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sketch the graphs of simple rationaf functions
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Unit 4 - Rational Functions, Equations and

Inequalities
Contents with suggested problems jrom the Nelson Textbook (Chapter 5)

4.1 Introduction to Rational Functions and Asymptotes
Pg. 262 #1 - 3

4.2 Graphs of Rational Functions
Pg. 272 #1, 2 (Don't use any tables of values!), 4-6, 9, 10

4.4 Solving Rational Equations
Pg. 285 - 287 #2, 5 - 7def, 9, 12, 13

4.5 Solving Rational Inequalities
Pg. 295 - 297 #1, 3, 4-6 (def), 9, 11



4. 1 ational Functions, omain and Asymptotes

Learning Goal: We are learning to identify the asymptotes of rational functions.

Definition 4. 1.1
A Rational Function is of the form

^-^) ^^°
&K)

ctn^ ^ofk ^j £?^) <^^ ^rC
fO^W^nwiS.

e.g. -/(x)=3<-5x+l (^ Q r^^^/ fi^C^n^

g(x)= 2X+S v^o[ rsd^^ be ^^^r )^> ^^ ^2x+5
3jc-2 f^y^^ft^

Domain

Definition 4. 1.2

Given a rational function f{x) = .t-^-, then the natural domain of f(x) is given by
q(x)

0^ = f X6-^ | ̂ y ̂ Oj
^ 2_ ^)S 0^ ^6^

Example 4.1.1

Determine the natural domain of f(x) =

.

Pf:jye«/^ ^':

^^(f-°^3^<S^^)

x2 -4

x-3

^ /y^l^s -^i^ <7^c<^-)c



Asymptotes

There are 3 possible types of asymptotes:

1) Vertical Asymptotes

2) Horizontal Asymptotes

3) Oblique Asymptotes

^v^r^c-j^ n^ ^j/

e^t^A^ X-^ ^
r

^ 1^3^ ZO^Y^J^ ^ t^?J-^ ^
«^/ s^^

/

e^e^^ ̂  y^-^x -^^
Vertical Asymptotes

A rational function f(x) = ^- MIGHT have a V.A. when q{x) = 0, but there may be a hole
q(x)

discontinuity instead. A quick bit of algebra will dispense the mystery.

Example 4.1.2
Detennine the domain, and V.A., or hole discontinuities for:

5x
xl-x-6a)/(A-)- ,

-&K) = . , ^ese 6(cWs ̂ ^^ ^ ^/^
^-^XX^Z) - ^

£>^ i>^^ ( ^i--'2^^^

K^rf -c^^ - )0i-z^')^(5. ^~)



b)w=7^

^=^^.
pM<5Cy-^

\/. 4. ^- A-5

rfc>k of- K=-S ^ec^^^ , 1-
() \SC( fpef-t^

Q^-i^^l ^^-3^^?

So.. - ^cioS. £V£aYWl/^6-

c)g(x)=
x2-4
x+2

^> -^ 6< ^-^)
>^

LU^ /s /k y-v^^ A- y^?
f^cl^ i-^ ̂ re /e(^- ^^rt^.

Hc)fc cx^ ^==;^>

U)^ ^-2

S'^t) M )( .=-

9cx3 <-Z)-Z
^-f

-z

<ok^ c^ C-^/ -£f)
^g'^^e^^x-^-^

^g - i^j^t / gc^> ̂ -^j

^
~-^



Horizontal Asymptotes

Here we are concerned with -^f ^A/P ^^(^^ c>^ i^" fi^M'<w£ f^^L^OC\^

i.e. We are asking, given a rational function f(x~) = ^-, how is /(x) behaving as
q(x)

X->±oo.

Now, since p(x) and g(x) are both polynomials, they have an order (degree). We must consider

three possible situations regarding their order:

-fe^ fcof^^
1) Order of p(x) > Order of ̂ (x)

^3-2 pj^e ^cv, / ^^^° ^^^/-^-^^^^,e.g. /(x):
x'+l

^ ^ l^6
^J'= ̂  ^^ ^/^

The^ "^ ^ 00
^\

^

^^4
/^

/^
1 ^ ^o H^zf^^
^ ^^^^^ 

2) Order of numerator = Order of denominator

2x2-3x+l
e-g-/w=3;2+4x-5

9^- 2, ^ )/0
i-.

5y ^ ^ ^^ Z-O-I-Q

3^ ^H °+- 7 "_ '> 0
.L Z

§10 -0

z

3
r^ rs ^

H'4

e.g. Determine the horizontal asymptote ofg(x) =
3x^4^

5x5 2x-l

<:4or^)-; ^ Ts ^
Co^^c^^r c^ ^c

\^^<^yei
1-6^

. < H. A. Fs y ^ ^1
5-



3) Order of numerator j?(^-) < Order of denominator q(x)

e. g. f(x) =
x2 -5x+6

x5+7

^ ^
lt' ? o ^_ e>

'r ^ r

-^ ^
r<-

5-0-^0 ^>

I +o /

H.A »s ^-

y^o

Oblique Asymptotes

These occur when ^  Oc^er-&^ ^C Af & EMCj^Y ^A/^
^W^er- -^^ -He 0^)^^ c^^ ^- b&^>^.

x2-2x+3
e.g. /(^)=" -7" _.

x-1 - ^ ^^ Hb.^ <s,^ 0.^

With Oblique Asymptotes we are still dealing with Ef/l^ ^7^ ̂7<lv-^c

O.A. Kave the f^rm y=mx+b (shocking, I know!) The question we have to face is this:

How do we find fhe line representing the O.A.?

Ans: Sy pC>\Y^O^lt^ C>^£]^^[

/, r^  >. j^ ^ \\e ^b ^

(Sr ^^ X^-Z/c
x-(

^

c

It

^7't,/<^J^

I

^

I

)

6,^.

y=

-2-
;

-I

»

Ix-i

3
-\

21



^Mt e&^e

(Rough) Sketch of f{x) =

VA ^/
H.A. /li?^e

O.A. y^^-1

x2-2x+3
x-\

k^

I I /.

y-l^ S fo^^'-?^^
, C^)-\

^-^)

!

.

/'

<'

Example 4. 1.3
Determine the equations of all asymptotes, and any hole discontinuities for:

x+i -90^^ \

--i+"+2-?d^2 f v.^. x--)
fe,)^ .M^r

(wyj^t)

fe)- I

^' H^)  y^-2

H.A. -^= 0

oA .A///4
\i-(

,4 2

b)gW-
4 2-25

%.)

(y-9

(i^^C^ ^

c^yx's)
V. A >s^-^ ^-3
H^ ^/A

rf. ^. y=l/

o-&' ^(A



-5

^

. >

J

\

c)

0

-3

-s

^
^=^-4^

x+3

o

^

f

^
^t

Iff

M. ?<"-3
Hc)le /^/A

H. -4. l^fA

o, ^ ^y. -'j,

C^^^^v^})6^ ^ H, 4. c»J <3.^

Example 4. 1.4
Determine an equation for a function with a vertical asymptote at x=-3, and a

horizontal asymptote at y=0.

^x?r^^ \ff^y^^
?<+-j> ^ c^no/*n

-&Q ^
^

Xr3 5g> 9^j> -^ $A -^^ ^ 0^0
^fj)C^-^x^)

Example 4. 1.5
Determine an equation for a function with a hole discontinuity at x=3.

Ctf^lft, ^^ <^e>C^^~~ 6^-

^ ^ rx-3 Cx2-^+?-)
a-^) (Z.^^8^-ye)

C^-3)

Success Criteria:

. I can identify a hole when there is a common factor between p(x) and q(x)

. I can identify a vertical asymptote as the zeros ofq(x)

. I can identify a horizontal asymptote by studying the degrees ofp(x) and g(x)

. I can identify an oblique asymptote when the degree ofp(x) is exactly 1 greater than q(x)

8



4.2 raphsof: ational Functions

Learning Goal: We are learning to sketch the graphs of rational functions.

Note: In Advanced Functions we will only
consider rational functions of the form

ax+b
/w=

cx+d

Rational Functions of the form /(x) = ~" ' \ will have:
ex + d

1) One Vertical Asymptote

Cx ?-^^o

^ u^^S <-'-^0 ^'1<> ̂ x^u!>le- i^ C^td^i^^r^

2) Oire Zero (unless 0^0 (^y^ v^^u^1^ ^^'V» >W^»»T<)

r= O.X^ ^0, ^t\a
'K-2?S^>

. y--k̂

3) Functional Intercept
^y\»

<s^/4<?^i x =c?
^ ^) ^ ^ ^- c, f ^ b

= .? '::'c> ty/ Jc^o) ^

4) A Horizontal Asymptote

c^p^onl^ ^='a- op^cvi2: y=0 C1>'P cl=<^)
P&g<re <^ ,1.^1 e>c^*^-

*~s> s/vic<^()er

5) These functions will always be either

Al^y^ ^cn-tes^ 0^ Al^&ys- c)eo^^/^^
^»^^ f^O 4vr/i^ ^'^te



Functional Behaviour Near A Vertical Asymptote

There are FOUR possible functional behaviours near a V.A.

z

cx^

^

E^FE
--{
-y

S)-i-4-

^^f

Clo? ->T3
K. 4.

For functions of the form f(x) = a^b; we will see behaviours [t \CC ^) Q^ {^j
ex + d

The questions is, how do we know which?

We need to analyze the function near the V.A.
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We need to become familiar with some Notation.

Consider some rational function with a sketch of its graph which looks like:

I

I i
I I I

^f
i I

t

k̂
r

^^->z^^^

// " or ̂ c^

As ̂  -» "^ ̂ ^ -^ - <s=»0

^

ri-^ 1V or <al?ove

Example 4.2.1

Determine the functional behaviour of f{x) = ~" ' ^ near its V.A.

^4 <s A^3

/^fffWf^i vffV/^ ^^~
^^fe^i f^c, ^ re^ c^e ^

3 <^<) ^^? ^^» '?d'

^?. c/1 .<t7.y,)=-6c<S

x=2.^T ^z.m) "=--<^^S
^ cj e^-^ ̂ >^^

^ ^ X-^ 5"^ fo^->-1=>°

J^ifO^l. ̂ A. FI^^
PfcvL c?< 

^ re^^ clo^e k> 3 o? '^

ab^ve 3.

x^?/^ Pfj, of -== 5zc>2

y^j. aot ^cs.^0 -1 T^^ 2-

.:. g ^"?3 ^;s^e^

<Sb^ ̂  ^ -^ ̂  fc>^ ̂  ^^,



We now have the tools to sketch some graphs!

Example 4.2.2
Sketch the graph of the given function. State the domain, range, intervals of
increase/decrease and where the function is positive and negative.

a)/(x) =
2x+l
x-l

V.A: K-<

H.A'. ^

Of. ^^1 y-^i.
^>^:r^i ^

^^: ^='z
^^ ^^^^^^ o/>k

^^4: ^-
(-v<>^)^(^^

^ ^0 on (.--, -OU ^. OCT)
^ ^o c^(<-^ 7^)

b)g(x)=
3A--2
2x+5

^^y-i ^:^^1^- ^
IA'- a^t ^:^w^^¥i:
-<^: Y ^ j

-^.. b=-j- (3o0 ^5 y^crf'^/^^ <^>^

(L^-i)^-i/-)

gc^ ?o ^ ^^-C)^J^ -<.)

3^ ̂ 0 ̂  (-t, ^)

i

^ 1
^L

-^ _z z. ^

r-\.

K--\

^
^

"d
x
z.
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Example 4.2.3

Consider question #9 on page 274-

iy^/5^(^»^> o-<l+w ^^s-^ientr
a k^ ^ y^-s ?
^ _ /rz ^-z^
^(t-)" ^

^ ZT-,5

or SZ'^^0

t^^-i5^C V^ c^r 6n^H^
^-^ ^ - ^^ ^ '""

o-r

°^ U^oco

T^c ̂  ^ ^>i^/>hk out- ^0
^ ^ mhice ^^se 1

^ f^ v^^ ^ ^-^ ̂ ^^ Le

m=
15/+25

,6
/*<

'y^O^^ff cy^o^f 54 h?3^^.

(^^cA^ 7

Tr^ -^ ^- <-°CO/VO' ^ f-t>0 TW
/^ fi^t ̂ ssff/ ̂ '.4'^til ^ ^^ ^ ^-'^^^^ c^r^e.^.

If,^ = '^ltw) "^ = ^- 02^ ^l^a<y = ^~- «» l^
Sue^Criteri. :/00° />7^^ ^^Qa:>-

. I can identify the horizontal asymptote as r

. I can identify the vertical asymptote as - r

. I can identify the y-intercept as -

. I can identify the x-intercept as - -
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4<4 Solving ational Equations

Learning Goal: We are learning to solve rational equations. Think rationally!

Solving a Rational Equation is VERY MUCH like solving a Polynomial Equation. Thus, this stuff
is so much fun it should be illegal. But it isn't illegal unless you break a mle of algebra. Math
Safe!

KEY (this is a major key for you music buffs)
Multiplying by the Multiplicative Inverse of the Common Denominator
is wonderful to use WHEN YOU HAVE something like:

RATIONAL, +RATIONAL; =RATIONAL3

3

^-z

H(^s) ^ 3
^ ^ ^ CD, >'s c^-yx^-z)

^>\y)= ^'^y + ^^'')0)
2^-s) =^-?.>1^^-) + X 6 ̂ -^3)
^ = ?^-^)6<f0 ^3^^-z^)

^0 w^^ch^'
^|^c ^r^SPy

Make Sure To Keep

/^^ ^^ ^te^^^'^

C^^o^\9^ So^^<^)^»

$0, K ^ Z

In Mind

i) E ̂pci^

^)6^^^<f ^o ^

So V^
'^

~%1-0

14
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3 4
c) Solve ^+^=2

x x+1

^^ ^ <- 1<^<YA^ ^ x(t^^)
' ^' \(y^} ~

3^0 ̂  ^ _^Z^
SArS + 4. -2^+<

o B Zx2-s~^3
^-fe 0^^x^-6^l-^-3

Qr Zf. ^-'^^-'^-T')
^ ^^(^^-3>)

RESTRICTIONS

^-1; 0
^.cp: x^^O

6 ^
=--i
t

/
^=3

10 . 4 5
d) Solve --+-=

xl-1x ' x x-2
V RESTRICTIONS

^-^_2°- +^-z) ^ ^
^^^ J^

>r^

c-o, x^-z^)
X?i0,2

b + L{(^ = $-x
^ ^^

)Q \r ^^ ~(

z --A

^<^-i/ Y^Z ^^ <r^^^ :

^o ^0  o^^^.
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Z.T

2.
3-

2

^ x

^j^tSS^^^f
^ *

.>

^

0\
2 +

OL-^

g^ ^V-, 2;C^^^^-y-)'/
(^;^+ O-x-9^

o^^-^o^ .tz-^)^-' XJ ".'
'0^ (J-^^^X^-K)'.'

S J,
^

Q ^
o>- 9J S '(
0\ \2- 0 h ^.

0^3-?/^5 ^
Q^ 0\^ "(Z-^h

^
h
^^ oh+ 'c/,s-^?l

0(4 ^S- K^9-^9i

^ 0'^
Q\^ Z^-2^ --

oi^ ̂ ?'Z-^^=(, ^^
^4-^iZ^^^- c^^^

05- Q^ y^(
09 - C^^^i = C?.-^- (?-^2+^^i

{^+x){z-x) z-x z+x

^^-^x '^
(^. ^(z4x; -0^-7

h^x

09 SI S
-X9 3ApS(9

(z^jC^J



Example 4.4.2
From your Text: Pg. 285 #10

The Turtledove Chocolate factory has two chocolate machines. Machine A takes m minutes to
fill a case with chocolates, and machine B takes m+ 10 minutes to fill a case. Working together,
the two machines take 1 5 min to fill a case. Approximately how long does each machine take to
fill a case?

i^Cct^S ^^
bx:^^ f/ofclem :

^0^ p^nO^f^

A;

70^^'r^

c^e

f^ A-J^S

(

m
-I- J_

r\^o

I 6^ 

ni-10 /^'^^S
^x'-v"^..

( ^S-f
^^~

/ <> C^ fS~~/y^^~>J'

^Lcp:i^)(. ^l>}

^+: ^^°
^\i-\^

I ? (i^Q) + |<-^ ̂ <^1-10)
^ 

fY)^1-}0^
i^"^n ̂ ^0 ^ ^^)

0 ^-Zo^"<^>

D^, F. \)Se. Q/F.

^o)^ r^^zr.g

;, /A^ >^t A

rs z^ ̂  ^^

^C^i\, _ ?>

FS $.S72m^
Success Criteria:

. I can recognize that the zeros of a rational function are the zeros of the numerator

. I can solve rational equations by multiplying each term by the lowest common
denominator, then solving the resulting polynomial equation

. I can identify inadmissible solutions based on the context of the problem
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4.5 Solving rational nequalities

Learning Goal: We are learning to solve rational inequalities using algebraic and graphical
approaches.

The joy, womlcr tnul peace ihcsc hring is rt'ully qititc aimizmg

X7
\x-2

e.g. Solve |" _~ >. 0

x-^ 20
\?2

Example 4.5.1

Solve ̂ ^^0
x+3

Note: For Rational Inequalities, with a variable
in the denominiator, you CANNOT
multiply by the multiplicative inverse of
the common denominator!!! !

Why? 3:-^ ^ - 

SCULPT (\^) t~S

.oeg^T^^ Cross <^j)/>y, U, v^
u^ c\-. ^  4<ed^c^
^f- -^ ^e^driy^

We solve by using an Interval Chart
So X^-Z

For the intervals, we split (-00, 00) at a|l. zeros (where the numerator is zero), and all

restrictions (v» here the denominator is zero) of the (SINGLE) rational expression. Keep in
mind that it may take a good deal of algebraic manipulation to get a SINGLE rational
expression...

j^^^s; f-^ -3) r-3, ̂  ^/ ̂ )

T^S^^-f^ -^ 0

x-^

x-h-S

I^^o ®

/, ^3-50 ^e^
x^s

4-

->-

-h

(p

A  C-^/-3)U^°^)
1̂
cS^h'^ $0 ^.

19



Example 4.5.2

I

^15

(^)

£ <0
1^)

Solved-< 5
x+5

I -S-x-Z^ ^0
K^

-^^ -z^ co
KTS'

r.̂ k^ G

«^b

-v^Q
^

r. v-

-^X -2^|

xr5^

-6

-f-

e>

DO NOT CROSS MULTIPLY (or else)

. Get everything on one side

. Simplify into a single Rational
Expression using a common
denominator

. Interval Chart it up

5e/os' X ^ ^

^
QT~ H-f

(SjesJ^)^ - X- ^^-^

-) r-^-^g) (f-^. <^^)
-^ 0

^

+

0

/..- < 5
.X^-s-

G<~ \ ^ ^-^-5-')u(-^. ^CT<s)

20



Example 4.5.3

x2 +3^+2
Solve " " '" - >0

xz -16

^z)^0 ^
(^-^C^)

^ . A
^k^i^ 6-bd/-t1) ^-4/'z^

7?^ ^M5\ -^

(y+l)

Cxr^)

(^)
Cw)
^b +-

-?>

-)-

^

FAC1 ORE!) FORM IS YODR FRIEND

?CrOS>; y. ^-2^ ^^'"'1

^^.cte^ x=-v/ x^^y

^ ^
c-^-^ c-iyi^ r^. ^)
-i.r

+

y

0

+-

+-

-h

^

+

-h ^- r

^ 0 t
I/

^'- y ̂ ^ i^

^')6
2^>^ ^^^-^uf-Z, -) u(f4, -J
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Example 4.5.4

Solve

C^ )

_3--^ ^0
x+-^ I c<^

x+2
. <x

-)
3-xz-2x ^o

Y^-ZL

^ ̂  Zx ̂ -3 ^ ^
x^ tr/'t

\L^2^ ^3 > 0
x^ f^^s^/ff^
(Tx-t-sy^) ->0

(^^
t

T^r^ (--^-3) ^-"2-^
/:k -9 -^-^

^)
(x<»-l) -

i-

(<+-z)
(^\^0

; x ^ -3. < ^ I

^ S-^ \t^Z

^

^0 C\^)
0 2

+ +
t

+

0 0

t-

t.

/. '5 ^ ^ ^x^^-z)^, -)
X-^z- '""
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Example 4.5.5
From your Text: Pg. 296 #6a
Using Graphing Tech

x+3 ̂  x-\
Solve -- >.

x-4 x+6

Note: There are TWO methods, both

of which require a FUNCTION
(let f(x) =... returns )

1) Get a Single Function (on one side of the
inequality)

K-(^)-
^X-^/ ^^

so

2) Use Two Functions (one for each side)

c^-^) = _)Lt? c)^^_/<Li
^^ \H

9)'. fto z ^c^

^ -^ ^
.1; -. < -!; -1: -E -< i B ,*

^^-Qu(4^) ^(<-^-iju(;i^)

Success Criteria:

. I can recognize that an inequality has many possible intervals of solutions

. I can solve an inequality algebraically, using an interval chart

. I can solve an inequality graphically
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