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Course Notes

Unit 6 - Trigonometric

Identities and Equations

We will learn
e about Equivalent Trigonometric Relationships
e how to use compound angle formulas to determine exact values for trig
ratios which DON’T involve the two special triangles
e techniques for proving trigonometric identities
e how to solve linear and quadratic trigonometric equations using a

variety of strategies
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Chapter 6 — Trigonometric Identities and Equations

Contents with suggested problems from the Nelson Textbook (Chapter 7)
You are welcome to ask for help, from myself or your peers, with any of the

following problems. They will be handed in on the day of the Unit Test as a

homeworlk check.

6.1 Basic Trigonometric Equivalencies
Pg. 392 — 393 #3cdef, Scdef

6.2 Compound Angle Formulae
Pg. 400 -401#3-6,8-10,13

6.3 Double Angle Formulae
Pg. 407 — 408 Finish #2,4, 12 - Do # 6, 7

6.4 Trigonometric Identities
Pg.417-418#8 - 11

6.5 Linear Trigonometric Equations
Pg. 427 — 428 #6, 7def, 8, 9abc

6.6 Quadratic Trigonometric Equations
Pg. 436 - 437 #4ade, Sacef, 6ac, 7 - 9
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6.1 Basic Trigonometric Equivalencies

Learning Goal: We are learning to identify equivalent trigonometric relationships.

We have already seen a very basic trigonometric equivalency when we considered angles of

. . . 2r
rotation. For example, consider the angle of rotation for 6 = 3 :
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Periodic Equivalencies

Penvd vs 2,

Example 6.1.1 S @ X 2n f’é’m\o“c)i‘q
Consider the sketch of the function f(&)=sin(8)

2r

SnE = Sin(s +2,)

! ‘ . , ! ' ' U Sme TS an @c)é
R T A A Anchon (rwhncd
S-ymm€5v7>

Example 6.1.2

Consider g(x)=cos(x) Cosine s 20 fe D C
wne s L g

| \\ ______________ / ______ Cos @ =cos (9 +Zn,>
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Example 6.1.3
Consider /(&) =tan(0)

Shift Equivalencies

km e /1 pesodic

tne = fan(otn)
{'a/)(9/: "«Pq,q(—-@)

Lo ban TS an 0(>f>

(V/\(/R()f\

Example 6.1.4
Consider the sketches of the graphs for /() =sin(8) and g(8) = cos(6)
Sin © Cos ©
n ) |
U iy
N i N\ f e
: X! ' /
— S : % -
// \\ / P /
) A 1 X . 4 < yd

S;\; © = COS<9' %) H COS © < Sia (@,+ %)
Shtr n‘g‘v(' o

Test. @ = QOb mdians

Loiier leet

Sinltot) = 0~ 6707251 S -

cos (108 = § ) = Cos( o4 M 29) = —0.4 DB
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Cofunction Identities

Consider the right angle triangle

Sme= 2 = Cog('ﬁ_
- Z
Cht e L = S0 L
C
fn @ = t’ = Coé(—- -S)
-
Reluke) Acole Anole Equivale.ats

Using CAST, relating angles of rotation to 7 and 27

Compare Q1 and Q2

Sn O
Sme

Cos




Compare Q1 and Q3 Compare Q1 and Q4

A
iy
ST
Sin & == Sin (rte) cin @& = -Sin(21r ~&)
Cos ¢ = —cos (/© o) Cos & = cos (n~-6)
(er & = fan [’”’@’> fan & = — fan (Z/l”@)

Example 6.1.5
From your text: Pg. 392 #3
Use a cofunction identity to find an equivalency:

a) sin[fj Sme& = (oS {'@/@)

(é6> —cos( - "‘?»—(os(/~/> Cos{ > (of/-g)

d) cos =z S ( 571)

((9> — g/L _5/73)
% e
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Jrese clepend on
! e, fl/#' /
Example 6.1.6 Vow™ g Uad ey .
From your text: Pg. 393 #5
Using the related acute angle, find an equivalent expression:

a) sin(7—”j ol B _/2’)
8 &

S
. =z
f/} 7‘\\\ =
5
b) cos(w—”) = o (;?Z:
F3a=
/
/ \
i
ﬂ,
2

Success Criteria:
e [ canrecognize that there are many equivalent trigonometric expressions due to their
periodic nature

e [ canrecognize several types of equivalencies
o Shifting sin/cos by 2 OR 7/2
o Cos has even symmetry, Sin and Tan have odd symmetry
o Cofunction equivalencies
o Equivalencies based on the quadrant a principal angle is in



6.2 Compound Angle Formulae

Learning Goal: We are learning to use the compound angle formulas

Here we learn to find exact trig ratios for non-special angles!
e

No CHCIL 4 JORS |

Consider the picture:

Can we find sin(A+B) if we
know sin(A4) and sin(B)?

\ or cos(A+B)?

or tan(A+B)?

— e
=1

Your text has a nice proof of one of the six compound angle formulas (there are six of
them!...see Pg. 394)

N ————

Namely your text proves that cos(A —B) = cos[ AJ COS(B)"F sin(A]sin(B)

Using some trig equivalencies (from 6.1) we will find the other 5 compound angle formulae.
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Example 6.2.1
Find a formula for cos( A+ B)

C()ns%ef) CO$<A __<, B’)) = Cos A Co.&(il%} + Sin A g,\,, (”’IE}

Me S Oc)ﬂ
CXKme Ys-€ven- S e
S = ——s»n/~9>

* cos(-B) =Cos 3 .\ |
a N —S O = Sh (—’(9)

we Do Yuis Y., WT G ant fw:»@uu)f} nf‘gé«/{w Gh '7&?5?

=(Cos A Cos [ + Sin /‘\T/”S"” ’3)

C05(/°f)’@>: Cos ACos 13 — Sn A Sin 5

Cos (A tB)= Cos (s B T SiaA Sink




Example 6.2.2

Determine a compound angle formula for sin( 4+ B) using a cofunction identity and a

cosine compound angle formula. ’ 7\

S @zc@(%-&)

N\ ) — o JT g
S (A18) = cos( -(m8))
@.
= (oS %Z o B B>
Soae A Use s (hB)EshCas +SuASE

Con ider his A
' - s, AL X
= Gs(§-A)Gs B+ Sn(EA) S B
L .«
\\/‘t/ c)?bﬂ
This s S A uis is @s A 3‘&»:%‘/47

9’/ Sih //WB) =<Sin A <R + Cos A Sin 2

Chl(h-R) = SinAcx b ~Cx ASin B

Tn the same o7,

Ei‘n (A .tB):_QﬂnA(ogB * (o< ASia Ej




Example 6.2.3

, sin(6) )
Using the fact that tan(6)= determine a compound angle formula for
cos(6)
tan(A+B)).
\lrm ( A+ B7 = Sm (’4 FB Use our ladest ydea Rhes Z
Cos (AFB)

- < ACx B+ Cs ASIHE
Cos ACoc o — Cin A S B8

i Thavgh some makh Mag I

%n(Ai&) — fan AT fn B
7 A B
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Example 6.2.4
From your text: Pg. 400 #3acd
Express each given angle as a compound angle using a pair of special triangle angles

Y -0 OF & 2 o
a)75° = 30 +4<€
ety gI_2_2v_ 2_N1
6/ ¢ c "¢ "6 6 3
e ST,
= Yy d)l -— i ¥ 2
12 le 12
_ 3
i = "t /T
= [
}e
Example 6.2.5
From your text: Pg. 400 #4ac, 8bd Z s ny e
. . . Z,’l/ 3 faciii .:/ - .
Determine the EXACT value of the trig ratio i s 72 & “
. :
a) sin(75°) b) tan(s_”)
12

® ©®
= Sin (20 #95)

= SmzoCex S+ S

Py
- ( /XW> w>(r9

Y4 Cox RO




°s  or

R

#8b) tan(-15°)

= Lan (%o«\—l&’)

307

ys—bO

Zm o
27 ek
M
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Example 6.2.6 Q 1 el
From your text: Pg. 401 #9a ]__/—x.s \\_.\Ni\

. ) 12
If sinx=— and sin y=——, where 0<x < z and 377[ < y<2r evaluate cos(x+y).

cos (<) Ces(9)

(%) - (;)(f}

Cos (7‘ “’J) -

W\

/70/1 & /> —

anc

Success Criteria:
I can identify SIX compound angle formulas
I can use compound angle formulas to obtain exact values for trigonometric ratios

I can use compound angle formulas to show that some trigonometric expressions are

equivalent
13



6.3 Double Angle Formulae

This is a nice extension of the compound angle formulae from section 6.2.

Learning Goal: We are learning to use double angle formulas

Recall the compound Angle Formulae:

sin(Air B) = sin(A)cos(B) isin(B)cos(A)

cos(AirB):cos(A)cos(B)¢sin(A)sin(B)
tan(A)ttan(B
nla8)= )

The Double Angle Formulae

1)sin(24) = Sin (A +Pr>
_ S ACs A 4 sin ACes A

e <in C ;
& ACos A ol (ke et @>

Spie Hxlo = |
2) cos(2A) =Cos (A F /}) Sl | —s'e
B
= Cos ACoc A = SinASin Q
& Cos(2A) = cos™p —sin“ A
T o
@ COS(Z/’) = ' =< A ZA ,S{AIA @CDSZ’ZA’) COS //-)’ () (cs A)
| = |- ' = 20 A —
} Zg/n 2/4 1]4



3tan(24) = fan (A+A)
= 1L&m A ¥ 1Zm7 /‘)

I—*{an A‘F“W”A

= 2t A
| = 40 “A

Example 6.3.1
From your text: Pg. 407 #2ae

Express as a single trig ratio and evaluate:

a) 2sin(45°)cos(45°
(45)eos(a5)

= s.ﬁ(z(%?)
= S(90) = |

e) 1-2sin’ [3—”)
8

e (2(2)

[

= (og (?ﬁ)
(//
= =l (N e
NZ | 7/
- =2
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Example 6.3.2 A
From your text: Pg. 407 #4 '//__/3
Determine the values of sin(26), cos(26), tan(26) given cos(6)= = 0<o<Z

AN 5 2
( L’{/P‘ﬂdtlf"

o)
c
g

! " .
Sy 20 = 2 sin@(es@ | Cos & = ’® —Sin i fulo = 20O

)() } «() ( ) | — .2
| 5/ ] =2 ( Y
| | 3
= | _ 9 A
- L _ — =
65/ ; zs s | [j)
‘ T 3
== - g _ s
o 3z . .
25 =7
g - g
5
i 5.4
37
Example 6.3.3 o i
From your text: Pg. 408 #12 - ,/-7:
Use the appropriate angle and double angle formulae to determine a formula for:
a) sin(30) R—'VUQ"IQ only </ne . Me end
A e
— - <; :
cin(A+B) 7 (Z‘f" '/’(9) o 2=
_ 9/1;’4(%5 FSin B Cos A -—Sn Z@ Cos G + <in O t__w_j_,:__,ﬁ
| WA
faéw/%m = Dm0 Cos G SO =7 < ‘©
§ &
S [-Zsh*@ ‘-;Zg;,/l@(/,g;»q?&) = Sa@ - £Sin o
3

=251 —250°0 + S0 G “LS C

- - 3
= an ™ = Ysh & .



Example 6.3.4 /
R S lar;
From your text: Pg. 407 #8 Lef's (so e /o 7
Determine the value of a in the following;:

1 i
i tan(x)—tai(i)i)ﬂ -I:VZ_a:MIJ;an(Zx) tan” (x)

- ff’jl(_zj‘l@,”.l X = Cban () + v[iﬁ (2x),

S o () = i@ TX F] = 2 fan X
= fan (20) l’ffmzx> ) =2 &n X
)

b

= [2 kn X | =z X 4’1’2/5‘())(

Success Criteria:
e [ can identify FIVE double angle formulas

e [ can use the double angle formulas to simplify expressions and to calculate exact values

e [ can use the double angle formulas to develop other equivalent formulas
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6.4 Trigonometric Identities

Learning Goal: We are learning to prove trigonometric identities.
Proving Trigonometric Identities is so much fun, it’s plainly ridiculous. I should be paid extra for

letting you play with these proofs! We will be using ALGEBRA (remember the rules?). Inside our
algebra we will be using the following tools:

Reciprocal Identities

1

e.g. csc(f)=— Shho = —
O m@ (oo
Quotient Identities
sin(x) cos(x)
gt = . t =
e.g. tan(x) cos(x) or cot(x) n(x)

The Pythagorean Trig Identities
sin” (8)+cos’ (6) =1 1+tan® (8) =sec’ (6) 1+cot® (8) =csc’ (6)

L2 N S .
5,207 | =8O o pmlo=SecPe-| = Cof G TS O ‘

” ‘z
¥ ke (4 — 4 - ‘P 3
orcoste = 1-Sin?@  or |=sgle-ter O o | =(scfe —@F O

The Compound Angle Formulae

sin(A+B)=sin(4)cos(B)+sin(B)cos(4)
A 2

cos(A+B)=cos(4)cos(B)Fsin(4)sin(B)
(44 B) = tan (4)+tan(B)
(4 )_litan(A)tan(B)

18



The Double Angle Formulae

sin(20) = 2sin(60)cos(6) ;

( 603@6}}:[/2§0nz@
cos(26) = cos’ (8)—sin* () = | _
coc(26) = 2coste — |
tan (26) = T2 (g) ;2-2?152?)

(And let’s not forget our friends, “The Trig Equivalencies ™ such as the Cofunction ldentities!)

& 3
| A General Rule of Thumb |
i |
E Convert everything to sine and cosine
Example 6.4.1
Prove 1+ tan” (x)=sec’ (x)
2y + sSin < X
bsss ® l/ -
7 os X

_ Cos & " Sha ™ X
Cos % % Cos & X
s

(

= gectx Vv



Example 6.4.2
Prove sin(x+y)-sin(x—y)=cos’ (y)-cos’ (x)
= [GM X COS\-Q 4+ S{‘nba)sx)(g,y,x CO&U /S/h\g (os x>
Folc
2 24 gl I
= SiaH sty = SiTg e X (S %o = I«c;;sieg
\eewnlﬁ @< oS Iy MOJ'LL RS

..(l cos Cx \)(Cog g) (} (og j}‘{Co/ 9&)

i ey 2
o Cxcos L cos K (oS ‘9>
= Cost ‘3 COS ~XC ‘j (C@ X

- o Uy —costrTasly —Cosix k coctX s &9

= COSZU "‘CO5ZX

LS = RS

gl cVian g2
Example 6.4.3 ¢

Prove sin(6)-tan(6)=sec(6)-cos(6)
R.S, =sec(® — cos (@D
= | Cos © [s&

- = / -
(s o

(s @ |

(os &
=~ sintG
cose
- 9{ g,,. S

—sin® fan & . )

 fan ©

\



’,
Uh} '/. ’
];xample 6.404

/
Prove tan(x)-tan(y)= ti‘)’: E x; j: :I: ((y))
cot(x Y

RS. fex ¥ b y
Cofx t+ oty
= {pmx«k?‘an‘()

frery) ] 1 L (fnx)

(é,,,./)) éq.,.)( Lo ,:) (w”) Comwon €N _

= o[arw Y“”{‘""U
fany + bn X

(onx)(fan )

_ serm—X—F fan Y x éav‘l X fan J

LS = RS

21



MR < S vzvec,
Example 6.4.5 D (et 7 >7

From your text: Pg. 417 #9a V/

cos’ (6)—sin’ () ~1-tan(6)

*(6)+sin (@ 6 ks ;
(OO 6 omen e,
. tet's Skt here,

Prove

(s. ( c‘q;,@f»@:“"é) (Cos©@=Sin @)
- -

Cog O ( ng, c9~'7“”§f?!‘@>

= Cos® -SinG
R el sk
Cos O

= (s 0@ Sh e

—

oS © ws ©

= = fn ®
|

Mot foo oad

Success Criteria:
[ can prove trigonometric identities using a variety of strategies

L]
I can recognize the proper form to proving trigonometric identities

22



6.5 Linear Trigonometric Equations

Learning Goal: We are learning to solve linear trigonometric equations.

By this time, asking you to solve a “linear equation” is almost an insult to your intelligence. BUT
it is never an insult to ask you to solve problems with math. Instead it is a special treat to be able

to spend time thinking mathematically. And so, you’re very welcome. \
2 N verse u{:) (4 .’r"\)‘l onN

e.g. Solve the linear equation Yoo @2 ( )I/Lt ope 2o~ a cHA;J

3x—-4=9 T

on He X

,_%;X:E
% B
v =

3

Example 6.5.1
From your text: Pg. 427 #6
For 8€[0,27], solve the linear trigonometric equation

exactly, and using a calculator.

MQC J (("d?’/,\

(kee Vo

a)sin():—J__-z—
|
a2
t (I Sin &/\‘(Zﬁ
95 //;
= 7 - I
Ty
3

|
n ; S, =0.75S 9 = I

§2/;6 23



as a4

e) cos(6)= —% exactly and using a calculator.

3y GM
e [
CDS/Z/\/’?
el
| \ p e (ﬁ)
=t | |
e | G, =3%.11-077=2.35

= o }‘

o | &z=219%0.79=3.973

|
|
|

Example 6.5.2
From your text: Pg. 427 #7

Using a calculator, determine solutions for 0° < <360°
a) 2sin(6)=-1 Degrees!!

y =
o=~ o Degre Sopg

Note: Our Domain is in

24



d) —3sin(@)—1=1 (correct to one decimal place)
] #
“Ssn@ =2

/Q e O, =150 +11.8

|3 -3 _ o
OGN =22. 8

e _
ShB =3 &, =360 -11). ¥
g =sn7( %) -21%. 2°

=4 §°

Example 6.5.3

o

From your text: Pg. 427 #8 4
Determine solutions to the equations for 0S x<27. Reinl cehuuin W

a) 3sin(x) =sin(x)+1

—<Sn X ~Gyn X
2empy= 4
S;‘Y\(X):/é
v w e A8
T/, -« P= §
& = JL _ -tz 94
: ¥ L= Az =
oy \ Z 6 &
N 5~

25



Example 6.5.4

From your text: Pg. 427 #9f
Solve for xe[0,27]

8+4cot(x)=10
- g -5

Yoot x = 2

Codedidnr = fo x = 2
F: 7‘&./;/'/'2>
)3; 1)

[ox= 101,428

Success Criteria:

e [ can solve a linear trigonometric equation using: special triangles, a calculator, a sketch

of the graph, and/or the CAST rule

I can recognize that because of their periodic nature, there are infinite solutions. We
normally want solutions within a specified interval.
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6.6 Quadratic Trigonometric Equations

Learning Goal: We are learning to solve quadratic trigonometric equations.

Before moving on to Quadratic Trigonometric Equations, we need to consider a mind stretching
problem, because it’s good stretch from time to time (/17 Baseball parlance, this would be the
Lesson 6 Stretei)

Don’t be afraid of the 3! (though it ]

Example 6.6.1 does give one some concern...) j
| i B iy Y
Solve sin(3x)=———3— exactly on xe [0,27] O‘f 0 e _q % él
. ] \ 2 dnshad o 2 Soldhbns, plegpe St a
Jad
i BL /B ‘\ SY‘ = \,]_5--» : i _Zﬁ Q@}G/\
Ie. VI i ﬁ Z P( = S /é/fmo’\/;'cw.
2z L on
/ Pz |
So, © = /2HL & =24 Trese awe He Ongiad 2
- Yn = Dl G nprs, /WSt ComprtS
=1 3 v edciber | @=3x |
3x = %"5 o= _—’S; 4\/( soluhens i
‘! _ L7
1 x = Y i = G 5
1 g [ |k
| g O ;. @
7 R | X = 7 / n ; X <51 + ! Solhns v
PLV\\G{) o . (‘ g 3 e
| ! L% E}
s G| shx @ :
A | LN
/_,,‘H,M’v_,w ~€ ’f 7".;“/70;1,7- ' ?ﬁ \ _ 3l | N go/dh‘uns ;’)
,4690/16/% Atk X _G_//:L y o 2n]
T s, © ) ’ B
| = = [7n D
= | 7w (€
9 27

Eaax/cf/qj‘?/)j)ﬁq')?



In Quadratic Trigonometric Functions the highest power on the trig ‘factor’ will be 2.

Example 6.6.2
From ym;ft_e@g. 436 #4: Solve, to the nearest degree, for 0° <8 <360°
(6)

(1
bY cos’ () =1
(A/\( S a,,q/t’S)

Cos@’:il

-1 © =0, in

28



Example 6.6.3
From your text: Pg. 436 #5: Solve for 0° < x <360°
Solee whem €l Facky = O

b)‘s’i(r;_(ﬂ(cos(:xl—l)zo

d)w(hin(x):—o\/?_a) 0

f

(o x = O

"* - 3
A9 ¢ 2

= wn [s)

9% ; 2

- 0 O 7S 7.
‘6O/Cf(/)/’(,(//z/7’@ 29



Example 6.6.4

From your text: Pg. 436 #6: Solve for 0<x<2x

d)(ZCos()
Z (os X — 1 =0
Cos X ~ :

VLB
; X

L
S
Example 6.6.5

3

—
—

L and ==
7 @

)(ZSm( )+\/—)
| 25mx 443 =0

§34X3£
2
x = %2 g, «-%;—L
Z, 3
) o Y S5
. XTT) s 3

From your text: Pg. 436 #7: Solve for 0< 6 <27 to the nearest hundredth (if necessary).

a) 2cos’ (8)+cos(6)-1=0

(et A =cose 2 242 +x -1 70O

(.Zwsé)’l)tCosc?'r—‘) =0 Femdak ',(zx—\>(>\+l> O
. _ |
Cos'e =2 Cose = | ;
See avove as L
-~ @" ﬂ-’ =
=y Sn = /7 - 22 73
X Scma = ©
) 3tan’ (8)—2tan(0) =1 ,
7 (3x X} -1D <=
(3(@(9 I Gne-1) = O
fan & = | fn =1
3 | o =
\\\.\ {I«\B:Si 5 Lf
N T o &
p =t (5 4
=0.%2

©, = L032=2,52




Example 6.6.6 (decimals are between the sixes!)
From your text: Pg. 436 #8: Solve for xe[0,27]

a) sec(x)-csc(x)—2csc(x)=0
Febr b (€560 Y(Secty = 2) = O

/
s X — 3
gfn X = é >
‘ - T S
o solvhun XTI and —
c) ZSin(x).sec(x)—z\/gsin(x):0
2 sin x (secx =) = O
2 simx =0 Sec X~ \@ (@//}a)
\
. S X = O (s X = ‘l’ (Yk)‘\/S}”éOMﬂ)
| N’
AN

‘=0 M, Ll |
a4 XJOJ / < Pa—
co /3 Wiv

7 ZCdS"(f%) = 0.9¢

L, xF0.6
x = 5.32
('ZVLIO.‘(6>

D O/O,Cté) 11,5.32,22
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o 2
Cos (2x) = Ccas” X —|
Example 6.6.7 g/
From your text: Pg. 437 #9: Solve for x€ [0,27]. Round to two decimal places.

a) Jcos(2x)f-cos(x)+3=0
S(2 ws®x-1) —Cosx ¥3 =0
IO coeTx =§—COS X ¥3 =0

Ia[ Z)e} X S X

"‘l IOXZ-/)&HZ:O

" 2 Y =2 =0
| loxe-S A +7x—2,

10 cos ¢ —Cosx -2 =0 | — .
_ _ A
(6 ws x %Z)(Zw;sx“o’@ ) (sxtrz2 Y 2x =1) =¢€
B
o x = TO
S s x ¥2 =0 L cos X o
Cos = ¢ Cos X ‘:—_Z ( Z//// \@
o ? | w/
| ]
S
(s fp° & S g
5:(&8"‘[%«) A S
)h,’-lgl/l
/3 = )”é =
- x,= n-116=198
x&:/’L)’/.)‘J ‘7’,3
, S
o , L3 2=
208 SLaLL 723

Success Criteria:

e | can solve quadratic trigonometric equations by factoring, or using the quadratic formula

e | canrecognize when | must use other trigonometric identities to create a quadratic
equation with only a single trigonometric function

e [ can recognize when I need to use special triangles VS a calculator to solve quadratic
trigonometric equations
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