Advanced Functions
eacher

Course Notes
Chapter 2 - Polynomial

Functions

Learning Goals: We are learning
* The algebraic and geometric structure of pelynomial functions of
degree three and higher
» Algebraic techniques for dividing one polynoemial by another
o Techniques for using division to FACTOR polynomials

¢ To salve problems involving polynomial equations and inequalities

y=(x+1) (x—2) (x+3)
15+

10

- ls o
A cubic polynomial

AcoQQ

MATH@TD



Chapter 2 — Polynomial Functions

Contents with suggested problems from the Nelson Textbook (Chapter 3)
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Pg. 127 - 128 #1,2,5,6

2.2 Characteristics of Polynomial Functions — Pg 33 — 38
Pg. 136 - 138#1-5,7,8, 10,11

2.3 Zeros of Polynomial Functions — Pg 39— 43
READ ex 3,4, 5 on Pg 141 - 144
Pg. 146 - 148 #1 2, 4, 6, 8ab, 10, 12, 13b

2.4 Dividing Polyomials — Pg 44 - 51
Pg. 168 - 170 #2, 5, 6acdef, 10acef, 12, 13

2.5 The Factor Theorem — Pg 52 — 54
Pg. 176 - 177 #1,2,5 -7 abcd, 8ac, 9, 12

2.6 Sums and Differences of Cubes — Pg 55 — 56
Pg 182 #2aei, 3, 4






2.1 Polynomial Functions: An Introduction

Learning Goal: We are learning to identify polynomial functions.

Definition 2.1.1

A Polynomial Function is of the form
n-1

. N -1 (4 \ .
-G(X) = an)( -+ c'mxn 4an—z X +na_ QZK "'O‘X ’{-QOJ)\O l

whee a; y (=0, l, 2, N, o coetGeients

Examples of Polynomial Functions
a) f(x) =8x* —5x" +2x* +3x-5

b) g(x) =7x° —4x® +3x* +2x

o ~ ~ — — - - ~ -
6 ?,kOE,——G/ =0, ag= 1, C’a"gj Ci,-?,qo_b

Notes: The TERM a x" in any polynomial function (where » is the highest power we see) is

Ay a e _
called the } €ao 174 m , and then we write all the following terms

" deccad gy oder

The {C‘Wawﬁ 7"€/‘ n has two components:

D [€advy Coericient | G, g pusibre S Negabve

N > He 11[51;4;;)— fbwar“) i+ con be o oreven
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The / @18\\ '\:3 '}"er m tells us the end behaviour of the polynomial function.

Pictures
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Definition 2.1.2

The order of a polynomial is fl" i‘s {,},e U"'E"f o .-)_i,-e

highesr R we, o just Hhe cegme of fhe
(e ing term,

ex: Yoo = 2x° +3;\2~g)@,—)

The odle~ &F 9cx) g S

Success Criteria:
e I can justify whether a function is polynomial or not
o [ can identify the degree of a polynomial function
e I can recognize that the domain of a polynomial is the set of all real numbers
¢ I can recognize that the range of a polynomial function may be the set of all real numbers,
or it may have an upper/lower bound
o I can identify the shape of a polynomial function given its degree
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2.2 Characteristics (Behaviours) of Polynomial

Functions

Today we open, and look inside the black box of mystery

Learning Goal: We are learning to determine the turning points and end behaviours of

polynomial functions.

'

Consider the sketch of the graph of some

function, f(x):

(«2, &) j‘:i’:l,_%\o}e Max
\\-.. Lecal gy
\ An/(/-']' )
/ o8 3
.rf /Z' f 4
VT )\ (2, 1) \
,r';{ f / E {\ ->)L
;'/’(( -1 CC(‘:‘#?« 4 Q
I,a'f ,\?I\f)
/ \
I."III Hkl |
-llj'rr, 1 .'1
Figure 2.2.1

Observations about f(x):

1) f(x) is a polynomial of &\ &

2) The leading coefficient is W@&H e

3) f(x) has3 ‘;lfm\ﬂﬂ ﬁ); AE (where the functional behaviour of

INCREASING/DECREASING switches from one to the other.)

e —

e —

)
L"ZQ %MX’@’

g,

order (degree). Twe end \?e\?qm =€ He
Same.
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4) f(x) has2 2€@5 -F();) =0 <+ ﬁ(g) =0

2@ms o AR=-§ F A=<

5) f(x)isincreasingon X é:( —3 —-ZD @ C '27 L{)

f(x) is decreasing on )\é ( -Z, Z,) U( 4 y DG)

6) f(x) hasa PG UM functional value. ¢ 6 -

Tl mox excog o R=—2
This max 1S a\so cale e @lc)\:»b@ MCAKImum  Meaning
s be dosolule  bigbesk Uelve,

In e he?jl-‘owfhfm& = X=Y, flee is a [ ocel
Max o€ 8. TF s a brakg pojds boy rot He hiylestvlse,

7) f(x) hasa iOCQP minimumn  at (2,1) tamt

o He ﬂf’ﬁéwoa; %_ K= Z/ HMHere 7S < (el ME/\
o 1
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General Observations about the Behaviour of Polynomial Functions

1) The Domain of all Polynomial Functions is

SxERE  or (= =)

2) The Range of ODD ORDERED Polynomial Functions is

Sene ks o (- =)

3) The Range of EVEN ORDERED Polynomial Functions |
oefeids on [, fhe Sign o He [.(. > pcibe, 2

> ngdie, C
Ze He wlie of-fe 8[0&0 max/ min

Even Ordered Polynomials

Zeros: A Polynomial Function, f(x), with an even degree of “n” (i.e. n=2, 4, 6...) can

have O) ]/ Z . N Z@(zes

/)

e.g. A degree 4 Polynomial Function (with a positive leading coefficient) can look like:
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Turning Points:
The minimum number of turning points for an Even Ordered Polynomial

0 it
_&Q J/f-';’ / Function is Ol"f/ Lecq_dsé o m‘j_g-)- —}qu
L’ m—

The maximum number of turning points for a Polynomial Function of (even)

; ’f' 0y  ordernis ) —| Ewn poly s o an 600 £ ¢ Fimes
j? P
K ex. Lforder /¢ 6J mox LP. is &

Odd Ordered Polynomials

Zeros: The min Hof 2e2s is ONE, T# ms? o Fhroush
e K -axi at leact ore

Tie max 2off zeps i E

Turning Points:

i ¥og TP i 2em (fhe)
M S g 7h 3 P
Say  foo = E(—)-(B)(ZX D 3c85)

Edliog Teomis 12%3 . hot ae 2 2ens

Example 2.2.1 (#2, for #1b, from Pg. 136)
Determine the minimum and maximum number of zeros and turning points the given

function may have: g(x)=2x’—4x> +10x* —13x+8

Order (v) g S, . &30
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Example 2.2.2 (#4d from Pg. 136)

Describe the end behaviour of the polynomial function using the order and the sign on the
leading coefficient for the given function: f(x) 7( —2x4‘} 5x* =2x* +3x—1

Een + NQ':OC/&J“.VQ

X=>+o2, [x) >—o

Example 2.2.3 (#7c from Pg. 137)

Sketch a graph of a polynomial function that satisfies the given set of conditions:
Degree 4 - positive leading coefficient - 1 zero - 3 turning points.

“va)en_g U P

Success Criteria:

I can differentiate between an even and odd degree polynomial

I can identify the number of turning points given the degree of a polynomial function
I can identify the number of zeros given the degree of a polynomial function

I can determine the symmetry (if present) in polynomial functions
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2.3 Zeros of Polynomial Functions

(Polynomial Functions in Factored Form)

Today we take a deeper look inside the Box of Mystery, carefully examining Zeros
of Polynomial Functions

Learning Goal: We are learning to determine the equation of a polynomial function that
describes a particular situation or graph and vice-versa.

We’ll begin with an Algebraic Perspective: p -
Consider the polynomial function in factored form: | 2Eros %Q—n
| ===

J@)=2x-3)x-)(x+2)(x+3)

Observations: (Z*X")(X>G‘) =7 xl-t - L@Qé\\l\% TEfm

le ex> hag e 9 (ever)
1. Leading cestied s 2 (Positve)
. Fnd beYavoug As x 2t
& E(o[’ens op) x» -, o >

9o doy hes 4 zems (He cks) at x=2 x=1, ¥ =g, X=3
5. yAnt is € = (3)(-)(D(3) =18
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Now, consider the polynomial function g(x)=(x—3)(x—1)(x+2)

Observations:

[ [ﬂt&hs Tem o ( X)‘z'(x)( x)= x
L7 Odder is 4 (@M) . L.C s Fost bt SO cpeas VP

Lox2 e, oD e
pa GCx) lflas ; 2eros a)')\-53/l)-—-2

3.yt 9@ =()°(aXD A
:-’\8 ‘

Geometric Perspective on Repeated Roots (zeros) of order 2

Consider the quadratic in factored form: f(x)=(x—1)?

\ ' A’H OI’ACT 2 Zerss
\ , Ach like Parelolg

Figure 2.3.1
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Consider the polynomial function in factored form: A(f) = (¢ +1)’(2¢ - 5)

Observations:
[ Ledig Term s (4)°(28) = 249
L? Oder Vs Y Cew’n)/ opens JP

C ¢ l’\(l/) has _?'-— ?,frps) E—;&d— #-‘——SZ:

o3
3. 9-ink = hio) = (Vs = &

Geometric Perspective on Repeated Roots (zeros) of order 3

Consider the function f(x)=(x-1)’ A\\ d}e r g D e2S
O.

Zig-za, Pouh e 200

Obes | Go Sheuiet Prgh

(orsrall 279~y

Figure 2.3.2
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Example 2.3.1
Sketch a (possible) graph of f(x)=-2x(x+1)(x—2)

- Leamyrem T (2EXXY0O
i _ C/j(\?/ )@__ o)

negssve
% X o2, &xy => o2
x—) 749/ 6)()’? —

Zeros T X=-l, k=2 x=0
Y= dI feoy =0

Families of Functions

Polynomial functions which share the same @f‘a ey” are “broadly related” (e.g.
all quadratics are in the “order 2 family”).

Polynomial Functions which share the same (31 oo t" CEIDS

are more tightly related.

Polynomial Functions which share the same O‘l‘()ef‘ ) 2€rs, q- end be\«tﬁw\du@

are like siblings.

Example 2.3.2
The family of functions of order 4, with zeros x =—1, 0, 3, 5 can be expressed as:

foo = 0 (3 (xrdx3)(x-5)

27-116 L. C. dl\S‘Hrng[SLeS Eom
‘G«'lm])t/ Mmem bers
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Example 2.3.3
Sketch a graph of g(x) = 4x* ~16x?

\Q@Vﬂ; \H.»R*
Y = Yx2(xE-4)
= iy 222X

wN.s\.\ h.\ N\Kn\
(> posibre & even oder
©pens o) L x>t ws 00> 0

2. Z€s

X HDN&W\.NU .
x=z - 3.yl

= -2 Uﬁov =0

Example 2.3.4
Sketch a (possible) graph of A(f) = (£ —1)’ (¢ +2)’
N 2
LTS (%) =45 -
(> sibiee ¢ 050 _ | fi 1
. e e, iy T
qu Z o=, hip) > ==

2. tene & =1 [ Orer3)
f=-2 moagm\\wv

3 I
3, y-idf rﬁe nﬂ\(v va
z -4
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Example 2.3.5
Determine the quartic function, f(x), with zerosat x=-2,0, 1, 3,if f(-1)=-2.

Sict w2058
fx)y = a (x+z> ( »+O YR )(’x—3>

Remipmter +his Pates e Gwehbun L€

N{}W} F;Rﬂa Q,

(-2) =a (ep+2) () (en-1) () -3)
2 za (I)(-D (-2)(-+)

::é_ = _-gq
- & 8
I, = Q

S Fon < %X(sz)(ﬁﬂ)(x-'3>

Success Criteria:
e I can determine the equation of a polynomial function in factored form

¢ [ can determine the behaviour of a zero based on the order/exponent of that factor
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2.4a Dividing a Polynomial by a Polynomial
(The Hunt for Factors)

Learning Goal: We are learming to divide a polynomial la_y a polynomial using long division

|

. always be dividing a polynomial by
| a moaermial \
© ot dviser () 00 (2x -€)

Before embarking, we should consider some “basic” terms (and notation):

o fhing

' Note: In this course we will almost ﬁ

YoU e * dividend = quotient + remainder ———— 'i’l'e g{-qﬁﬁ‘ / ep}\
o“?tﬁ‘&?@ / \ Over
é
He ‘HﬂMﬁ YO He
Gt divi ding }3.7 langeger™

The [usion Stafemert

Dividead = (‘@uowefrr)@;vss@ +  Rewiade~

s

Note: The Divisor and the Quotient will both be

FACTORS

IF
the remaide is 2 epm
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Example 2.4.1
Use LONG DIVISION for the following division problem:

5x'+3x° =2x*+6x-7
x—=2

Please read Example 1 (Part A) on
Pgs. 162 — 163 in your textbook.

6y Fixt r xSt
xzz)s 3 3% -2 +bx -—';L @ % Hoes i SRS

L\ﬂ()}\ — iOX ) _..[ '| | (x) ( S‘,ﬁ)' = &x'
'g 3 L ; '| @ f"laCC Sk m cIe olumn
X \ |
_( I%xﬁ’ Zéxl) {'J '1| /@ Molbply &x3 by * atd ~Z
_ . | Hen potin - apppnle
21K . columin.

- (2ux® =7 @) @ Solimct
AV, vk & Kepeat
/(g‘i ~108)
o ((Bx9= 3 x°

() (20 = 215
2 5t #3552 B bk 7 = (5531 35T + 24 FSD(-D +)0]

KEY OBSERVATION:

(X~Z> ic NOT o fackr af 718
F’O(yné”ﬂqj



W

Example 2.4.2

OX OA‘z

Using Long D1v1s10n divide

L,("+Zx %fx +S’>< H

%"JZx +Ox* Tgx OxZ —Hx —1
(255 - q), % ) i

2x%C
—( ZX"’ sz) J
T o ror |

"’(Cx =5 X ) v

e x?% — Yy
~'(§’A 5"‘) J

Cox )

< :_'L

o

2x° +3x° —4x 1

Caoton & Aloms indode ol

X ~fermS > ewn i+
they are ot Here

* -, g 3
R I EE RNt

KEY OBSERVATION: ,

Classwork: Pg. 169 #5 (Yep, that’s it for today)

Success Criteria:

e I can use long division to determine the quotient and remainder of polynomial division
e I can identify a factor of a polynomial if, after long division, there is no remainder
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2.4b Dividing a Polynomial by a Polynomial
(The Hunt for Factors — Part 2)

Learning Goal: We are learning to divide a polynomial by a polynomial using synthetic division

Here we will examine an alternative form of polynomial division called Synthetic Division.
Don’t be fooled! This is not “fake division”. You’re thinking with the wrong meaning for
“synthetic”. (Do a search online and see if you can come up with the meaning I am taking!)

14
In Synthetic Division we concern ourselves with "H’l& cc)efﬁ“‘c{@a ’S @‘@ "f—\lf
-3
- % A v NN &
ovidend ano He ;_g/r__a ofF He cwisor,
Synthetic Division uses

r)umlﬂt/)’ Ne \/Cma\aler/ and 3 qa&'zdﬁons
'v\gmoa down, fimes, and ady)

Note: 'Synﬁaeh*c divson only LSec
Vacar divsos

x5 ) xF 3 Pl

The Set-up

l Coeéﬁ‘q‘t’% of He div e"‘)
Humbere arzimy €rom
[/—X L “fimes_cd

Teﬂaw; o e Curet | o}

| Ut be
el
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(-2
Divide using synthetic division:

(4x3=5x2+2x—1)+(x—2) DBg Lo

Example 2.4.3

SodRT S 2l = (PD(Y A 3t 8 F s

; zeD %=n
Examp]l;iifl.:using thet)ifz division: (7‘ "(">>
4x*+3x2-2x+1 o
x+1

—lja o 2 -2 1

N + ”

oy 4y -7 A

L
L, /L’ ? ) q '}2 rermcider

L U x T H3x5-2x 4] :(Xi'l>(q;(3v‘7’x7’+7x -—°l> +10
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x= = (2%9)

Example 2.4.5
Divide using your choice of method (und vou choose synthetic division...amen)

(233 —9x2+x+12)+(2x—3)
Coml2 -9 12

), 3 -1 -2
i L —f g O (k)

goT | synkelic diMsion dnly warks
whan e coetident s Al Oide asier

by 2. >4 =3 -9
2 2x7 Gkt ey (2 T (2x3) (¥5=3x —1)
= (23 (x =DH)
st be. desc eding
Example 2.4.6

. 2.1 2
Is 3x—1a factor of the function f(x)=6x—x"+2+3x*? ~ 5k — 7\3 O Fbx 42

L3 -\ o 6 2
Vo O 2

e

O
3 00 6.4

Zx-] i mota Cechor because Hee
[==ZY € rreiindory

50



Example 2.4.7 (OK...this is a lot of examples!)
Consider again (from Example 2.4.6) f(x)=3x*—x’+6x+2, and calculate f ( ]

56) = 3@ -(3) ré(H+2
- (&f)f i rere
— C7 Waffq_) Thic is fle éf_h_:if P prtade
whea Qividiy  3x -

Example 2.4.8 o
Consider Example 2.4.5. Let g(x)=2x’—9x> +x+12, and calculate g [%J

R ONIORDRE
| 7 .
:X(Z;gz _.C[(3> F3 2

:Z_?__?_J __é._}ig
Y ‘1+‘1 “
:9 — '
c O

The Remainder Theorem

Given a polynomial function, f(x), divided by a
linear binomial, x—k, then the remainder of the division

is the value 5 (}L) ff/
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2.5 The Factor Theorem
(Factors have been FOUND)

Learning Goal: We are learning the connections between a polynomial function and its
remainder when divided by a binomial

The Factor Théorem

Given a polynomial function, f(x), then x—a is a
factor of f(x) L and on\y ¥

£y =0

Example 2.5.1
Use the Factor Theorem to factor x> +2x> - 5x-6.

'Gx) = )3 —)ZxZ/S')i_‘:é

T T Ty xf 0 R
Figt Consider how e funchon is Yrede ; > !

fe = () el =D -4
| = (x-a) (»o) (7‘“’C>
oo ) - | +2 t$—-6 =0

=

l WAIT!1!! We need a FUNCTION I

(WO = -6 6 Y So, (x11) is a fuckr
L e facks i:i%{_z d)mde & ) 9 -5 -4
e B
_’-’\1 X_}) ‘/’ >\;+] ];L }x' ,‘6’\0 O

N = 2y -§0) - :
PO) - (_I,);— (,\\)i){;g g ) é e )\3 TZXZ’S'% -4 ’:(X’)*DCXF(")-)‘ ‘5>
- = (YD) (% 2)
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va

(EHCh=X )(2-0) (24%) L

AN_,. K\wamm-xxm)px& = Bh4XhA+ _x g - X~ X ‘05

g uU- (- | / O =
r4N\ .m) N \w ‘\ h24+ 02~ 21 - & =

.T |
b2 al- s- 11z | hZtQu-f)s—s@) = &

|
—_— .. @ = % ¢ AN»xv AJl mmw

W2+ leN&Msmx - Gog /\\ .
/
Bh- QL 9+ 2~ 9 gh+8-b)- 84 9 =

Sh & 9~ - [ 2- @ %}LAN\EQAQLE\Mﬁxw\r@\w = &3

/ _
2-=X AN\TXV buy @
8 + Xy + X9~ X — X Aqny 103084

\ 7St admexy
/ ( /

p ( ( ( 4 ‘ _ _
ﬁwrwﬂw:N\M%Hvﬂmuw« 2513



Example 2.5.3 (Pg 177 #6¢ in your text)
Factor fully x*+8x® + 4x* —48x

Npe x o =0 (x3+d77(7'1""lx —Lfg)

New Ty (%-2) x=2  Frn= oF +8(°F1(D) —uy
=% 432 8 -48 =o!

o oo = (5)(x-2) (xE Hox +241)
= (x)Cx-'Z) ()«f—‘?)(x-%)

Example 2.5.4 (Pg 177 #10) e
When ax’ — x> + 2x+ b is divided by x—1 the remainder is 10.|When it is divided by %( He
] x—2 the remalnder is 51 }:md a and b. @ 3"
== l This problem is very instructive. l s /
%{‘ CK "’)) g L= ‘ ' e

“lg for 6D,
‘FCZ,) Pa(z) - (Z) r2( +h =9}
$ 3a 49 4 #b =5l
,i % rb =5
N Solve He ITpskm of Egquakiond | )
ga +b =51 . a=g Erb =9
— _ogb =1 - 1=z
/et =47 - BT

Success Criteria:

oy & a0y —(HTFZD b
4 O@_ '_/.7/ +s = /O
a+b =9

e [ can use test values to find the factors of a polynomial function
e [ can factor a polynomial of degree three or greater by using the factor theorem
¢ [ canrecognize when a polynomial function is not factorable
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2.6 Factoring Sums and Differences of Cubes

patternspatternspatternspatternspatternspatternspatternspatternspatternspatterns
atternspatternspatternspatternspatternspatternspatternspatternspatternspatternsp
tternspatternspatternspatternspatternspatternspatternspatternspatternspatternspa
ternspatternspatternspatternspatternspatternspatternspatternspatternspatternspat
ernspatternspatternspatternspatternspatternspatternspatternspatternspatternspatt
rnspatternspatternspatternspatternspatternspatternspatternspatternspatternspatte

Knowing how to factor a sum or difference of cubes is a simple matter of remembering patterns.
Learning Goal: We are learning to factor a sum or difference of cubes.

Example 2.6.1 (Recalling the pattern for factoring a Difference of Squares)
Factor 4x* —25

e N

_ ( Zx "S-> ( ZxrS > " Note: Sums of Squares
DO NOT factor!!

- e.g. Simplify x*+4
| 7

| (e 2)(x42) a

!

%
(%32 27)
Differénces of Cubes
Pattern Same %S:}e A[oﬁys ‘f_d i BVE

(cube, — cube, ) = (cuberoor, = cuberootz)(( uberoor’ 4 cuberont. xcuberoot, 4 cuberoot )

2o-2 =(2x — (A + 6x £1 + 2

TWO POSITIVES and ONE NEGATIVE

Sums of Cubes (These DO factor!!)

Pattern

(cuuho, +cube,) = (cuberoor, T cuberoot, )(cubervor? — xcuberoot, + cuberoot,?

g, 5r22=(2x + 3 )t — bx 4 °‘>



\Y
~NeO

Example 2.6.2 SO AV . O

Factor x> -8

S (koD FRx F9)

E;(ample 2.6.3
Factor 27x° +125)° = (SX + 55> (CT )(Z — |$xy f’aﬁ'gZ)
S o 5'3
Example 2.6.4
Factor 1- 64z’ T
=(1-4 /
i (I-42)(1 + 4= + 162")
Example 2.6.5
Factor 1000x’ + 27
10x ¢ 3 :(iox +’s)(i®o;<"‘-30>< + ‘?)
Example 2.6.6

Factor x®—729

;~.Ix6 :(XZ —-Ci> (X") -}—Cf)ﬂz +8\>
" | .
(<) )
_ 1 wAIT!

= (DG (K TR £ 3

Success Criteria:
¢ I can use patterns to factor a sum of cubes
e [ can use patterns to factor a difference of cubes
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