? f^c ̂ ^K) . n L/^ t^C^ ^ ^
Notes about Domain and Range: Consider the function/(^-)=-2 cos (^x+90°)+3. t-(--2 }'\ ^t-^\
Detennine all the transfonnations for this function. Without graphing, determine the range of the
function. Detennine the domain of the function for: 1 cycle; 2 cycles; 3 cycles.

>>
<>^e s;"osc^c^ ^c^u^-s ^-pe^

^Je ̂ ^ y ^ c/^^/ tS ̂  ̂ ^
Bo^^ <-c^ .-^&^c+ -^e c)o^<^ivnj ^

n^w/- ̂  fe'^^.
)_- 3^. ^ ,70°

3

O^c^. ^^^]Oi^lZO\
T^^ks- ^X^/CJO"S^2»5

/oT n^i^ Sk^y /^ ^£^< ^ ^' ^
C^\^\, h^ ̂  ^ ^^k^l^^

d = -^
st- - - - y-s
^

$0 ̂ ^
^^.k\

^.^^)|='^-2-/<1^^$--r- SY-Z-

^>(^^-^fo6 ^|l^^<S;
7

T^e ^6,^ j^^x^^Z)



0<̂ \ ^^ , ^.J^ ^1 > f^ '-3^
(.^^^ ^ ^

Example 6.5.3 ^/ ^ ^
Sketch f{0)=-2cos(0-60°)+} on 0°< 0^360° . State transformations, create tables,
and state domain and range of the function.

r\u^ - f^z -^ $

/^n - i"^ ̂ ^1
Cos e> 7^ti<^^^e-

A
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c(0

]^>

^0

3^o
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0

0

I
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<ro^
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- ?0
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-- z^o

^^0
LfZO

I -2y +
f-?(<0^ r -I
l'^)M "' I
-Z(;-Q4 i--'?
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? +

-( -+ s^" ^ v"^



^ R^ ^
'^ ^.

.

a -^ ('UQ-^) - I
Example 6. 5.4

.

xe^-
^ \^e

Sketch /(^) = 3sin (2^- 90) -1 . State transfonnations, create tables, and state domain
and range of the function. ( (f>^ 2- c Ycse S

f)eno^^?60 ^ ?i£^^0°
f^rC-^

2.

(ct> /vn f^^s ^

r^ay. = ~\ -/-3

-s =-^p^^n

^

0
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^

0

^
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0
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^ +4S:11

0-4l/r-rttS^

t^^s-;-ct0
1^ +. ̂  - )^r

jyo

21V>

z^-\
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-I

-ti
-\

He ̂, f^cy^e ^f<°^.
FO^I^ ^ (>o^ ^
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Success Criteria

. I can sketch the graph of a sinusoidal function by applying the transformations to the
parent function.
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Chapter 6 - Sinusoidal Functions
6.6 - Models of Sinusoidal Functions

Learning Goal: We are learning to create a sinusoidal function from a graph or table of values.

In this section we will look at how to develop a sinusoidal function which can explain given
information. In essence we will be writing sine or cosine functions based on given
transfonnations.

Just as a reminder:

General Form of the Sine and Cosine Functions

f{0~}=a?, \n{k(0-d)~}+c g{0)=acos{k(0-cf))+c

Another reminder (about the pattern of sinusoidal functions):
Sine functions "start" at the central axis and go up to a max if'l<?" is positive, or down to
a min if"</" is negative.
Cosine functions "start" at a max if "o" is positive, or at a niin if'rt" is negatiM'.

Example 6. 6.1
From your text: Pg. 391 #4a
Determine a sinusoidal equation for each function:

A;e^c) H 7-^^^
-C?^to)i»^^ (^i^^)

r^t\ t-t^it^

-L/
-c^^}ct^

-pe-oc) flto-l^ ̂ ^ ̂ ^^s ̂  ^^ I ^d^-
u^e -^<s fo h-c) dijc.

-^j-^ ^iF+

;\ n^ rf¥<<-^''^ <. A. = (^^<hv^^
() C(-^ -^--' L.^- - . _^LJ

r ^rl r: t^
-7~ ' "I

^ _ /:^
$^e: -&^ r S^ ("60 ̂ -Z. S:

(Ssv^ ; <o ' 3 W^Y -^)) + ^

)^-
56o
ff^

)C*K^ ̂  ($
.-. fc - S6p

"6

=60

fl,»^ $L^^
as ̂ ^ : as ̂ ^:
f^ Z. 5 R^

C°r LC)

+5
o(? ^)--3^i^)^+2))+^



Example 6.6.2
From your text: Pg. 392 #5 a)

5. For each table of data, determine the equation of the function that is the
^ p^^^l11f^^'"^-::^""7_r"u^'

lesOmodel.

a)

f^a. -h ̂  5

>v\»n -

a^\^=:

_l^i. l=l
.L

x

y

0°

3

30°

2

60°

1

90°

2

120°

3

150°

2

180°

1

W^ CA Ml/) C'A A1'^ CA /}T'n

fC^C^7 SK<)y <A MC< x h> .1^^

-^IZO°

_ )<, ^ 3^0
[2.0

^s? S^^-

4^ ̂ e 'f?- ̂ ^ L<s:^ ct 'h
Cbs'i^e' K^-xK^.

kr3 -'. y = Cos (^3 x) 4 2

Example 6.6.3
From your text: Pg. 392 #6b)

6. Determine the equation of the cosine flincrion whose graph has each of the
following features.

a)

b)

Amplitude

3

4

Period

360°

180°

Equation of the Axis

y= 11

y=15

Horizontal Translation

0°

130° Cr^f)

a) ,̂ lg'. i _ ^^ S srx)+ii
3^>

b^-^=2 -'- ^-'^S^6S -^-)^
l?0

11



Example 6.6.4 

A sinusoidal function has an amplitude of 4 units, a period of 120°, and a maximum at (0,9). 
Detennine the equation of the function. 

I -'1 

( ii, 
I _,-, 

&x) 

Success Criteria: 

s6o
0

� ::: -

(
20

0 

F=0l 

• I can create an sinusoidal function based on infomrntion from a graph or table
• I can recognize when it is best to use a sine or cosine function

12 

4 cos (3x)+5
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Chapter 6 - Sinusoidal Functions
6. 7 - Problem Solving with Sinusoidal Functions

Learning Goal: We are learning to solve problems related to real-world applications of
sinusoidal functions.

We can use the sinusoidal properties of Period, Central Axis, Amplitude and Phase Shift to
describe and solve "real world" problems.

Example 6.7. 1 (From the text: Pg. 398 #2)

Height above Ground
ff(f)

. MCJC

r-^Z

2. Don Q^uixote, a fictional character in a Spanish novel, attacked windmills
because he thought t\iey were giants. At one point, he got snagged by one of

e blades and was hoisted into the air. The graph shows his height above
ground in tenns of time.
a) What is the equation of the axis of the function, and what does it

represent in this situation?
b) What is the amplitude of the function, and what docs it represent in this

situation?

c) What is the period of the function, and what does it represent in this

a) ̂ ece^^^X ^^ ^

-\ Jk situation?
d) If Don Q^uixote remains snagged for seven complete cycles, dctermint:

the domain and range of the function.
e) Determine the equation of the sinusoidal function.
f) If the wind speed decreased, how would that aflFcct the graph of the

sinusbidal function?

/a^ cl)AJe^ 7Z^ ^ 'r/^^

... Q. ^^X] 0^^^ 1-f^
_ fHfc<^ t-^(^

,S;|^^/3^ fr^^/7
r^\r\ /^ic<x

e^A/^ 1c - ^P
t^.^

\^^, 1^f^ f^^-^^^i
^.1^

- '7>b0
Zu

18

a^ (^±. -r^tn

z-

r f7-i
2.

^

C~) f<°^) ̂  20 Se6c^<, A^ 'S
C^\e Cc^fie^ 0/^bn ̂  ef ̂ I&JP.

fW ̂ . ^? A^^ ^'^ ';s 
^). qS: f^^)) ^c

---foros<fi^0)+io

-coS,

, ^^r^^^_'r<m^,!
l^g^ ^^ s^^^-'

|^ ^c^^se^ ^ ^ze.

Q.r^)



Example 6.7.2
A group of students is tracking a friend, John, who is riding a Fen-is wheel. They know that John
reaches a maximum height of 11m at 10s and then reaches a minimum height of 1m at 55s. How

high is John after 2 minutes?

PA<^J '.' (^ne^ck ^ E^j<^cn
/Y1UX^ \\

^

i^I/1 -- \
q= /J-1

z.

d^

i/2 ^ ce^o^ ̂  ^fijcf
/ pe<-)'<^ ̂  c^o SG^

\ -'. )c = Z^P -^ if-
j?c)

A<%r JA/T/ ? 6e^'^ O^e .^c& ig> 5~^-+ CL^- Mco<~7^^7nT"

T^ -h'Qi- /-70< '^ ̂  /<0 ^ero^^ . ̂  ^(^^ ^^ ^ ^ <T,^J^-

,̂ ^,^ ^x) -- " ^s^C^-^)) ^C
= ^ C'C.s( cj('x-10)) +"6~

pei r t\(f^'
Jl

fc/^Z; 0^ t^ E^^^h'^ ^ soW.
yUa^) -^^ 5'cco^c^. ^^^ =/^0 ^ec

.
h^-s^r^^^)^

^ 5 &s ^('110)) r^
^ 5 cos (f^^) ^
= ^ ?^.?

^)e ^ ^- &7 ̂ 7
h>-^ ̂ tfr~ ^
/^M(^/1?^^

14



Example 6.7.3 (Text pg. 396)

The top of a flagpole sways back and forth in high winds. The top sways 10 cm to the right (+10
cm) and 10 cm to the left (-10 cm) of its resting position and moves back and forth 240 times
every minute. At t = 0, the pole was momentarily at its resting position. Then it started moving
to the right.

a) Detennine the equation of a sinusoidal function that describes the distance the top of the
pole is from its resting position in terms of time.

«>cf=/0 /^. '.

4-/j.
J^~c^^

r^, ^
J^ (-(

'^::c/-

^e%> ^^

Cyile

^c^^^o \

<»fU/se s^^7.
/^>^t^ pft)(?*) ^
yfc/0 ̂ &t 4 S^£

o Pcn^7
SOsec ^ 0/ZSTsec
^Oc^<S. ( c^f

fc = ^^° - j60
pt^ o' ̂ sr

^ /^^ft>

/. y^ 10 ^/n (luttio^

b) How does the situation affect the domain and range?

Cb^6(ir\ LS re^^cN^ fo p6 S»b^e Vte^t^S

^^ i^ \^o^ o«^ -^ ^^p\'^d^s'
c) If the wind speed decreases slightly such that the sway of the top of the pole is reduced

by 20%, what is the new equation of the sinusoidal function? Assume that the period
remains the same.

^^ ^ Q^f\-^^ C^^^i, g0%^^^$-
10^ 0^ ^ ^

f <» LA.̂ - ^s^ ^^^o^)

Success Criteria:

. I can create a sinusoidal function that represents infonnation from a real-life scenario

. I can use the function to solve further problems
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