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Course Notes

Unit 6 - Trigonometric

Identities and Equations
We wiH learn

. about Equivalent Trigonometric Rehtionships

. how to use compound angle formulas to determine exact values for trig

ratios which DON'T involve the t\vo special triangles

* techniques for proving trigonometric identities

. how to sohe linear and quadratic trigonometric equations using a

variety of strategies
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Chapter 6 - Trigonometric Identities and Equations
Contents ir/7/7 sitggested problems fro m the Nelson Tcxfbook (Chapter 7)

Yoii are welcome to ask for help, fro m myself or your peers, \\ifh any of the

following problems. They will be handed in on the day of the Unit Test as a
bonK>\\~ork check.

6. 1 Basic Trigonometric Equivalencies
Pg. 392 - 393 #3cdef, 5cdef

6.2 Compound Angle Formulae
Pg. 400-401 #3-6, 8-10, 13

6.3 Double Angle Formulae
pg. 407 - 408 Finish #2, 4, 12-Do# 6, 7

6.4 Trigonometric Identities
Pg. 417-418 #8-11

6.5 Linear Trigonometric Equations
Pg. 427 - 428 #6, 7def, 8, 9abc

6.6 Quadratic Trigonometric Equations
Pg. 436 - 437 #4ade, 5acef, 6ac, 7 - 9

VII



6. 1 Basic Trigonometric Equivalencies

Learning Goal: We are learning to identify equivalent trigonometric relationships.

We have already seen a very basic trigonometric equivalency when we considered angles of

rotation. For example, consider the angle of rotation for 6==-:
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Periodic Equivalencies

Example 6. 1.1

Consider the sketch of the function f{0)= sin (^)
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Example 6. 1.2

Consider ^(^c) =cos(jc)

' ^. I'
/^$/ ̂ / <»-

-1

(^ I
^,z

V^J.

Gse^e 1's 2-/i^ jf^'ic^iC

Cos 0- = Co>s CQ ̂  ZI-L^

Cos <^ " Cc^^

_ cc^. -'e i~s> c, ^ ere^

/^c^b ^



Example 6. 1.3

Consider h(0)= tan (0)
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Shift Equivalencies

Example 6. 1.4

Consider the sketches of the graphs for f{0}= sin (^) and g(^) = cos (0)
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Cofunction Identities

Consider the right angle triangle
b _

cs^e= j- r co3^-^\ ^

co. <^-3 = ^^-o;
^<9^k =Co^/^-(^;
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Using CAST, relating angles of rotation to n and ITI
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Compare Ql and Q3 Compare Ql and Q4
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Example 6. 1.5
From your text: Pg. 392 #3

Use a co function identity to find an equivalency:
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jh^e <^fe^ Oi^
Example 6. 1.6 y^^T ̂  L^^^ ̂ ^~ t

From your text: Pg. 393 #5

Using the related acute angle, find an equivalent expression:

a>smR)=^^)

<^

-y-
i-

.^

'\^
b) cos^^

Success Criteria:

. I can recognize that there are many equivalent trigonometric expressions due to their

periodic nature

. I can recognize several types of equivalencies
o Shifting sin/cos by In OR Ti/2
o Cos has even symmetry, Sin and Tan have odd symmetry
o Cofunction equivalencies

o Equivalencies based on the quadrant a principal angle is in



6.2 Compound Angle Formulae

Learning Goal: We are learning to use the compound angle formulas

Here we learn to find exact trig ratios for non-special angles!

,^0 CAtC<. 'L^T(^^\
Consider the picture:

Can we find sin (^+5) if we

know sin(^) andsin(5)?

or cos{A+B)7

or tan (^+5)?

r&l

Your text has a nice proof of one of the six compound angle fonnulas (there are six of
them!... see Pg. 3 94)

Namely your text proves that COS [ A-B\= COS | A | COS [ B }-^-Smi A\Sin[ B

Using some trig equivalencies (from 6. 1) we will find the other 5 compound angle foiTnulae.



Example 6.2.1

Find a formula for cos(A+B)

C-^0 C-os(A -C-B)) -- ̂  A^B) + ^ A^^
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Example 6.2.2

Detennine a compound angle fonnula for sm[A+B) using a cofynction identity and a

cosine compound angle formula.

c>in e-c Cd^ f ̂ -0

^(At^) =c^(^ -(A^;
^

=^s^-^-B)
^"^A o^c ^^^^^^-^

= <-os^-/)^ ̂  4- ̂ Y^-4) ^
7^^ ^ $^ ;». is- ^s <^s- /^ (^C> ̂ 7C >?^
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Example 6.2.3

Using the fact that tan (^) = ~~"\~^ determine a compound angle formula for
cos I

tan(A+B)}.

^t^^)^ ^ ^A^
^(A^B)

^e c^r- i-^^ ̂ ^.^^'^ J
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Example 6.2.4
From your text: Pg. 400 #3acd

Express each given angle as a compound angle using a pair of special triangle angles
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Example 6.2.5
From your text: Pg. 400 #4ac, 8bd

Determine the EXACT value of the trig ratio
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Example 6.2.6
From your text: Pg. 401 #9a L (S^l -^ \
If sin^=- and sin y=--, where 0<x^- and -^y^27T evaluate cos(x+^).

u.)^i^-^^^i^6o5 ̂  ̂  ^ ^^

o^^^
("tf^Ct

15 ^_ M?
^ ' ^
65
^

Success Criteria:

. I can identify SIX compound angle formulas

. I can use compound angle fonnulas to obtain exact values for trigonometric ratios

. I can use compound angle fonnulas to show that some trigonometric expressions are
equivalent
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6.3 Double Angle Formulae
77;/. '.' /'. '. <.' nia. ' L'.\it. 'i!^!ou of'tiK' coiiii'Kiitnd an'zlc joi'miilac jron'i sci. 'tion 6. 2.

Learning Goal: We are learning to use double angle formulas

Recall the compound Angle Formulae:

sm(^±5)=sm(^)cos(5)±sm(5)cos(^)
cos(^±5)=cos^)cos(5)Tsin(^)sm(5)

tan(^)±tan(5l
im{A±B}=,

l+tan(^)tan(5)

The Double Angle Formulae
c'[^

l)sin(2^) =?^ (/A^-A)
= <,;^c^ A + <s"1 /^^

Z S-/, / Cd$ ^
^^ (^^ ^^^
^^(9 ^^z^- )
-?S^7^- )-^cS?©
-;>c^"zc^^ I- <x^?^

2) cos(2A) -. Co5 (A ̂  ^
~^Co<. AC^^ -s^As;/i

C-OS<Z/1) -^CO^-A -<>, n~LA
T

^^ -^^A -s^A  >^^ -^^-0-^^
= }-z^A :1^^-1



3)tan(2^) = ^^ fA'^A)

^ ^A ^ ^A

|_ ̂  A -^^^

Z fr.^

- ^ ̂ A

Example 6.3.1
From your text: Pg. 407 #2ae

Express as a single trig ratio and evaluate:

a) 2sm(450 )cos(450]
^A/ VA

^ s^(^c^i)
- $.'^ci0) =\

e)l-2sin2f3
8̂

A

c'c's(^f%)^

c^ (^)
~^^

/' ̂ ?-^ ^r ^
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-^7
d
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Example 6.3.2
From your text: Pg. 407 #4

a)

f4;j^^
Determine the values of sin (2^), cos{20), tan(2^) given cos(^)=^, 0^6'^^-
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-ZtlExample 6.3.3
From your text: Pg. 408 #12 ' -
Use the appropriate angle and double angle fonnulae to determine a fonnula for:

a)sin(3^) ^-^'^^i^^^ /. ^ c?.^
/Y ^

^^^'^)
^^/4(^B^^^4

^^z^jS-pe cti^/e
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Example 6.3.4 ,,.. ^!,^ h. ^^r/-.
From your text: Pg. 407 #8 6e/'l<> <~^>f<^ /ty " '"' y ^
Determine the value of a in the following:

2 tan (^)-tan (2^)^+2^=1-tan (2x)-tan2 (.c)
--?

2^ =/ - ^(z^ ̂  ̂  - Z ̂  ^) -^, ̂ ^^1

" ^ (^ - ^ fe)^ x ^/ -Z -f^^ <x
^^^)fl-^?^) + I -zfc'i x

T
, ^^^ ^ I - z- ̂  ^

^ ) -/ ^r^T-X^-^r X

z<<

c\ z

Success Criteria:

. I can identify FIVE double angle fonnulas

. I can use the double angle fonnulas to simplify expressions and to calculate exact values

. I can use the double angle formulas to develop other equivalent fonnulas
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6.4 Trigonometric Identities

Learning Goal: We are learning to prove trigonometric identities.

Proving Trigonometric Identities is so much fun, it's plainly ridiculous. I should be paid extra for
letting you play with these proofs! We will be using ALGEBRA (remember the rules?). Inside our
algebra we will be using the following tools:

Reciprocal Identities

1
e. g. csc(^)=

sinw
<,'^ GT 1

c^^

Quotient Identities

sm(.f) / , cos[x]
e. g. tan{x}=--^-, or cot(x)=--

cosw sin (^r)

The Pythagorean Trig Identities

sm2 {0)+cos2 {0)=\ l+tan2(^)=sec2 (0)

s^7(? ' I -^ ^ ^ ^ (^ "S^c ̂  - )

}+cot2[0)=csc2 {0)

=> C0^^^c^ <e?~1

or

 

0^ ̂ / -^^ or ) . S^^- ̂ . ^ or I - csc2^ - c^^

The Compound Angle Formulae

sm(^+5)=sm(^)cos(5)±sm(5)cos(^)

cos(^+5)=cos(. 4)cos(5)q:sm(^)siu(5)

taii(^)±tau|
taa(A±B}=-

l+tau(^)tau(5)

18



The Double Angle Formulae

sm{20)=2sm{0)cos{0)

cos(2^)=cos2 (^)-sin2 (^)=.

^^yi-z^'"^0

co<> Cz^) ^ Z^-os^ - I

tan(2^)=
2 tan (0)

l-tan2 (0)

{And lei '.\ 1101 forget oiir frie]](lis. "Thv 7'ri^ Eqnivulcncirs " siicli us l/ie Cojiindion 7c/c7?//7?i-. <s'.')

L,^

A General Rule of Thumb

Convert everything to sine and cosine

Example 6.4.1

Prove 1 + tan [x) =see [x)

1 4- <>^L^
^ <:c?S ̂  X

^

Ca^X . <>^^x
V

. (^7

c^s^y <^s c x

^c^7 )(

r: ^ec^x ^

.-'. i^ = ^S

19



L.s.: 

Example 6.4.2 

Prove sin(x+ y)·sin(x-y) =cos2 (y)-cos2 (x) 

::: [ S,'-1 x (c:)S � t s;,, J Co S:, x) ( c;,'n x Cos.� - Sin 'J Co.s x) 
fol'L. 

2. 7._ • l. '-
= s�r) x cos 'j - S1"1 'd c� )(.

\ 
I �CY� J-�� 

tcev-H' te. Q � cc)s J-v M cth,� R S

:::: ( I - cos L x) (cos. < '.1) - { J -cos< :, }{co<, i,._)

::ccos'
';) 

- cos '- ><coS1
'j 

- ���,ccos 1".I)

:::- cos. z ':'l -�� - co.s "lx +' c� 

� CuS 1. � - Co2:;> l X 

R,5; 

lS.:: RS 

l\ \_ 
........ c. V/'7.,,� 

Example 6.4.3 .Ji 
Prove sin ( 8) · tan ( e) = sec( 8)-cos( 8) 

�sec(� - cc>s (C9) 

--- -
Cose 

� {.(osGl-) 

l wr;o-

·-z 
t l - c�� � see .q!:,�

"­
-

Cos & 

S"-i� z & 
-----

co so-

-:: <;1� e-;�//1 c9 I 
{4vi e

l ) 
cos (5). 

=-<;ln C9- � Vl e v 

L<; � �S' 
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\Yjly /.

Example 6.4.4 

tan ( x) + tan ( Y) Prove tan ( x) · tan ( Y) 
= cot ( x) + cot ( Y)

R,S� fqY)X + k,Y} � 

Col-- x r Co+- J

·- fu.,., x + fc;,,,, 'j

r� .. 1J ._1 -+- _._LC �f1 )(>

fM1) (-r,.,, )( �.,, J �-u) u>M,K,V) Nt'L

- fu"' � t �,,, 'j

�n ':1 +- {TI" X 

c�V)x')( fq-, J) 

- ·£..."' x I .fr;.o j

I 
x. 

-::: (�n )( ){ �� ta) v'

fav1. x -le< ri � 

�nu... d L,� v-

Ls� RS 
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L<>.

Example 6.4.5 (?. ^^ -^ '"7'a'^-
From your text: Pg. 417 #9a, X

cos2 (^)-sin21
Prove -Y,~^~\ 7^ v'//^ = 1 -tan (

cos2 (0}+sm(0}cos(0} ^ 

'~"v^

^_v'_/__^^l^ij v'-- G^WVA f^<-^r,

/e^^ S/^^^ L?e/ ,_

( ̂ ^j^^!'^) jC^e^in ^

Cd cr ̂ ^^-r-^^S)

Cos 0- - S ̂  ^

-^ j - ^^ (9-

k\-. \- (^-Arl Vi^J L

Success Criteria:

. I can prove trigonometric identities using a variety of strategies

. I can recognize the proper fonn to proving trigonometric identities
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6.5 Linear Trigonometric Equations

Learning Goal: We are learning to solve linear trigonometric equations.

By this time, asking you to solve a "linear equation" is almost an insult to your intelligence. BUT
it is never an insult to ask you to solve problems with math. Instead it is a special treat to be able
to spend time thinking mathematically. And so, you're very welcome. , .,

/^? / /\ vt /5<,'! ^ c;' . /irl^-? c /^

e. g. Solve the
3x-4

Sx
^

X

linear equation
=9

^ )5
^

r ^
7

%^ (un ̂  ^ ope^J-yc-^ c^c^,

o^ /^e 'x

^
^ 1\

Example 6.5.1
From your text: Pg. 427 #6

For OG. [0, 2^'J, solve the linear trigonometric equation

a) sin ((9) = -^- exactly, and using a calculator.

/z

^
_^1>

.ff,

^

\

15~ e^n-'^

^n-

^^
^

A.

^

^"^ i~%?l

^o/7^"y

Gi - ^-/^
^yL -o. n^

2^5

?>
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6.5^
e) cos (^) = -^=- exactly and using a calculator.

^
n.

^

n

... ^^-^

^.=

i^
^

nr^.
'V

5^
~L1

O.^V (^^

& s
. -L
"VP

-. / /s-^-Y^)
^-0-7C|

(9-/ ^^-^ -o-^? ^ ?. 3-S~

^^^5-/4^o-^=3. c?3

Note: Our Domain is in

I Degrees!!

0^/^^fi^'

Example 6.5.2
From your text: Pg. 427 #7

Using a calculator, detemiine solutions for 0 <0< 360

a) 2sin(^)=-l

C^^-"^J: ^
'2- " ^ ^ nfe-^^-

'^^-"^
, ^ ^ "  ^

;-^ ^ " // (9, ^ f%>^'so
=2;oB^--^Y^

:r^'
^^^(O-^Q

=51^
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d) -3sin(^) -1 = 1 (correct to one decimal place)
^-1 ^

- ^ s, ^ d? ^'2
7-

-3
<?. /5

^^
z

^s. -^
=4Ly°

(9^ 1^> +-11^
=2Z). ?U

^ ^^ko-^\^

=s^- z
0

Example 6.5.3
From your text: Pg. 427 #8

Detennine solutions to the equations for 0 < A-< 2^. ^c^v^-'^. czc^ut^ ^
a) 3sin(x)=sin(^-)+l
-<;.i-l X ~<7^ ^

Z^h[^^ i

^

7,

/^_
-^

S>Vi (^
I

'z

:^.

x,=

,2-
?

n

6
^-. - n - /L

s
s^
^

a.

c

$/
T
^ 'y b

rL
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Example 6.5.4
From your text: Pg. 427 #9f

Solve for ̂ - [0, 2^-]

8+4cot(x)=10
-g- ' ' -S'

y^ x -- 2

p/t/ Cb^- x -- 2 ^ Fl. ft

C^lcu^hr ^ -fct^n ̂  ^ ~L

^^^"^)
^Lll

// x> - /JI

^^3//y^///

= 4-25

Success Criteria:

. I can solve a linear trigonometric equation using: special triangles, a calculator, a sketch

of the graph, and/or the CAST rule
. I can recognize that because of their periodic nature, there are infinite solutions. We

nonnally want solutions within a specified interval.
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6. 6 Quadratic Trigonometric Equations

Learning Goal: We are learning to solve quadratic trigonometric equations.

Before moving on to Quadratic Trigonometric Equations, we need to consider a mind stretching
problem, because it's good stretch from time to time (//; Ha^'/hi/i pi ir/iiiiic. //.';.<. 'i (,. /;/,// /. ( //,'c

/. cvs/;;; c; Sa'fic/i). ^ ^

|; Don't be afraid of the 3! (though it
I' does give one some concern...)Example 6.6.1

^ , ^'j^ 0^ pe^ ^ COf-^ "i ^"^
Solve sin (3^-)=-- exactly on xe CO, 2^-1

2 -. -"-' "-"--'-- J^s^ ̂  2 ^tJ^'^^ ^rf ̂ ^ ^ ^
\

^ f

^

<^ <9-^/7-^
Lf^
3

s
z

r\.

^-^: ^ aA^
5 -^^kif^'^>tv>.

(3- ^ ?-*^l
/^

3

/^d ^
pe^(h)

3x ' 9̂-z
3

x ^ ^
'^

/^ /^e.
fe^n)

<^^L , Z^L
7 ' ?

=. )0^

-zr

K -^ )0f^- i ^^

^ ' ^
^ 16^

'cf
<§)

»

\e o

- ^ ^r^ /°^
^y / -"^ ^ "^ ,

5^
^

^^>cu<. ^e 0~^<^^ ^

Qi^^^r^^, /n<Js-f- ca^/^tr-S

^- (^^e^ ^ ^=S>^<

z>^ ^
^

X - i^
^

.<W SC)I^A^S /:"7

^^}

x $^ , ^-
T r 5

.^)] >v
^

Sb^}»b'<» '^

- z-^z iy^L
. T^

®

X ^ //^L , 7^

^/y
^ \7^

T
I ^. U/^L ^7^
~^ ) ~~^ . ) o^

Co/jA'^i& /Q
irv

^}'T^ ^
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In Quadratic Trigonometric Functions the highest power on the trig 'factor' will be 2.

Example 6.6.2

From your_text:_E^. 436^ #4: Solve, to the nearest degree, for 0° < ^< 360°
b)Jcos2 (^)^T^

^ss^^/^

^^ QW ^ 
566

<9 ^ 0, ^ 2^

^0°^ IS^ S6C

f) 2sm-{0)=\

^. ^=^̂

4-
5^^-" -^T

^

^
^7

L
^7

^ ^ ^ ^

r-^ /3fL
^ ' Li

^/

s,^^--^,
~Vi7

n ^^
r

^^r
"Y

(^^̂ z^. /L

^
7^
'.y

7^
n- 5'-^- ^,3-

j. e^"^ ^^ / ^ ^ Lj
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Example 6.6.3

From your text: Pg. 436 #5: Solve for 0°<x< 360°
<^[i^ ^j^<3<- 0-70^ F^c^.Y- '= 0b) sin(A')(cos(^)-l)=0

^ -__-y
^0 --0

<?^ ^ ^ 0

0

n ^/i^l^O

<^s x - I ^0
Co^ x ^ I

K ^ 0, ^^^

0°, ^

.. ', ^ -' 0, ^/ ̂  &/~ C>^ I SO^ 36-0°

d) cos(x)(2sin(A-)-^)=0
^0 ^0

ros ^ ^o

^

2. >
?^

cilf, ^»
0

y

/ > /L

z ^x -^'^^>
7,<$^ ̂  ^ v$77

s^^< c ^^_
z

=". > ^
"S} T

^L z^ ^
^ ; z-^/ ^ ' ^

6o°, ^D0 ^ iZO°^Z?0
0

\

'^^

2 ^

$ I
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Example 6.6.4 

From your text: Pg. 436 #6: Solve for O � x � 2,r

d) ( 2 cos ( x )-1) ( 2 sin ( x) + J3) = 0

2 Co':> :x - I =o / z '5in x +- fi7 �o
- I

Cos. x - -(..,, <;-1 ,., )( � -\I? - ---R: 
� fl- �'l., 

� )( � 3
q

..J -r

2. 
x :::: t; � Ctr?)

�

\ 

s� 
)

�
,,, ,, 

/L 
x ::: �J b

)$
5ri-
---

> 
Example 6.6.5 

From your text: Pg. 436 #7: Solve for O � 8 � 2,r to the nearest hundredth (if necessary). 
a) 2cos2 ( 8) + cos( 8)-1 = O leJ;.. =-CoSc:9- ;:, G)( z + X - I ::: 0

(zcos e -L )tcos. e +-1) -:: 0 �ch?J.,,c ! : ... (zx - I) ( >-+-1) -=-o

I 
Cose--� i_ eos (9- ::: - I 

5:-ee. ci� ,, � l'L, 

.,,,.., \.7

= 
z) IL_;,

'\., - i'l - \ � "­� '-' - 0. vio ----
s .-. 3 

e- -::: 17-
e) 3 tan 2 ( 8) - 2 tan ( 8) = I

J� 

'3 {zr,r, -ie, �7 � e - [ -::: 0

c 3 frt-'2 e �, )C � e- -1) ::-o

+a r1 � .::: =-1 I � e- ===- i 
s 

�" Js � ± 
f3 :; Ct/'{ i) 

-:; 0, �2 
e, = ll-0.�2 = Z,i2

e-
C; 

.:::?rt,-O.Y2::: 5,96

c el-x: z: & 8)-

18,, - IL
1J3 ,__., -Lf 

&1 ::: � 
Lf 

S/L 

3 

x 2- -u.. - I 7.!'.0

( 3x +-<(x -() -=o 

� e 
n S-/v . 

::: _.. } Zv }{ (_ / -- ) S- '1 6
L[ lf ./ (> 30 



Example 6.6.6 (decimals are between the sixes!)

From your text: Pg. 436 #8: Solve for xe [0, 2^-J

a) sec(^)-csc(^)-2csc(^)=0

^-^-^ ^fx))C^^) -^) ='^
^C X = & ^/-.~/;) '1 Se ̂  - 2 ^)

^x'5
^ f\0 ^^^-^

^ x = i

^
/^
i °^

^r^u

c) 2sm{x)-sec(x)-2^3sm{x)=0

Z, 5.^ ^ (, <>e<^ X -J?) ^ 0
See x = ^ C^¥)2 5.^^ ^0

s^> =" 0

/. x ^ 0. ̂ / 2^

Cc^ \ L
\TT7

^c^^fe^^)

C^ 13 - ^

/s-c^^ =0. q^

L- I ^

.

;, x ^^^i

5.3 Z
^-a^6)

/, X - ^O. t^ /2y^'?2^
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Co5> (lx) ::; 2 co.5 '2. X -\ 
Example 6.6. 7 j 

From your text: P . 43 7 #9: Solve for x E [O, 2,r]. Round to two decimal places. 
a) 5�cos(x)+3=0

le+ )( ;:;-@$ x S(� ((,6 -Z X-I) -cos x. -Y)
:::: 0

-==- 0 
ro x z. -� � Z =- o

JO Cc,$ 'Z. X - S--(OS X 'r-3

10 COS '"l-x .- CoS. X - 2- :::: 0

lD)( c -�" 
�- ) 

S-x 

(sx t-Z Y Z-x ._, l)( £ Cc>$ )( f-l,) ( 2, c us X - ) ) :::: 0 

--��( � �--�
--

--
--

�-
z co� x -I � 0

5 cos )( +-2 -::: 0 
-z.
5 

U>S )( 

i< - L CuS r _,, '?

[!, c::Cc� -,r �) 
f.S � } ,, )(; 

, X, -=- tL- /, )b ::: /, q g 
xl, :: ,11_ -r I . J 6 � lj,, 3,

Success Criteria: 

/ 

/ / 

Cos. x 

, x -
"2 -

; ,,, � 

- 1

z

Sn_ =---

7 

• I can solve quadratic trigonometric equations by factoring, or using the quadratic formula
• I can recognize when I must use other trigonometric identities to create a quadratic

equation with only a single trigonometric function
• I can recognize when I need to use special triangles VS a calculator to solve quadratic

trigonometric equations
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