Advanced Functions
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Course Notes
Unit 5 - Trigonometric

Functions

Doing Trig with REAL Numbers
We will learn

e about Radian Measure and its relationship to Degree Measure

¢ how to use Radian Measure with Trigonometric Functions

e about the connection between trigonometric ratios and the graphs of
trigonometric functions

« how to apply our understanding of trigonometric functions to model
and selve real world problems
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Chapter 5 — Trigonometric Functions
Contents with suggested problems from the Nelson Textbook (Chapter 6)

You are welcome to ask for help, from myself or vour peers, with any of the
following problems. They will be handed in on the day of the Unit Test as a
homework check.

5.1 Radian Measure and Arc Length
Pg. 321 #2edfh, 3 -9

5.2 Trigonometric Ratios and Special Triangles (Part 1)
Pg. 330 #1b —f£, 2bcd, 3

5.3 Trigonometric Ratios and Special Triangles (Part 2 — Exact Values)
Pg.330-331#5,7,9

5.4 Trigonometric Ratios and Special Triangles (Pt 3 — Getting the Angles)
Pg. 331 #6, 11, 16

5.5 Sketching the Trigonometric Functions
Worksheet

5.6 Transformations of Trigonometric Functions
Pg. 343 -345#1,4,6-8, 13, 14ab

5.7 Applications of Trigonometric Functions
Pg. 360 -362#4,6,9,10
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5.1 Radian Measure and Arc Length

Learning Goal: We are learning to use radian measure to represent the size of an angle.

Radian Measure
We are familiar with measuring angles using “degrees”, and now we will turn to another measure

for angles: Radians.

Before getting to the notion of radians, we need to learn some notation.
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Definition 5.1.1
In a circle of radius r, a central angle 6 subtending an arc of length s =» measures
1 radian. -

Picture

} y®0 . k¢
| reomn is  Fke e
when S =, Aleierys o Seme Ly Seef
C izle.
Note: The circumference of a circle is given b
BV C = 2.2r
m
So, for a central angle of 360°, ¥a circle of radius » =1, then e =3 0 N

- &

ro=2a~v
© = Jn MORYS
géoo =¥ @&I\Qns"

P

’ \ lgoo =/ m9|>'l"l$ (onverzion fochor
——
© = L cadang

50



Example 5.1.1

Convert the following to radians:
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Cenacef 150° /60°
yow" - " _—
VMJZ! = 20 = 45 e 7= _ ——g
| 6O | €O | §V /
v A o0 — Il
6 “4 3
7o
d)3¥5°/ (L e 161.3° /' /2
(//35} f5f
7
= 7 — J6lZ - (34D
7 /§0°
= 2.8\ o
Example 5.1.2
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Q. What the rip is a negative degree?

Angles of Rotation

The sign on an angle can be thought of as thedirection of rotation (around a circle).
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Example 5.1.3
Sketch the following angles of rotation:

a) 7 rad b) 2z rad
6 3

BUT FIRST: Consider the following picture:

QT | Gl
e T o
Q3 . (R4

Canier -
(/rol”‘@\ cloc kw3 B

[Zle

TGP""W /
A,
& is negahe &
3ces Clckuage,




3
c\e

Culley e X
Called 1€ r Ve, WO \l‘f \
Re\wkd . \" ’
ek Ayle "Y't 3n N
< Z
p-sa
Example 5.1.4
Determine the length of an arc, on a circle of radius Scm , subtended by an angle:
a)@=24rad b) 8=120°
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e [ can understand that a radian is a real number :
e I can convert from degrees to radians by multiplying by aJ j ﬁ)
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5.2 Trigonometric Ratios and Special Trlangles
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Learning Goal: We are learning to use the Cartesian plane to evaluate the/trigonometric ratios

for angles between 0 and 27.

Consider the circle of radius 1:
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Recall the six main Trigonometric Ratios:
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The Pythagorean Identity
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Special Triangles in Radians

Recall: We have two ‘Special Triangles”. In degrees they are:
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Angles of Rotations and Trig Ratios

So, T 7°

Consider the following sketch of the angle of rotation 8= 5?” :
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Example 5.2.1

Sketch the angle of rotation € = 8%[ and determine the principal angle.
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We now have enough tools to calculate the trigonometric ratios of any angle!



For any given angle # (in radians from here on) we will:
1) Draw @ in standard position (i.e. draw the principal angle for &)
2) Determine the related acute angle (between the terminal arm and the polar axis)
3) Use the related acute angle and the CAST RULE (and SOH CAH TOA) to

determine the trig ratio in question
Recall the CAST RULE
Note: The CAST RULE determines |

the sign (+ or -) of the trig
ratio
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Example 5.2.2

Determine the trig ratio sin (377:]
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Example 5.2.3
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The point (6,8) lies on the terminal arm (of length 7) of an angle of rotation. Sketch the

angle of rotation.

Determine:

(6,%)

a) the value of »
b) the primary trig ratios for the angle

¢) the value of the angle of rotation in radians,

to two decimal places
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Success Criteria
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¢ I can write the angles in the special triangles using both radians (Unit Circle) and degrees

I can find the principal angle 0, by first finding the related acute angle 3

o I can write the trig ratios for any angle using “x, y, and r”’

I can use the CAST rule to determine where a ratio is positive or negative



5.3 Trigonometric Ratios and Special Triangles

(Part 2 — Exact Values)

Learning Goal: We are learning to use the Cartesian plane to evaluate the trigonometric ratios
for angles between 0 and 2x.

Redtvs =1

Recall the “Unit Circle” from yesterday:
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With this circle (and without a calculator!) we can evaluate EXACTLY the trig ratios for the
angles (in radians) =0, 1, T, 3—7[, 27 radians.
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Now, using Special Triangles, and CAST we can evaluate EXACTLY trig ratios for “special
angles”.
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Example 5.3.2
Given sin(4) determine:

a) The quadrant =4 is in. b) The sign of sin(4) (no calculators!)
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Given sin(t)= —%, A<t S%‘ , determine

a) cos(t) b) tan(z) ¢) ¢ in radians, rounded to three decimal places.
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Success Criteria
e I can write the angles in the special triangles using both radians (Unit Circle) and degrees
¢ I can find the principal angle 0, by first finding the related acute angle
¢ [ can identify the trig ratios of the 4 axis angles
e I can write the trig ratios for any angle using “x, y, and r”

o [ can use the CAST rule to determine where a ratio is positive or negative



5.4 Trigonometric Ratios and Special Triangles
(Part 3 — Getting the Angles)

Learning Goal: We are learning to determine the exact values for both angles between 0 and 2,
given a particular trig ratio.

We have been looking at evaluating exact values for trigonometric ratios using special triangles
and CAST, given an angle of rotation. We now turn our attention to the inverse operation —
determining angles of rotation given a trig ratio.

Example 5.4.1
Determine exactly: |
r ( 5z
{ a) sm(6j > ) sin 6 ] Z
T4
|
il
,{./" : 1 q
<1 .
#4e e A e Z
3 A TaN |

Note: E\i&«/ Mﬂ redso hes oz C’(Vtg/("j o

rohehon 17 [0, 22], ot qive fle sume
G Swlf”

Ccaphn is Soamc axiscngles.

Vhlize CO4ST RULE



Example 5.4.2
ST A Determine BOTH angles of
T ¢ rotation, @, for 0< 8 <27z given
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a) sin(8) =7
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Procedure
1) Determine the quadrants & is in.
2) Draw the angles of rotation.
3) Determine the related acute angle ¢ and
construct the appropriate special triangles.
k 4) Determine the angles of rotation. l
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Example 5.4.4
Determine 6 when cos 8 = —0.8213. Mt a Specad A | 40 Vo
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Practice Problems (Homework)

Determine the angles of rotation, 8, for 0<8<2rx:

a) sin(0)=—§ b) sec(8) =2

0 tan(a)=i3 d) cot(8) =1

0 csc(e)=i3 ) cos(6)=0

g) sin(6) =1 h) v/3 cos(8) -2 cos(8)-sin(6) =0
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I can write the angles in the special triangles using both radians (Unit Circle) and degrees
I can find the principal angle 0, by first finding the related acute angle

I can, given a trig ratio, determine the exact values for both angles between 0 and 2x

I can identify the trig ratios of the 4 axis angles

I can write the trig ratios for any angle using “x, y, and r”

I can use the CAST rule to determine where a ratio is positive or negative



5.5 Sketching the Trigonometric Functions

Learning Goal: We are learning to sketch the graphs of 6 trigonometric functions.

Before beginning the sketches, recall the diagram of the unit circle that we have been using to
explore the basic ideas in trigonometry:

(0,1
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The Primary Trigonometric Functions

f(@)=sin(@), 8€[0,4r]

g(0) = cos(0)
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Success Criteria:

¢ [ can recognize the graphs of sin, cos, tan, csc, sec, and cot



5.6 Transformations of Trigonometric Functions

Learning Goal: We are learning to use transformations to sketch the graphs of trigonometric
functions in radians.

By this point in your illustrious High School careers, you have a solid understanding of
Transformations of Functions in general. In terms of the trig functions Sine and Cosine in
particular, the concepts are as you expect, but the transformations have specific meanings
relating to nature of the sinusoidal “wave”.

General Form of the Sine and Cosine Functions

f(6)=asin(k(@—-d))+c g(8)=acos(k(6-d))+c
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Example 5.6.1
Determine the amplitude, period, phase shift and the equation of the central axis for:

| EHe-%
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Example 5.6.2 | Centl Axis ) =0
From your text: Pg. 346 #14c | .
Determine a sinusoidal function for the given sketch of a graph ( s OR ces . )
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Equation as a Cosine Wave Equation as a Sine Wave

Uy Pk}, ) = Lfcos(zg ( ©*'20)>") OShy fade]” eaer Mcreasiy

feey=4sin (55 (o-10) — |

OShg Cenler dca-eesu‘mﬂ

fte) = -9sn(F (0-30)) ~|

Usbﬂ%uy,;
foy = ~Haes (o) —|

Aed an vpslde —Davn  socha@




‘Zm = re

faedh, ghor k=2 - pein = =
€4 .
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Sketch f(x)=sin(x) and g(x)=sin(2x) for 0< x <27 on the same set of axes.
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Sketch f(9)=—2008(9—%)+1 on 0£6<L2rx
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Success Criteria:
e [ can sketch the graph of a trigonometric function that has undergone transformations
¢ [ canrecognize the properties (amplitude, central axis, maximum, minimum, period, and
phase shift) of a trigonometric function from its graph or equation



5.7 Applications of Trigonometric Functions

Learning Goal: We are learning to solve real-world problems that can be modeled with a

trigonometric function.

For any phenomenon in the real world which has a periodically repeating behaviour,
Trigonometric Functions can be used to describe and analyze that behaviour. There are a myriad
of such phenomena. From the rise and fall of tides to computer gaming habits, Trigonometric

Functions have a say.

Example 5.7.1

From your text: Pg. 345 #9

9. Each person’s blood pressure is different, but there is a range o
B pressure \&lues thatﬁ considered healthy. The function

P(¢) = —20cos —;t + 100 models the blood pressure, p, in

millimetres of mercury, at time ¢, in seconds, of a person at res

a) What is the period of the function? Whar does the period
represent for an individual?

b) How many times does this person’s heart beat each minute

¢) Sketch the graph of y = P(z) for0 < r =< 6.

d) What is the range of the function? Explain the meaning of
range in rerms of a person’s blood pressure.

b) S bed 60T _ 5O bess
€ 5% [

¥

Figure 5.7.1 A periodic rise and fall in online gamers
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Example 5.7.2
From your text Pg. 361 #7

7. A person who was listening to a siren reported thar the frequency of mwn = m
the sound fluctuated with time, measured in seconds. The minimum _
frequency that the person heard was 500 Hz, and the maximum Max = 1000
frequency was 1000 Hz. The maximum frequency occurred at 1 € Sands [ a1l
t = 0 and ¢ = 15. The person also reported that, in 15, she heard P?_wbé = .../_—5: J— 3 (

the maximum frequency 6 times (including the rimes ar £ = 0 and
¢t = 15). What is the equation of the cosine function that describes

5 twes ¢ S

the frequency of this siren? % Secods é\ﬁove may
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Success Criteria:
e [ can model a real-world situation using a trigonometric function
¢ I can use the trigonometric model to solve problems
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