


Polynomial
Functions

» GOALS

You will be able to

e Identify and describe key characteristics of
polynomial functions

e Divide one polynomial by another
polynomial

e Factor polynomial expressions

e Solve problems that involve polynomial

equations and inequalities graphically and
algebraically

© A fractal object displays properties of
self-similarity. The fractal shown was
created using a computer, the polynomial
function f(z) = 35z° — 18027 +
378z° — 42023 + 315z, and a process
called iteration. How can you estimate
the number of zeros that this polynomial
function has?




3 Getting Started

Study | Aid SKILLS AND CONCEPTS You Need

e For help, see the Review of 1. Expand and simplify each of the following expressions.
Essential Skills found at the a) 2x*(3x — 11) o 4x(2x —5)(3x + 2)
Nelks)oln Advanced Functions b) (x— 4)(x+ 6) d (5x — 4) (x2 + 7x — 8)
website.

2. Factor each of the following expressions completely.
Question | Appendix a) x>+ 3x— 28 b) 2x* — 18x + 28
1 k2 3. Solve each of the following equations. Round your answer
2 R-3 to two decimal places, if necessary.
3 R-6 a 3x+7=x-5 o x*+ llx+24=0
4 R-8 b) (x+3)(2x—9) =0 d) 6x*+22x=38
5 R-9 4. Describe the transformations that must be applied to y = x*
- to create the graph of each of the following functions.
) y= =349 b) —(1)2 7
) = y 5%
5. Write the equation of each function shown below.
) b)
R R4 47
2_ .
X X
0 T T T O T T
2 24 22 2 4
-2 v 2
41 41

6. Graph each of the following functions.

a) y=3(x+5)—4 b y=2x"—12x+5
7. Use finite differences to classify each set of data as linear, quadratic,
or other.
a) X y b) X y <) X y d) X y
-2 | 564 -2 11 =2 2 -2 | 7
-1 | 50.6 =1 5 =1 6 =1 6.5
0 | 45 0 2 0 18 0 6
39.6 1 7 1 54 1 55
2 | 344 2 13 2 | 162 2 5

8. Create a concept web that shows the connections between each of the
following for the function f(x) = 3x* + 24x + 36: the y-intercept,
factored form, vertex form, axis of symmetry, direction of opening,
zeroes, minimum value, value of the discriminant, and translations of
the parent function.

On each arrow, write a brief description of the process you would use to

obtain the information.
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APPLYING What You Know
Examining Patterns

In the late 18th century, seven-year-old Carl Friedrich Gauss noticed a
pattern that allowed him to determine the sum of the numbers from 1 to
100 very quickly. He realized that you could add 1 and 100, and then
multiply by half of the largest number (50) to get 5050.

© Are there formulas for calculating the sum of the first n natural

numbers and the sums of consecutive squares of natural
numbers?

Copy and complete each table, then calculate the finite differences
until they are constant.

Graph each relationship in part A on graph paper.

Use your graphs and finite differences to make a conjecture about the
type of model that would fit the data in each table (linear, quadratic,
or other).

Use a graphing calculator and the regression operation to verify your
conjectures in part C.

Use the equations you found in part D to calculate the sum of the first
five natural numbers and the sum of the squares of the first five
natural numbers.

Verify that your calculations in part E are correct by comparing your
sums with the values in both tables when » = 5.

Use the equation you found to verify that the sum of the natural
numbers from 1 to 100 is 5050.

Use the equation you found to determine the sum of the squares of
the natural numbers from 1 to 100.

Getting Started

YOU WILL NEED
e graph paper

Table 1
Sumup ton
n (f(n))
1 1
2 1+2=3
3 1+2+3=6
4
5
6
7
8
9
10
Table 2
Sum of the
squares up to n?
n (g(n))
1 1
2 17+22=5
3 127422+32=14
4
5
6
7
8
9
10
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3.1

YOU WILL NEED

e graphing calculator or
graphing software

Communication | Tip

variable is usually written with
the powers arranged from
highest to lowest degrees,
asin 5x3 — 7x? + 4x + 3.
The phrase “polynomial
expression” is often shortened
to just “polynomial.”

A polynomial expression in one

Exploring Polynomial Functions

Identify polynomial functions.

EXPLORE the Math

Beth knows that linear functions result in graphs of straight lines, while
quadratic functions result in parabolas. She wonders what happens when
the degree of a function is larger than 2. Beth searched for polynomials on
the Internet and found the following table.

These are polynomial
expressions.

These are not polynomial
expressions.

3x2 — 5x + 3 Vx + 5x3

1
2x + 5

—4x + 5x” — 3x* + 2

53 _3x5+ 4

z 6x> +5x2 — 3x + 2 + 4x7"

\/le3—§x2+2x—% 32);221%_;
3x—5 4+ 5

-7 sin (x — 30)
—4x X%y + 3x — 4y?
(2x = 3)(x + 1)? 3x3 + 4x%5

© \What makes an expression a polynomial expression, and what
do functions that involve polynomial expressions look like
graphically and algebraically?

A. Look carefully at the expressions in the two columns of the table.
What do all of the polynomial expressions have in common?

B. The expressions in the right column are not polynomials. How are
they different from the polynomial expressions in the left column?

C. Inyour own words, define a polynomial expression.
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D. The simplest polynomial functions are functions that contain a single
term. Use a graphing calculator to graph each of the following
polynomial functions. Then copy and complete the table.

Polynomial Sketch of | Description |Domain and | Existence of
Function Type Graph of Graph Range Asymptotes?
f(x) = x linear
f(x) = x* | quadratic
f(x) =x° | cubic
f(x) = x* | quartic
f(x) =x° | quintic

E. Which polynomial functions in part D have similar graphical
characteristics? How are the equations of these functions related?

F.  For each function in part D, create a table of values for —3 = x = 3.
Calculate the finite differences until they are constant. What do you
notice?

G. Create equations for four different polynomial functions that are
neither linear nor quadratic. Make sure that each function has a

different degree and contains at least three terms. Graph each function

on a graphing calculator, make a detailed sketch, and create a table of
finite differences.

H. Create equations for four non-polynomial functions. Make detailed
sketches of their graphs, and create a table of finite differences.

I.  Compare and contrast the graphs, the equations, and the finite
difference tables for the polynomial and non-polynomial functions
you created. Explain how you can tell whether or not a function is a
polynomial by looking at
i) its graph
ii) 1its equation
iii) its finite difference table

Reflecting

J.  Explain how you can tell whether a polynomial equation is a function
and not just a relation.

K. Why are the equations of the form y = mx + band y = ax* + bx + ¢

examples of polynomial functions?

NEL

31

polynomial functions

a function of the form
f(x) = apx" + a,_x"" "+
.+ a,x? + ax + ap, where
ag, aj, ..., a, are real numbers
and n is a whole number; the
equation of a polynomial
function is defined by a
polynomial expression, as in
f(x) =5x>+6x2—3x+ 7

Communication | Tip

Polynomial functions are
named according to their
degree. Polynomial functions
of degree 1, 2, 3,4, and 5
are commonly called linear,
quadratic, cubic, quartic,
and quintic functions,
respectively.
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3.1

Exploring Polynomial Functions

L. As the degree of a polynomial function increases, describe what
happens to
i) the graph of the function
ii) the finite differences

M. Would you change your definition in part C now, after having
completed part G? Explain.

In Summary

Key Idea
¢ A polynomial in one variable is an expression of the form
apx" +a,_x"" "+ ...+ ax?+ ax + ap, where ag, ay, ..., a,are

real numbers and n is a whole number. The expression contains only one
variable, with the powers arranged in descending order. For example,
2x + 5,3x% + 2x — 1, and 5x* + 3x3 — 6x? + 5x — 8.

Need to Know

e In any polynomial expression, the exponents on the variable must be whole
numbers.

e A polynomial function is any function that contains a polynomial expression
in one variable. The degree of the function is the highest exponent in
the expression. For example, f(x) = 6x> — 3x? + 4x — 9 has a degree of 3.

¢ The nth finite differences of a polynomial function of degree n are constant.

e The domain of a polynomial function is the set of real numbers, {xeR}.

¢ The range of a polynomial function may be all real numbers, or it may have a
lower bound or an upper bound (but not both).

¢ The graphs of polynomial functions do not have horizontal or vertical
asymptotes.

e The graphs of polynomial functions of degree zero are horizontal lines. The
shape of other graphs depends on the degree of the function. Five typical
shapes are shown for various degrees:

Syt

Linear  Quadratic Cubic Quiartic Quintic
(n=1) (h=2) (n=3) (n=14) (n=05)

NEL



FURTHER Your Understanding

1. Determine which graphs represent polynomial functions. Explain how

you know.
a C €
) o1 ) y ) g
8_
4 6
6_
2 4
d <—/4 2
5 o] 3 > )
s EEENENNENE o3 4 ¢ &
—4- -6 -4 =2 0| 2 -2
b) 4_y d) 8_)’ f) y
2_
. 6_
A : H
- — “ A AN A VA
_4 = 2 4 T T T T
] : RN RYDY
4 iEF
TR/ -
—6 —2

Determine whether each function is a polynomial function or another
type of function. Justify your decision.

a) f(x) =2 +x* =5 d y=Vx+1
P —4x+ 1
b f(x) = x>+ 3x—2 e) yzL
x+ 2

0 y=2x—7 f) flx) =x(x—1)*

Use finite differences to determine the type of polynomial function that
could model each relationship.
a) Michelle earns $200 per week, plus 5% of sales.

0
200

500
225

1000
250

1500
275

2000
300

Sales

Earnings ($)

b) A model rocket is launched from the roof of a school.

Time (s)

Height above Ground (m)| 10 25 30 25

NEL
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3.1

¢ The volume of a box varies at different widths.

Width (cm) 1 2 3 4 5
Volume (cm?3) 200 225 250 275 300

d) The input for a function gives a certain output.

Input 0 1 2 3 4 5 6

Output 200 204 232 308 456 700 | 1064

. Graph the function y = 2 on the domain 0 = x = 3.

a) Explain why a person who sees only the graph you created
(not the equation) might think that the graph represents a
polynomial function.

b) Explain why this function is not a polynomial function.

. Draw a graph of a polynomial function that satisfies all of the

following characteristics:

« f(=3) = 16,£(3) = 0,and f(—1) = 0
* The y-intercept is 2.

* f(x) = 0 whenx < 3.

* f(x) = 0whenx > 3.

e The domain is the set of real numbers.

. Explain why there are many different graphs that fit different

combinations of the characteristics in question 5. Draw two graphs

that are different from each other, and explain how they satisfy some,

but not all, of the characteristics in question 5.

. Create equations for a linear, a quadratic, a cubic, and a quartic

polynomial function that all share the same y-intercept of 5.

. Complete the following chart to summarize your understanding

of polynomials.
Definition Characteristics
Examples Non-Examples

Exploring Polynomial Functions
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3 . 2 Characteristics of Polynomial
Functions

YOU WILL NEED

e graphing calculator
or graphing software

Investigate the turning points and end behaviours of polynomial
functions.

INVESTIGATE the Math

Karel knows that he can describe the graph of a linear function from its
equation, using the slope and the y-intercept. He can also describe the graph
of a quadratic function from its equation, using the vertex, y-intercept, and
the direction of opening. Now he is wondering whether he can describe the
graphs of polynomial functions of higher degree, using characteristics that
can be predicted from their equations.

© How can you predict some of the characteristics of a polynomial
function from its equation?

A. The graphs of some polynomial functions are shown below and
on the following page.

a) © e)
20_y Yy 6_}’
15 4+
10 1 24
E X
, PRI VEPEY
T T T O T T _2'
6 \4 - 2 4 x
—5 T T T —4'
2 4 6
—10 + —6-
f(x)=x2+4x -5 f(x) =3x4 —4x3 — 4x2 +5x + 5 flx)=x3-2x
b d f
) /4 ) Tl 7 ) 3077
[\ g 'Io_
6 —4 - 2 4 6 2p
-2 54 104
X X
—4 ] | ] ] T T T \ T T T
-6 -4 -2 % N2 4 6 6 -4 |2 /\/2 4 &
—6- . ~10-
—8- 0] —20+
—10+ —154 —30-
fx) = —x* = 2x3 + x2 + 2x P(x) = 2x6 —12x* + 18x2 + x = 10 f(x) = 2x5+ 7x4 = 3x3 = 18x2 + 5

NEL Chapter 3 129



B 157 " 307" ) 1577

. 0+ 10
] ] 5]

X X X

6 -4-20 9 2 4 ¢ ~6 -4 -2 2 4 6 6 -4 -2 M2 4 ¢
5 ~10- —5-
+10 1 —201 =101
115 301 154

fx) = 5x° + 5x% — 2x3 + 4x2 = 3x flx)=—2x3+4x2-3x -1 fix)=x*+2x3-3x -1

Copy the following table, and complete it using the remaining equations and graphs given.

Even or Odd | Leading End Behaviours Number of
Equation and Graph Degree Degree? Coefficient | x - —» | x — 4+ | Turning Points
a) f(x) =x*+4x -5 2 even +1 y— 4o | y—>+o 1
157
101
5_
X
S Ew39/7 3
-5
=10 A
—15 4
r~ ~— ~— — @ @~ Y ——d /U

leading coefficient B. Describe any patterns that you see in your table.

the coefficient of the term C. Create two new polynomial functions of degree greater than 2, one
with the highest degree in a .
. of even degree and one of odd degree. Do these new polynomial
polynomial . . .
functions support your observations in part B?

D. What do you think is the maximum number of turning points
that a polynomial function of degree 7 can have?

E.  Graph the following functions using a graphing calculator. Copy each
graph and its equation into the appropriate column of a table like the one
shown on the next page.

) f(x) =xf =22+ 1 vi) f(x) =x — 3x

i) flx) =x7 +3x> — 26— 5 wvii) f(x) =x>—3x+ 4

i) f(x) = ;x“’ - ;x4 +x? wiii) f(x) = 2x7 — 3x° + 2x

iv) f(x) =x" + x ) f(x) = —3x" +2x% — 3x + 1
v) f(x) = —2x° + 3x* X flx) = %" — x

130 3.2 Characteristics of Polynomial Functions NEL



3.2

Neither Even nor Odd
Even Functions Odd Functions Functions
(symmetry in the y-axis) (rotational symmetry around (neither of these symmetries)
the origin)
10]” 1577 217 f = —x2 + 2«
X
8' ]O T T T
flx) =x3 -2 2 4 6
6 5 -2
4' f(X) = Xz T T i 4'
2 4
2 6-
3 8
539 34
-2 —10-
\/W\/\_/\_/\/\/\W\/\

F.  Determine f(—x) for each function in your table. Discuss any absolute maximum/

absolute minimum
patterns that you see.

the greatest/least value attained

G. Isevery function of even degree an even function? Why or why not? Sy a function for all values in its
omain

H. Isevery function of odd degree an odd function? Why or why not?

I.  How can you use the equation of a polynomial function to describe beol
absolute

maximum

A

its end behaviours, number of turning points, and symmetry?

Reflecting

J. Why must all polynomial functions of even degree have an
absolute maximum or absolute minimum ?

K.  Why must all polynomial functions of odd degree have at least

one zero?
. . . y
L. Can the graph of a polynomial function have no zeros? Explain.
M. Examine all the graphs you have investigated and their equations. /
Is it possible to predict the maximum number of zeros that a graph g X
will have if you are given its equation? Explain.
absolute
minimum
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APPLY the Math
EXAMPLE 1 Reasoning about characteristics of a given polynomial function

Describe the end behaviours of each function, the possible number of turning points, and the possible
number of zeros. Use these characteristics to sketch possible graphs of the function.

a) f(x) = —3x"+4x> — 82+ 7x—5 b) g(x) = 2x* + x* +2

Solution

a) f(x) = —3x"+4x’ — 8>+ 7x—5 (if xis a very large negative number, such as — 1000,

The degree is odd, so the function has opposite end —3x> will have a large positive value and will have a
behaviours. The leading coefficient is negative, so the <—— greater effect on the value of the fuhctlon than the
other terms. Therefore, the graph will pass through
graph must extend from the second quadrant to the o
fourth quadrant the second quadrant. For very large positive values of
! ’ x, —3x° will have a large negative value. Therefore,
Asx— — 0, y— +x.

Kthe graph will extend into the fourth quadrant.
Asx— +©,y—> —o,

Using the end behaviours of the function, sketch
,\ possible graphs of a fifth-degree polynomial.

N\ To pass through the second quadrant and
extend into the fourth quadrant, the graph
must have an even number of turning points.

f(x) may have zero, two, or four turning points.

y y

Since the function is a
/\ fifth-degree polynomial,
/'\ X \ b's .
\/\ X \/ P it must have at least
\/ V one zero and no more
\ than five zeros.

f(x) may have one, two, three, four, or five zeros.
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3.2

— .4 2
b) g(x) =2x" +x" +2 /Ifx is a very large negative number, 2x*

The degree is even, so the function has the same will have a large positive value and will
end behaviours. The leading coefficient is positive, have a greater effect on the value of the

so the graph must extend from the second quadrant function than the other terms. Therefore,
< the graph will pass through the second

quadrant. For very large positive values of

Asx — — 0, y—> +%. x, 2x* will have a large positive value.

Asx— +0,y— +oo, Therefore, the graph will extend into the
\first quadrant.

to the first quadrant.

[‘Y ™

~
Using the end behaviours of the function,
sketch possible graphs of a fourth-degree
polynomial.

To start in the second quadrant and end in
the first quadrant, the graph must have an
odd number of turning points.

Since the function is a fourth-degree
polynomial, it may have anywhere from

| zero to four x-intercepts.

f(x) may have one or three turning points and zero, one,
two, three, or four zeros.
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EXAMPLE 2 Reasoning about how given characteristics fit particular functions

What could the graph of a polynomial function that has range { ye R | y = 10} and three turning points look like?

What can you conclude about its equation?

Solution

End behaviours of the function:

Asx— —0,y— —o,

/Since the range has an upper limit,
both ends of the function extend
downward toward — o in the third
and fourth quadrants. For this to

Asx— +0,y— —x,

The function has at least two zeros. <

occur, the leading coefficient in the
Kequation must be negative.

g )
Because the function has a
maximum value that is positive and

The function has an even degree. <

both ends extend downward, the

function must cross the x-axis at
least twice.

N

' .
Since the function has an absolute
maximum, it must have an even

degree. This is confirmed by the
end behaviours, because they are
k1:he same.

It is not possible to be sure about
the degree of the function, but the

The degree of the function is at least 4. <

Here are some possible graphs of the function.

degree must be at least one more
than the number of turning points.

134 3.2 Characteristics of Polynomial Functions
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3.2

In Summary

Key Ideas

¢ Polynomial functions of the same degree have similar characteristics.
¢ The degree and the leading coefficient in the equation of a polynomial function indicate the end behaviours
of the graph.
e The degree of a polynomial function provides information about the shape, turning points, and zeros of the graph.

Need to Know

End Behaviours
¢ An odd-degree polynomial function has opposite end behaviours.

. If the leading coefficient is negative, then the function extends from the second y
guadrant to the fourth quadrant; that is, as x — —o, y — © and as x — o, y — — o,

>

- If the leading coefficient is positive, then the function extends from the third
quadrant to the first quadrant; that is, as x — — o, y — — and as x — o, y — .

>

¢ An even-degree polynomial function has the same end behaviours.
. If the leading coefficient is negative, then the function extends from the third y
guadrant to the fourth quadrant; that is, as x — * o, y — —co.

. If the leading coefficient is positive, then the function extends from the second y
guadrant to the first quadrant; that is, as x — * o, y — .

Turning Points X
e A polynomial function of degree n has at most n — 1 turning points.

Number of Zeros

e A polynomial function of degree n may have up to n distinct zeros.
¢ A polynomial function of odd degree must have at least one zero.
¢ A polynomial function of even degree may have no zeros.

Symmetry

¢ Some polynomial functions are symmetrical in the y-axis. These are even functions,
where f(—x) = f(x).

¢ Some polynomial functions have rotational symmetry about the origin. These
are odd functions, where f(—x) = —f(x).

¢ Most polynomial functions have no symmetrical properties. These are functions that
are neither even nor odd, with no relationship between f(—x) and f(x).

NEL Chapter 3 135



CHECK Your Understanding

1. State the degree, leading coefficient, and end behaviours of each
polynomial function.
a) f(x) = —4x*+3x* — 15x+ 5
b) g(x) = 2x° — 4x° + 10x> — 13x + 8
o plx) =4 — 5x+ 4x* — 3x°
d) h(x) =2x(x —5)(3x + 2)(4x — 3)

2. a) Determine the minimum and maximum number of turning
points for each function in question 1.
b) Determine the minimum and maximum number of zeros that
each function in question 1 may have.

3. For each of the following graphs, decide if
a) the function has an even or odd degree
b) the leading coefficient is positive or negative

. .
i) 4] Y iii) ] Yy v) 4] Yy
2 2 2
AN g r\A % /\
4 29 12 4 —4 -2 2 4 —4 -2 2 4
2 — -2
4 —4 —4
ii) 4] y iv) 4] Y vi) 4_7
2 2 2
X X /
2\4 4 —i\S 2 4 -4 29 2 4
_ 7
4 4

PRACTISING

4. Describe the end behaviour of each polynomial function using the

K degree and the leading coefficient.
a) f(x) =2x*—3x+5
b) f(x) = —3x7 + 2x* + 5x + 1
o flx) =5x° —2x* = 2x + 6
d f(x) = —2x* +5x> — 2x2 + 3x — 1
o f(x) =05x"+2x* =6
f) flx) = —3x° 4+ 2x° — 4x
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5. Use end behaviours, turning points, and zeros to match each
polynomial equation with the most likely graph below. Explain.

a) y=2x>—4x*+3x+2 d) y=x*—x>—4x?+ 5x

b) y= —4x*+ 3x? + 4 e y=—2x"+ 3x* + 6x°
— 10x* + 2x + 5
9 y=x>+3x—5 £) y=3x>+5x> = 3x + 1
A oV C 5o E o
101 104 10+
/\’\ X X X
29 |5 BEEN RN N
0- —T10- =101
20+ —20+ —201
B 20] y D 20] Yy F 20 y
10 10 10
X X /TN X
-4 5 O 2 4 2 4 —4 -;VO 4
_'|O_ .
—20+ —20+

6. Give an example of a polynomial function that has each of the
following end behaviours:
a) Asx— —®,y— —andasx— %, y —> ®©.
b) Asx— F o0, y— 0,
o Asx— £, y— —o,
d Asx— —®,y—> ®andasx— ®, y—> —®,

7. Sketch the graph of a polynomial function that satisfies each set of
conditions.
a) degree 4, positive leading coefficient, 3 zeros, 3 turning points
b) degree 4, negative leading coefficient, 2 zeros, 1 turning point
) degree 4, positive leading coefficient, 1 zero, 3 turning points
d) degree 3, negative leading coefficient, 1 zero, no turning points
e) degree 3, positive leading coefficient, 2 zeros, 2 turning points

f) degree 4, two zeros, three turning points, Range = {yeR |y = 5}

8. Explain why odd-degree polynomial functions can have only local
maximums and minimums, but even-degree polynomial functions
can have absolute maximums and minimums.

9. Rei noticed that the graph of the function f(x) = ax’ — exis
symmetrical with respect to the origin, and that it has some turning

points. Does the graph have an odd or even number of turning points?

NEL Chapter 3 137



10. Sketch an example of a cubic function with a graph that intersects the
x-axis at each number of points below.
a) only one point b) two different points ) three different points

11. Sketch an example of a quartic function with a graph that intersects
the x-axis at each number of points below.
a) no points d) three different points
b) only one point e) four different points
o) two different points

12. The graph of a polynomial function has the following characteristics:
* Its domain and range are the set of all real numbers.
* There are turning points at x = —2, 0, and 3.
a) Draw the graphs of two different polynomial functions that have
these three characteristics.
b) What additional characteristics would ensure that only one graph
could be drawn?

13. The mining town of Brighton was founded in 1900. Its
population, y, in hundreds, is modelled by the equation
y = —0.1x% + 0.5x> + 0.4x% + 10x + 7, where x is the
number of years since 1900.
a) What was the population of the town in 1900?
b) Based on the equation, describe what happened to the population
of Brighton over time. Justify your answer.

14. f is a polynomial function of degree 7, where 7 is a positive even integer.
Decide whether each of the following statements is true or false. If the
statement is false, give an example that illustrates why it is false.

a) fisan even function.

b) fcannot be an odd function.

o) f will have at least one zero.

d) Asx— ©,y—> % andasx— —®, y— ®,

15. If you needed to predict the graph or equation of a polynomial function
and were only allowed to ask three questions about the function, what
questions would you ask to help you the most? Why?

Extending

16. a) Suppose that f(x) = ax® + bx + ¢. What must be true about the
coefficients if f is an even function?
b) Suppose that g(x) = ax® + bx* + cx + 4. What must be true
about the coefficients if ¢ is an odd function?
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3.3

Characteristics of Polynomial

Functions in Factored Form

Determine the equation of a polynomial function that describes
a particular graph or situation, and vice versa.

INVESTIGATE the Math
The graphs of the functions f(x) = x> — 4x — 12 and g(x) = 2x — 12

are shown.

© \What is the relationship between the real roots of a polynomial

NEL

equation and the x-intercepts of the corresponding polynomial
function?

Solve the equations f(x) = 0 and g(x) = 0 using the given
functions. Compare your solutions with the graphs of the functions.
What do you notice?

Create a cubic function from the family of polynomial functions

of the form 4(x) = a(x — p) (x — ) (x — 7).
Graph y = 4 (x) on a graphing calculator. Describe the shape of the

graph near each zero, and compare the shape to the order of each
factor in the equation of the function.
q

Solve #(x) = 0, and compare your solutions with the zeros of the
graph of the corresponding function. What do you notice?

Repeat parts B through D using a quartic function.

Repeat parts C and D using m(x) = (x — 2)*(x + 3). How would
you describe the shape of the graph near the zero with the repeated
factor?

Repeat parts C and D using z(x) = (x — 2)°(x + 3). How would
you describe the shape of the graph near the zero with the repeated
factor?

What relationship exists between the x-intercepts of the graph of a
polynomial function and the roots of the corresponding equation?

YOU WILL NEED

e graphing calculator
or graphing software

gx)=2x-12//x

VF(x)=x2— 4x 12

family of polynomial functions

a set of polynomial functions
whose equations have the same
degree and whose graphs have
common characteristics; for
example, one type of quadratic
family has the same zeros or
X-intercepts

f(x) = k(x—2) (x+3)
4 -
204 k

order

the exponent to which each
factor in an algebraic expression
is raised; for example, in

f(x) = (x — 3)%(x — 1), the
order of (x — 3) is 2 and the
orderof (x — 1) is 1

Chapter3 139
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Reflecting

I.  How does a squared factor in the equation of a polynomial function
affect the shape of the graph near its corresponding zero?

J. How does a cubed factor in a polynomial function affect the shape of
the graph near its corresponding zero?

K.  Why does the relationship you described in part H make sense?

APPLY the Math

EXAMPLE 1 Using reasoning to draw a graph from the
equation of a polynomial function

Sketch a possible graph of the function f(x) = — (x + 2) (x — 1) (x — 3)*.
Solution

Letx = 0.

flx) = —=(0+2)(0—-1)(0—3)* <—[Ca|cu|ate the y-intercept.

=—(2)(=1)(=3)*

=18 (Determine the x-intercepts
by letting f(x) = 0. Use
= — —_ _— 2 e S—
0 (x+2)(x = 1)(x = 3) the factors to solve the
x=—2,x=1orx=3 |_resulting equation for x.

Use values of x that fall between the x-intercepts _ o
Since the function lies

below the x-axis on both
sides of x = 3, the graph

as test values to determine the location of the
function above or below the x-axis.

_% 1} % X | mustjust touch the x-axis
f(=3)=-144 f(-1)=32 f2)=—-4 f(4)=-18 and not cross over at this
point. The order of 2 on
Determine the end behaviours of the function. the factor (x — 3)?
y confirms the parabolic

kshape near x = 3.

(0,18)
(=2,0) \“ 0) (3,0) x

Because the degree is
even and the leading
coefficient is negative, the
graph extends from third
guadrant to the fourth
f(x) = —(x +2)(x = 1)(x — 3)2 quadrant; that is, as

X— X0, y— —oo,

This is a possible graph of f1 (x) estimating the ~
locations of the turning points.

3.3 Characteristics of Polynomial Functions in Factored Form NEL



EXAMPLE 2 Using reasoning to determine the equation
of a function from given information

. . . . 2
Wrrite the equation of a cubic function that has zeros at —2, 3, and 5
The function also has a y-intercept of 6.

Solution

[Use the zeros of the
function to create factors
for the correct family of
f(x) =a(x+ 2)(x — 3)(5x — 2) < polynomials. Since this
function has three zeros
and it is cubic, the order
&of each factor must be 1.

6=a(0 +2)(0 = 3)(5(0) — 2) /Use the y-intercept to
calculate the value of a.

6=a(2)(=3)(-2)
6 =124 < Substitute x = 0 and
y = 6 into the equation,
l \and solve for a.
2
p

Write the equation in
\factored form.

S = S+ 2) (= 3) (55 = 2) =

EXAMPLE 3 Representing the graph of a polynomial
function with its equation

a) Write the equation of the function shown below.

b) State the domain and range of the function.

Y

104~ (2,4)

5]
|

N -
O
N
o

NEL
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Solution

/Write the equation of the correct
family of polynomials using factors
created from the zeros.

Because the function must have
positive values on both sides of the
x-intercepts, the factors are squared.
The parabolic shape of the graph
near the zeros x = —2 and x = 3
confirms the order of 2 on the
\factors (x +2)*and (x — 3)%

a) y=a(x+ 2)2(x - 3)2 -~

-

Substitute the coordinates of the
Letx =2andy = 4. < point marked on the graph into
\the equation.

4=a(2+2)"(2-3)*

_ 20 1)\2
4 ﬂ(4) ( 1) <—|:Solve to determine the value of a.
4 = 16a

a =

1
y= Z(x +2)%(x — 3)° <—|:Write the equation in factored form.

/AII polynomial functions have their
domain over the entire set of real
numbers.

AN | =

b) Domain = {xeR}
Range = {yeR|y = 0}

< The graph has an absolute minimum

value of 0 when x = —2 and x = 3.
All other values of the function are
\greater than this.
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EXAMPLE 4
function with its graph

Sketch the graph of f(x) = x* + 2x°.

Solution

Fx) = x* + 243 B
x3(x 4+ 2) )

-

Representing the equation of a polynomial

o Lo
Write the equation in

factored form by dividing

out the common factor

3
\ofx )

/Determine the zeros,
the order of the factors,
and the shape of the
graph near the zeros.
The graph has a cubic

The zerosare x = 0 and x = —2.

The y-intercept is £(0) = 0% + 2(0)* = 0. ~——

End behaviours:

shape at x = 0, since the
factor x> has an order of
3. The graph has a linear
shape near x = —2 since
the factor (x + 2) has
\.an order of 1.

Determine the y-intercept
_by letting x = 0.

/Determine the end
behaviours. The function
has an even degree, so the
end behaviours are the
same. The leading

€

Asx— £, y— o,

coefficient is positive,
so the graph extends
from the second quadrant
\to the first quadrant.

(Use these characteristics to

4_
2_
X -
-4 - 2 4
_2_
_4ffx)= x4+ 23

NEL

Lsketch a possible graph.
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EXAMPLE 5 Representing a contextual situation with
an equation of a polynomial function

While playing in the surf, a dolphin jumped twice into the air before diving
deep below the surface of the water. The path of the dolphin is shown on the

following graph.

5] Y

e
= 4 8 12 \16
E |
£
.a _4
I

-6

Time (s)

Write the equation of the polynomial function that represents the height of the
dolphin relative to the surface of the water.

Solution
Y /The zeros of the function are
YRR X x = 2,6, 10, and 14. These
a 0/ 4 8 12\16 are the times when the
E —2 dolphin breaks the surface of
.:_’0 —4 the water. Use the zeros to
T 4 create the factors of a family
of polynomial functions.
A Since the shape of the graph

Time (s) near each zero is linear, the
order of each corresponding

f(x) = a(x — 2)(x — 6)(x — 10) (x — 14) \factor must be 1.

rUse the graph to
L .5) = 0.5.
etf(a ) > estimate the

maximum height of
\the dolphin’s leap.

The maximum height of the dolphin’s leap <—————
was about 0.5 m when x was about 3.5 s.

0.5 = 2(3.5 — 2)(3.5 — 6) (3.5 — 10) (3.5 — 14)

. .
0.5 = a(1.5)(—2.5) (—6.5) (— 10.5) olve the equation
0.5 = —255.9375a

value of a.
4= — 0.002 ~

_
Write the equation

f(x) = —0.002(x — 2)(x — 6) (x — 10) (x — 14) <— in factored form.
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In Summary

Key Idea

¢ The zeros of the polynomial function y = f(x) are the same as the roots of the related polynomial equation,
f(x) = 0.

Need to Know

¢ To determine the equation of a polynomial function in factored form, follow
these steps:

. Substitute the zeros (x;, X, . .., X,) into the general equation of the
appropriate family of polynomial functions of the form
y=ax—x)(X—x)... (x —x,).

. Substitute the coordinates of an additional point for x and y, and
solve for a to determine the equation.

e If any of the factors of a polynomial function are linear, then the

corresponding x-intercept is a point where the curve passes through 6

the x-axis. The graph has a linear shape near this x-intercept.

y = 75 0+ 2)x + )(x = 4)(x = 5)
Y,

e If any of the factors of a polynomial function are squared, then the
corresponding x-intercepts are turning points of the curve and
the x-axis is tangent to the curve at these points. The graph has =2 4
a parabolic shape near these x-intercepts.

y
e [f any of the factors of a polynomial function are cubed, then the 6
corresponding x-intercepts are points where the x-axis is tangent 4
to the curve and also passes through the x-axis. The graph has
a cubic shape near these x-intercepts. 21
X
2 4 6

NEL Chapter 3
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CHECK Your Understanding

1. Match each equation with the most suitable graph. Explain your
reasoning.
) flx) =2(x+ 1) (x=3) 9 flx) = ~2(x+ 1)(x—3)
b f(x) =2(x+1)*(x—3)> & flx) =x(x+1)(x—3)(x—5)

A y C
30-
20 4 -2
10
X
4 2 9 2 4
_]O_
B D
y oM
O_
X 01

mun éc\> / ' ;]
=104 X
20- 4 22 2 W 6
—104
-30-
—201
2. Sketch a possible graph of each function.
9D fl) = (- ) (- 1)(x+5) b gx) =x2(x— 6)

3. Each member of a family of quadratic functions has zeros at x = —1
and x = 4.
a) Write the equation of the family, and then state two functions that
belong to the family.

b) Determine the equation of the member of the family that passes
through the point (5, 9). Graph the function.

4. Write the equation of each function.

» 40’ b) 2077
§ 10
/s 4 A
Sy R 379
-20- 10
(1,-12)
—401 20

146 3.3 Characteristics of Polynomial Functions in Factored Form NEL



PRACTISING

5.

10.

NEL

Organize the following functions into families.

A y=2(x—3)(x+5) G yzi(x—B)(x-i-S)

B y=—18(x—3)*(x+5) H y=—5(x+8)(x)(x+6)
C y=—x(x+6)(x+8) I y=(x—3)(x+5)

D y=2(x+5)(x+ 3)? Jy=2(x+5)(x+3)2

E y= (x—3)(x+5) K y=x(x+61(x+8)

F y=x(x+6)(x+8) L y=2(x+5)(x*+ 6x+9)

Sketch the graph of each function.

a) y=x(x—4)(x—1)

b) y=—(x—1)(x+2)(x— 3)
o y=ux(x—3)*

d y=(x+1)°

e y=x(2x+ 1)(x—3)(x—5)
f) y=x*(3x — 2)*

a) Sketch an example of a cubic function with the given zeros.
Then write the equation of the function.
iy —3,0,2 iii) — 1, 4 (order 2)

1
i) —2 (order 3)  iv) 3, 5 (order 2)
b) Are all the characteristics of the graphs unique? Explain.

Sketch an example of a quartic function with the given zeros, and
write the equation of the function. Then write the equations of two
other functions that belong to the same family.

3
a) _5> _3) 2) 4 C) _2, Z, 5 (Ofder 2)
b) —2 (order2), 3 (order 2) d) 6 (order 4)

Sketch the graph of each function.
a)y=3x3—48x c)y=x3—9x2+27x—27
b) y= x4 4 4xd + 4x? d y= —x% = 15x% — 75x% — 125x

Sketch the graph of a polynomial function that satisfies each set

of conditions.

a) degree 4, positive leading coefficient, 3 zeros, 3 turning points
b) degree 4, negative leading coefficient, 2 zeros, 1 turning point
o) degree 4, positive leading coefficient, 2 zeros, 3 turning points
d) degree 3, negative leading coefficient, 1 zero, no turning points

Chapter 3
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Profit or Loss

(in thousands
Year of dollars)
1990 —-216
1991 —88
1992 0
1993 54
1994 80
1995 84
1996 72
1997 50
1998 24
1999 0
2000 -16
2001 -18
2002 0
2003 44
2004 120

148

11. A company’s profits and losses during a 15-year period are shown

B in the table.

a)

b)

©

Sketch a graph of the data, using years since 1990 as the values

of the independent variable.

If x represents the number of years since 1990 (with 1990 being
year 0), write the polynomial equation that models the data.

Is this trend likely to continue? What restrictions should be placed
on the domain of the function so that it is realistic?

12. Determine the equation of the polynomial function from each graph.

a)

13. a)

b)

y b) y

Determine the quadratic function that has zeros at —3 and —5,
if £(7) = —720.
Determine the cubic function that has zeros at —2, 3, and 4,

if £(5) = 28.

14. The function f(x) = kx® — 8x> — x + 3k + 1 has a zero when
B x = 2. Determine the value of 4. Graph f(x), and determine all the

zeros. Then rewrite f(x) in factored form.

15. Describe what you know about the graphs of each family of

polynomials, in as much detail as possible.

a) y=a(x—2)"(x—4)" b y=alx+4)(x—3)*

Extending

16. Square corners cut from a 30 cm by 20 cm piece of cardboard create a

box when the 4 remaining tabs are folded upwards. The volume of the

box is V(x) = x(30 — 2x) (20 — 2x), where x represents the height.

a)
b)
©

d)

Calculate the volume of a box with a height of 2 cm.
Calculate the dimensions of a box with a volume of 1000 cm”.
Solve V(x) > 0, and discuss the meaning of your solution

in the context of the question.

State the restrictions in the context of the question.

3.3 Characteristics of Polynomial Functions in Factored Form NEL



3 4 Transformations of Cubic
and Quartic Functions

YOU WILL NEED

e graphing calculator or
graphing software

Describe and perform transformations on cubic and quartic functions.

INVESTIGATE the Math ¥

The graphs of the parent cubic function y = x° and a second function,
which is a transformation of the parent function, are shown.

© How do the graphs of y = a(k(x — d))? + c and
y = a(k(x — d))* + crelate to the graphs of y = x> and y = x*?

A. Use dynamic geometry software to create a Cartesian grid with an

x-axis and y-axis. y =025 (x+ 2P +1

@ He b3t Leplsy Corstruct dransam Messure Graph wedow  Help

%,

Tech | Support

For information about how to
use The Geometer's Sketchpad
B. Plot f( x) = 43 E e B3 Gy Cordud Trnsam Poasas Gon s wob to plot f.unctions, see Technical
Appendix, T-19.

- T(X) =3
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C. Define four new parameters: 2 = 1, k4 = 1,4 = 1,and ¢ = 0.

D. Createand plot Bt s v o resnes [RR ey ok
e(x)=a(b(x—d))>+ec. N f=rx w;:d'ﬁ[ _
Describe how the new & a=1.00 e
graph, g(x), is related to 7 k=1.00 o
the graph of the parent A df 1.00

. W, ¢=0.00
function, f(x). e v

E. Make a conjecture about , , , , i
how changing the ‘ zonoe Taie Do,
parameter « in the 2
function g(x) will affect .
the graph of the parent 4

function, f(x). T

F. Change the Value Ofﬂ at QHS B3t Leplzy Corchruct  Iranzamn Measre  Graps  window -eb

least four times using .| fx) = x3
integers and rational | a=1.00 i
numbers. Record the || k=1.00 -~
effect of each change on d=1.00

¢=0.00

the graph. Make sure that 300 = AKEd e
you use both positive and -

negative values.

G. Repeat parts E and F for |
each of the other -
parameters (4, d, and ¢). | | N -

H. Repeat parts A to G for
the quartic function f(x) = x*.

Reflecting

I.  Describe the transformations that must be applied to the graph of the
function f(x) = x° to create the graph of y = a(k(x — 4))° + <.

J.  Describe the transformations that must be applied to the graph of the
function f(x) = x* to create the graph of y = a(k(x — d))* + «.

K. Do you think your descriptions in parts I and ] can be applied to
transformations of the function f(x) = x” for all possible values
of n? Explain.
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APPLY the Math

EXAMPLE 1 Using reasoning to determine transformations

34

3
Describe the transformations that must be applied to y = x° to graph y = — 8<;x + 1) — 3, and then graph

this function.

Solution A: Using the equation as given

1 3
y=—8<2x+1> -3

Factor the coefficient of x so
that the function is in the

. o)

)= —8(;(x " z))3 — 3

yzxais

* vertically stretched by a factor of 8 and reflected in the x-axis

* horizontally stretched by a factor of 2
e translated 2 units left <

-

ormy =a(k(x — d))* + c

Il
|
0o

e translated 3 units down

(A o » o
[[]
[
w N

Begin with the parent
function to be transformed

. )

5 Y
=x
y 811y = x
X y 4]
-2 | -8 "
-1 7 -8 —4 i 5
0 0 —4-
1 |
2 8
(% y) = (2%, —8y)
y=x = —g(1x)’ X
y (zx) o
(=2, —8) | (2(—2),—8(—8)) = (—4,64) X yE=x
(=1, =1) | 2(=1),—8(=1)) = (-2,8)
_ - -4 -2 2 4
(0,0) (2(0), —8(0)) = (0, 0) 5 y=—8(lx)3
(1. 1) (2(1), —8(1)) = (2, -8) ] 2
(2,8) (2(2), —8(8)) = (4, —64)

NEL

Qnd its key points.

4 Perform the stretches,
reflections, and
compressions first.
Multiply the x-coordinates
of the key points by 2.

Multiply the y-coordinates
\_of the key points by —8.

&

Chapter 3 151



(2x, —8y) > (2x — 2,—8y — 3)

I R

(-4,64) | (=4 — 2,64 —3) = (=6,61) 4
(-2,8) (-2-2,8-3) = (—45) 2
(0,0) (0-2,0-3)=(-2,-3) I\
(2, -8) (2-2,-8-3)=(0,—-11) 21
(4, —64) | (4-2,—64—3)= (2 —67) -

Solution B: Simplifying the equation first

1 3
y=—8<2x+1) -3

Perform the
translations last.
Subtract 2 from the
x-coordinate and
3 from the
y-coordinate of each
point on the red
graph to obtain the
corresponding point
\on the blue graph.

Factor out the
coefficient of x, and
apply the exponent

)= —8(;(36 " z))3 3

13
y=—8<2> (x+2)° =3
y=—(x+2)° -3
y=-(kx+2)°-3
y=x7is

* vertically reflected in the x-axis

to both parts of the
product.

Simplify.

¢ translated 2 units to the left
e translated 3 units down

R
A Qo
Il
|
Nd

Il
I
w

Begin with the graph

_y—x
X y Y
_2 _8 8_ y=x3
—1 | —1 4-
0 0 X
1 1 -8 —4 4 8
2 8 T

152 3.4 Transformations of Cubic and Quartic Functions

of the parent function
to be transformed.
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(%) = (% —y)

34

y=x y=-x
(=2,-8) | (=2,=(=8) =(-2,8)
(=1L=1 | =1L, =(=1)=(1LM
(0,0) (0, =(0)) = (0,0)
(1, (1L,=Q)=@0,-1
(2,8) (2,-(8) = (2, -8)

(% =) 5 (x—2,—y+3)

y = —x3 y=—-(x+2)}-3
(-2,8) (—2-2,8-3) = (—4,5)
(-1,1) (-1-2,1-3)=(-3,-2)

(0, 0) (0 —2,0-3)=(-2,-3)

(1, =1 (1=2,-1=-3)=(-1,-4)

(2,-8) | (2-2,-8-3)=(0,—11)

y
41 y=x3 Apply the reflection in the
24 x-axis first. Multiply the
X y-coordinate of each key
4 - 2 4 point on the green graph
2- to obtain the corresponding
4 y=—-x point on the red graph.
y=—(x+2p-3
y
1 Jy=x3 prpIy the translations last.
. Subtract 2 from the
X x-coordinate and 3 from the
-
—4\ -2 2 4 y-coordinate of each point
2- on the red graph to obtain
1 ly=-x3 the corresponding point on
\the blue graph.

Note that the final graph, shown in blue, is the same from the two different solutions shown above. Two different sets
of transformations have resulted in the same final graph.

EXAMPLE 2

Selecting a strategy to determine

the roots of a quartic function

Determine the x-intercept(s) of the function y = 3(x + 6)* — 48.

Solution A: Using algebra

y=3(x+6)* — 48 <
0=3(x+6)"—48

ELety = 0, and solve for x.

C .
Use inverse operations to
isolate (x + 6)% Add 48 to

48 = 3(x + 6)* <

both sides, and then divide
\both sides by 3.

fTake the fourth root of

both sides.

=
Any even root of a number

has both a positive value

and a negative value.
N

478_3(964‘6)4
3 3
16 = (x + 6)*
V16 = V(x + 6)* <
T2 =x+06 <
2=x+6and —2=x+6
2—6=x —2—-6=x
—4 = x -8 =x <

NEL

The x-intercepts are —4 and
-8.

N~

%
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Solution B: Using transformations and a graphing calculator

Flokl Flokz Flokz
MBI CE+62 448
He=
wMr=

~My=
wNe=
wMNME=

(Enter the equation into a

Ne=

Lgraphing calculator.

To graph y = 3(x + 6)* — 48, y = x* must be

sincea = 3

e translated 6 units to the left and
48 units down, since d = —6
and ¢ = —48

(x,9) > (x — 6,3y — 48)
(0,0) - (0 — 6,3(0) — 48)
= (—6, —48)

vertically stretched by a factor of 3

p
Use transformations to help

determine suitable window
settings.

-

-~

/Determine the new location
of the turning point, (0, 0),
of the parent function.

Since 2 > 0, the graph opens up.

Subtract 6 from the

x-coordinate. Multiply the

y-coordinate by 3, and
Ksubtract 48.

/Adjust the window settings
so that Xmin is to the left of

Tech | Support

x = —6 and Ymin is below
= —48.

Graph the

For help using the zero
operation on a graphing
calculator to determine the
zeros of a function, see
Technical Appendix, T-8.

The x-intercepts are — 8 and —4.

154 3.4 Transformations of Cubic and Quartic Functions

determine the
locations of the
Zeros.

function. Use the
zero operation to
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In Summary

Key Ideas

e The polynomial function y = a(k(x — d))" + ¢ can be graphed by applying
transformations to the graph of the parent function y = x”, where ne N. Each

point (x, y) on the graph of the parent function changes to (

e When using transformations to graph a function in the fewest steps, you can
apply a and k together, and then ¢ and d together.

X

k+d,ay+c).

Need to Know
e Iny=a(k(x—d)" +c

a vertical reflection
a horizontal reflection

« the value of c represents a vertical translation

« the value of d represents a horizontal translation

- the value of a represents a vertical stretch/compression and possibly

« the value of k represents a horizontal stretch/compression and possibly

CHECK Your Understanding

1. Match each function with the most likely graph. Explain your reasoning.

) y=2(x—3)°+1
1
b) y=—g(x+1)3—l

9 y=02(x—4)*—3
d y=—-15@x+3)"+4

A B
Y 6_)’
6_
4
4
2
21 X
X T T T T
. . -4 -2 9 4
-2 0 4 -2
-2
—4
—4
—6
C o D 61
4+ 4+
2+ 2+
X X
DR R T3 5 s
-2 2+
—4 4 4
—6 6+

NEL
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2. State the parent function that must be transformed to create the graph
of each of the following functions. Then describe the transformations
that must be applied to the parent function.

a) y22x4+3 d y=—(x+8)*

b) y=3x—4 e y= —48(x—3)(x— 3)
1 3

o y=(Bx+4)>° -7 f) y=2(5x+7) — 4

3. Describe the transformations that were applied to the parent function
to create each of the following graphs. Then write the equation of the
transformed function.

a) parent function: y = x° o parent function: y = x*
y y
(_1:4) T 4
2_ — -
) (-1,2) 6.2,
7 T Y
-2
(1.-2)
—4
b) parent function: y = x* d) parent function: y = x°
(=4, 5) 1Y y
4] 4-
(—3r 3)
(453)| 2]
X
RTECREa
-2
—4 4

PRACTISING

4. Describe the transformations that were applied to y = x” to create
B cach of the following functions.

a) y=12(x—9)° -7 d y=(x+9)(x+9)(x+9)
b) y=(g(x+l)> + 3 e y=—2(—3(x—4)° -5

0 y=—-2(x—6)"—38 £ y= (Z(x — 10))3
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5. For each graph, determine the equation of the function in the form
9 = a(x — h)* + k. Then describe the transformations that were
applied to y = x* to obtain each graph.

b)

6. The function y = x° has undergone the following sets of
transformations. If y = x” passes through the points
(—1,—1), (0,0), and (2, 8), list the coordinates of these

transformed points on each new curve.

a) vertically compressed by a factor of 3 horizontally compressed by
a factor of %, and horizontally translated 6 units to the left

b) reflected in the y-axis, horizontally stretched by a factor of 2, and
vertically translated 3 units up

o) reflected in the x-axis, vertically stretched by a factor of 3,
horizontally translated 4 units to the right, and vertically

translated% of a unit down

1
10
a factor of 7, and vertically translated 2 units down

d) vertically compressed by a factor of +, horizontally stretched by

e) reflected in the y-axis, reflected in the x-axis, and vertically
9 .
translated 10 of a unit up

f) horizontally stretched by a factor of 7, horizontally translated
4 units to the left, and vertically translated 2 units down

The graph shown is a result of transformations applied to y = x*. 51

B~

Determine the equation of this transformed function. (1.3) X

Dikembe has reflected the function g(x) = x° in the x-axis, vertically

B

. 2 . . .
compressed it by a factor of %, horizontally translated it 13 units to
the right, and vertically translated it 13 units down. Three points on

the resulting curve are (1 1, —?), (13, —13), and (15’ _?>
Determine the original coordinates of these three points on g(x).

(5,-61)
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10.

11.

@5

Determine the x-intercepts of each of the following polynomial
functions. Round to two decimal places, if necessary.

a) y=2(x+3)*"-2 d y=-5(x+06)—-10
b y=(x—2)"—38 9 y=4(x—8)"—12

9 y=-3x+1)"+4 fH y=—(2x+5)"—20

Consider the functiony = 2(x — 4)” + 1, neN.

a) How many zeros will the function have if » = 3? Explain how
you know.

b) How many zeros will the function have if » = 4? Explain how
you know.

c) Make a general statement about the number of zeros that the
function will have, for any value of 7. Explain your reasoning.

a) For what values of 7 will the reflection of the function y = x” in
the x-axis be the same as its reflection in the y-axis. Explain your
reasoning.

b) For what values of 7 will the reflections be different? Explain your
reasoning.

Consider the function y = x°.

a) Use algebraic and graphical examples to describe all the
transformations that could be applied to this function.

b) Explain why just creating a single table of values is not always
the best way to sketch the graph of a function.

Extending

13.

14.

15.

Can you create the graph of the function
y=2(x—1)(x + 4)(x — 5) by transforming the function
y= (x—4)(x+ 1)(x — 8)? Explain.

Transform the graph of the function y = (x — 1)*(x + 1)*to
determine the roots of the function y = 2(x — 1)*(x + 1)* + 1.

The function f(x) = x* was transformed by vertically stretching it,
horizontally compressing it, horizontally translating it, and vertically
translating it. The resulting function was then transformed again by
reflecting it in the x-axis, vertically compressing it by a factor of 5
horizontally compressing it by a factor of -, and vertically
translating it 6 units down. The equation of the final function is

f(x) = —4(4(x + 3))* — 5. What was the equation of the function

after it was transformed the first time?

3.4 Transformations of Cubic and Quartic Functions NEL



Mid-Chapter Review

FREQUENTLY ASKED Questions

Q:
A:

NEL

How can you tell whether an expression is a polynomial?

A polynomial is an expression in which the coefficients are real
numbers and the exponents on the variables are whole numbers.

For example, consider the following expressions:

3x2—5x3+%x, \/;c+4x2—3, 23;+_35’ V5%2 + 8x — 10

Only two of these expressions, 3x2 — 5x% + %x and
V/5x2 + 8x — 10, are polynomials.

How can you describe the characteristics of the graph
of a polynomial function by looking at its equation?

The degree of the function and the sign of the leading coefficient can
be used to determine the end behaviours of the graph.

e If the degree of the function is odd and the leading coefficient is
* negative, then the function extends from above the x-axis to
below the x-axis
* positive, then the function extends from below the x-axis to
above the x-axis

o If the degree of the function is even and the leading coefficient is
* negative, then both ends of the function are below the x-axis
+ positive, then both ends of the function are above the x-axis

e For any polynomial function, the maximum number of turning
points is one less than the degree of the function.

e If the degree of the function is
« odd, then there must be an even number of turning points
« even, then there must be an odd number of turning points

How can you sketch the graph of a polynomial function
that is in factored form?

The factors of the function can be used to determine the real roots of
the corresponding polynomial equation. These roots are the x-intercepts
of the graph. Use other characteristics of the function, such as end
behaviours, turning points, and the order of each factor, to approximate

the shape of the graph.

Study | Aid

e See Lesson 3.1.
e Try Mid-Chapter Review
Questions 1 and 2.

Study | Aid

e See Lesson 3.2, Example 1.
e Try Mid-Chapter Review
Questions 3 and 4.

Study | Aid

e See Lesson 3.3, Example 2.
e Try Mid-Chapter Review
Questions 5, 6, and 7.
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Study | Aid

e See Lesson 3.4, Examples

1and 2.

e Try Mid-Chapter Review
Questions 8 and 9.

160 Mid-Chapter Review

For example, to sketch the graph of y = —2(x + 3) (x + 1) (x — 4),
first determine the x-intercepts. They are —3, — 1, and 4. Because the
order of each factor is 1, the graph has a linear shape near each zero.
Because the leading coefficient is —2 and the degree is 3, the graph
extends from the second quadrant to the fourth quadrant. There are, at
most, two turning points.

y==2x+3)(x +1)(x — 4)
60

45+
304

154

How can you sketch the graph of a polynomial function
using transformations?

If the equation is in the form y = a(k(x — 4))” + ¢, then transform
the graph of y = x” as follows:

0 <|a| <1— Vertical compression by a factor of a

a < 0 —> Reflection in the x-axis

a| >1— Vertical stretch by a factor of a
Yy
[ ¢ <0 — Vertical translation down c units

¢ > 0 — Vertical translation up c units ]

y=alk(x —d))*+c

0 < |k] < 1— Horizontal stretch by a factor of %

|k| > 1— Horizontal compression by a factor of % d > 0 — Horizontal translation right d units
d < 0 — Horizontal translation left d units

k < 0 — Reflection in the y-axis

For example, to sketch the graph of y = —2(x — 3)* + 5, vertically
stretch the graph of y = x* by a factor of 2, reflect it through the
x-axis, and then translate it 3 units to the right and 5 units up. As a
result of these transformations, every point (x, y) on the graph of

y = x* changes to (x + 3, =2y + 5).

10+ U

b B
-5
_'IO_
y=-2(x—3)4+5

NEL



PRACTICE Questions

Lesson 3.1

1. Determine whether or not each function is a

polynomial function. If it is not a polynomial
function, explain why.

a) f(x) =§x4+x2— 1

b) f(x) =x —7x+3
o f(x) = V10x® — 1652 + 15

X2+ 4x + 2
PSS

For each of the following, give an example of a
polynomial function that has the characteristics
described.

a) a function of degree 3 that has four terms
b) a function of degree 4 that has three terms
o) afunction of degree 6 that has two terms
d) afunction of degree 5 that has five terms

Lesson 3.2

3. State the end behaviours of each of the

following functions.

a) f(x) = —11x° + x* — 2

b f(x) = 70x* — 67

o f(x) = x* — 1000

d f(x) = —13x" —4x®> — 2% + x + 5

4. State whether each function has an even
number of turning points or an odd number
of turning points.

a) f(x) = 6x° + 2x

b) f(x) = —20x° — 5% + x* — 17

9 f(x) =22x" —4x> + 3x% — 2x + 2

d f(x)=—x"+x" =P+ —x+1
Lesson 3.3

5. Sketch a possible graph of each of the

NEL

following functions.

a) f(x) = —(x—8)(xt1)

b) f(x) =3(x+3)(x+3)(x—1)

o flx) =(x+2)(x—4)(x+2)(x—4)
d) f(x) = —4(2x+5)(x —2)(x + 4)

Mid-Chapter Review

6. If the value of % is unknown, which of the

following characteristics of the graph of

f(x) = k(x + 14) (x — 13)(x + 15)(x — 16)
cannot be determined: the x-intercepts, the
shape of the graph near each zero, the end
behaviours, or the maximum number of
turning points?

. Determine the equation of the polynomial

function that has the following zeros and passes
through the point (7, 5000): x = 2 (order 1),
x = —3 (order 2),and x = 5 (order 1).

Lesson 3.4

8. Describe the transformations that were applied

oy = x4 to get each of the following functions.

a) y=—25(3(x + 4))* — 60

3 \4
— g8 2x) +
b) y 8<4> 43

9 y=(—13x+26)*+13

8
d y= ﬁ(—x)4 -1

. Describe the transformations that were applied

to y = x” to produce the following graph.

y
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Dividing Polynomials

Use a variety of strategies to determine the quotient when one
polynomial is divided by another polynomial.

LEARN ABOUT the Math

Recall that long division can be used to determine the quotient of two
numbers. For example, 107 + 4 can be evaluated as follows:

26 <« quotient

divisor — 4)101 <« dividend
8

27
2%

3 <« remainder

Every division statement that involves numbers can be rewritten using
multiplication and addition. The multiplication is the quotient, and the
addition is the remainder. For example, since 107 = (4) (26) + 3, then

107

il 26 + % The quotient is 26, and the remainder is 3.

© How can you use a similar strategy to determine the quotient of
y aqy
(3x3=5x2=7x—=1) + (x — 3)?

EXAMPLE 1 Selecting a strategy to divide a polynomial by a binomial

Determine the quotient of (3x®> — 5x* — 7x — 1) + (x — 3).

Solution A: Using polynomial division

x— 3)3x7 — 5x% — 7x — 1 <

3x?2

=
Focus on the first terms of the dividend and the divisor, and

then determine the quotient when these terms are divided.
Here, the first term of the dividend is 3x> and the first term
\\of the divisor is x.

~
Since 3x® =~ x = 3x?, this becomes the first term of the

x— 3)3x% — 5x> — 7x — 1

-
<

quotient. Place 3x? above the term of the dividend with the
| _same degree.

&l
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/Multiply 3x? by the divisor, and write
the answer below the dividend. Make

sure that you line up “like terms.”
3x*(x — 3) = 3x* — 9x%. Subtract this
Kproduct from the dividend.

/Now focus on x in the divisor x — 3
and 4x% in the expression 4x* — 7x.
Determine the quotient when these
terms are divided. Since 4x* + x = 4x,
place 4x above the x in the dividend.

3x?
x—3) 3x0 —5x>—Tx— 1
3x° — 9x? h
4x*
3x? +  4x
x—3) 3x° — 5 — 7x—1
—3x% + 9x? \J
4x* — Tx ~<
4x% — 12x

S5x

3x2 4+ 4x+ 5
x—3) 3 —5x*— 7x— 1

3x%(x — 3) > 3x® — 9x7 Il <

4x? — Tx

4x(x — 3) > 4x? — 12x
S5Sx — 1
5(x — 3) — 5% — 15

14

33— 5x%2 — 7x — 1

Multiply 4x by the divisor. Write the
answer below the last line (making
sure that you line up like terms), and
Kthen subtract.

—
Repeat this process until the degree of

the remainder is less than the degree
\of the divisor.

—

Since the divisor has degree 1, the

A

remainder should be a constant.
N—

—
Write the multiplication statement that

A

=(x—3)(3x*+ 4x + 5) + 14

(x—3)(3x*+ 4x + 5) + 14

shows how the divisor, dividend,
\quotient, and remainder are all related.

To check, expand and simplify the right

= 3x% + 4x? + 5x — 9x? <
— 12x — 15 + 14

=3x3—5x2—T7x— 1 <

side of the division statement.

/The result is the dividend, which

NEL

confirms the division was done
correctly.
LS y
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Solution B: Using synthetic division

(Bx?=5x*=7x— 1)+ (x—3)—> k=3 /Synthetic division is an efficient way
to divide a polynomial by a binomial
313 =5 =7 -1 of the form (x — k).

Create a chart that contains the

coefficients of the dividend, as shown.

The dividend and binomial must be

written with its terms in descending
order, by degree.

\ y deg

. . .
33 =5 —7 —1 Bring the first term down. This is now
1 the coefficient of the first term of the
quotient.
X3 9 -
3 ’e Multiply it by k, and write the answer
below the second term of the
Kdividend.
313 =5 =7 -1
add\L
9 < [Now add the terms together.
3 4

add| > rRepeat this process for the answer
9&’12 Lyou just obtained.
3 4 5
313 =5 =7 -1
dd) ~< [Repeat this process one last time.
9 12y1 5

3 4 5 14

313 =5 =7 -1 The last number below the chart is
the remainder. The first numbers are
the coefficients of the quotient,

A

9 12 15 . . .
starting with the degree that is one
N 3 4 5, 1T4 tess than the original dividend.
coefficients of remainder
quotient
3xr + 4x + 5

3 — 5xr — 7x — 1

5 rWrite the corresponding
= (x—3)(3x" +4x +5) + 14 =

Lmultiplication statement.
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Reflecting

A. When dividing an nth degree polynomial by a kth degree polynomial,
what degree is the quotient? What degree is the remainder?

B. Ifyou divide a number by another number and the remainder is zero,
what can you conclude? Do you think you can make the same
conclusion for polynomials? Explain.

C. Ifyou had a divisor of x + 5, what value of # would you use in
synthetic division?

APPLY the Math

EXAMPLE 2 Selecting a strategy to determine the
remainder in polynomial division

Sx — 2x° 4+ 3 + x*
1+ 2x + x?

Determine the remainder of

Solution

(Write the terms of the
dividend and the
quotient in descending

22 4 2% + 1)x* — 2x° + 0x? + 5x + 3 < order, by degree.

Since there is no x2-term
in the dividend, use 0 as
the coefficient of x? to

make the like terms line

\up properly.

2
X

5 T S 5 (Follow the same steps
x“+2x+ 1) x*— 2x° + O0x? + 5x + 347 that you use for long
YR W RS P TN

kdivision with numbers.
—4x3 — 1x2 + 5x

(Repeat this process until

2 _
XAt 7 the degree of the
X2+ 20+ 1) xf— 23+ 0x2+ 50+ 3 remainder is less than
xA(x2+ 2+ 1) > xf+ 2x3 + 1x2 the degree of the divisor.
Chad — 142
4x? = 1x2 + 5x | Since the divisor was
—dx(x?+ 2x+ 1) >  —4x3— 8x?— 4x degree 2, the remainder
7x2+ 9x + 3 should be degree 1.
7(x*+ 2 + 1) —> 7x?+l4x 47 The remainder is

—5x — 4 | —5x— 4

xt =2 +5x+ 3 , .
= (P4 2+ 1) (P —dxt+7) —5x—4 Write the corresponding

division statement.

NEL Chapter 3
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EXAMPLE 3 Selecting a strategy to determine whether one polynomial is a factor
of another polynomial

Determine whether x + 2 is a factor of 13x — 2x°> + x* — 6.

Solution

Use synthetic division to divide

(Rearrange the terms of the dividend in

13x — 2> + x* — 6byx + 2.

(x* = 2x> 4+ 0x? + 13x — 6) + (x + 2)
-2/ 1 =2 0 13 -6

descending order. An x?-term, with a
coefficient of 0, needs to be added to the
dividend.

ﬂn this example, k = —2. Multiply and add to

l -2 8 —-16 6°
1 -4 8 -3 0

x + 2 is a factor, and
soisx® — 4x% + 8x — 3.

Lcomplete the chart.

The quotient is x> — 4x?> + 8x — 3, and the
remainder is 0. Since the remainderis 0, x + 2

(x+2)(x3—4x2+8x—3)‘

Lmust be a factor of the dividend.

=x* =22+ 0x*+ 13x— 6

EXAMPLE 4 Selecting a strategy to determine the factors of a polynomial

2x + 3 is one factor of the function f(x) = 6x® + 5x* — 16x — 15. Determine the other factors. Then determine
the zeros, and sketch a graph of the polynomial.

Solution

3
(2x +3) = Z(x + 2)
(To use synthetic division, the divisor must be of the

3 3 form (x — k). Rewrite the divisor by dividing out the
=2lx—| —— —>k=—5< L

common factor 2 (the coefficient of x).

The division can now be done in two steps.
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l -9 6 15 <

3.5

3
-~ |6 -16 —1
2‘ 5 5

6 —4 —10 0

6x> + 5x% — 16x — 15
X

1
L ()
x + —
2

-
First, divide 6x> + 5x*> — 16x — 15 by (x + %)
This means that

6 + 5¢ — 16x — 15
X X 2 e —4x— 10+

() (3

Second, since the original divisor was (2x + 3) or

SN——

-

Z(X + %) multiply both sides by % to get the correct

multiplication statement.

Notice what this means—we only needed to divide
our solution by 2 in the synthetic division.

1 0
=~ x| 6x? — 4x — 10 + —
2 (x+2> 2‘6 5 —16 —15
l -9 6 15
6x3+5x2—16x—15_6i2_g_g+ 0 6 -4 -10 0
- +2 +2 =2 +2

)

6x3 4+ 5x% — 16x — 15
(2x + 3)

=32 —2x—5+0

F(x) = 6x° 4+ 5x* — 16x — 15
= (2x+3)(3x* — 2x — 5) <

3 -2 -5 0
There is no remainder, which verifies that 2x + 3is a

Q‘actor of the dividend.

E:actor the quotient.

= (2x+3)(Bx —5)(x+ 1)

(Determine the zeros by setting each factor equal to

Since f(x) = (2x + 3)(3x — 5)(x + 1), .

the zeros are —%, %, and —1.
An approximate graph of y = f(x) is shown below.

fx) = (2x + 3)(3x = 5)(x + 1)

4 <

kzero and solving for x.

Use the zeros to locate and plot the x-intercepts.
Determine the y-intercept, and plot this point.
Examine the standard and factored forms of the

NEL

equation to determine the end behaviours of the
function and the shape of the graph near the
zeros. Sketch the graph.
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In Summary

Key Idea

e Polynomials can be divided in much the same way that numbers are divided.

Need to Know

e A polynomial can be divided by a polynomial of the same degree or less.
e Synthetic division is a shorter form of polynomial division. It can only be used
when the divisor is linear (that is, (x — k) or (ax — k)).
e When using polynomial or synthetic division,
. terms should be arranged in descending order of degree, in both the divisor
and the dividend, to make the division easier to perform
. zero must be used as the coefficient of any missing powers of the variable
in both the divisor and the dividend
e If the remainder of polynomial or synthetic division is zero, both the divisor and
the quotient are factors of the dividend.

CHECK Your Understanding

1. a) Divide x* — 16x® + 4x? + 10x — 11 by each of the following
binomials.
) x— 2 i) x+ 4 ii) x — 1
b) Are any of the binomials in part a) factors of
x* = 16x7 + 4x? + 10x — 112 Explain.

2. State the degree of the quotient for each of the following division
statements, if possible.
a) (x% — 15x7 + 2% + 12x — 10) + (x% — 4)
b) (5x° — 4x*> + 3x — 4) + (x + 3)
9 (x* =7+ 27+ 9x) + (x> — %2+ 2x+ 1)
d) (2x% + 5x — 4) = (x% + 3x7 — 5x% + 4x — 2)

3. Complete the divisions in question 2, if possible.

4. Complete the following table.

Dividend Divisor Quotient Remainder
2 —5¢ + 8+ 4 x+3 2 — 11x + 41

2x+4 | 3x* —5x+ 8 -3
6x* +2¢F + 3¢ — 11x — 9 2% +x—4 -5
333 +xP—6x+ 16 X+ 2 8
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Calculate each of the following using long division.

a) (x> —2x+1)+ (x—4)

b) (x> +2x*—6x+1)+ (x+2)

o (2x° +5x* —4dx—5) + (2x + 1)

d (x*+3x3 =22+ 5x— 1)+ (x> + 7)

9 (x*+6x?2—8x+12)+ (¥ —x>—x+1)

) (4 +9x+8)+ (x'+xP+xr+x—2)

Calculate each of the following using synthetic division.
a) (¥ —7x—6)+ (x—3)

b) (2x> —7x*—7x+19) = (x— 1)

o (6x* + 13x° — 34x? — 47x + 28) + (x + 3)
d) (2x° + x* — 22x + 20) = (2x — 3)

e (12x* — 56x° + 59x2 + 9x — 18) + (2x + 1)
f) (6x>—2x—15x* +5) = (2x — 5)

Each divisor was divided into another polynomial, resulting in the

given quotient and remainder. Find the other polynomial (the

dividend).

a) divisor: x + 10, quotient: x? — 6x + 9, remainder: — 1

b) divisor: 3x — 2, quotient: x> + x — 12, remainder: 15

o) divisor: 5x + 2, quotient: x> + 4x? — 5x + 6, remainder: x — 2

d) divisor: x% + 7x — 2, quotient: x* + x> — 11x + 4, remainder:
x2—x+5

Determine the remainder, 7, to make each multiplication statement
true.

) (2x—3)(B3x+5)+r=06x>+x+5

b) (x+3)(x+5)+r=x*+9x—7

0 (x+3)(x*—1)+r=x+3x*—x—-3

d P+ -1 +r=2+2"+x*+1

Each dividend was divided by another polynomial, resulting in the

given quotient and remainder. Find the other polynomial (the

divisor).

a) dividend: 5x° + x? + 3, quotient: 5x2 — l4x + 42,
remainder: — 123

b) dividend: 10x% — x2 + 20x — 2,
quotient: 10x> — 100x2 + 999x — 9970, remainder: 99 698

o dividend: x* + x3 — 10x% — 1, quotient:x3 — 3x2 + 2x — 8,
remainder: 31

d) dividend: x> + x> + 7x — 7, quotient: x? + 3x + 13,
remainder: 19

Chapter 3
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10.

Determine whether each binomial is a factor of the given polynomial.
a) x+ 5, x>+ 6x2—x— 30

b) x+2,x" —5x" + 4

0 x—2,xt—5x2+6

d 2x— 1,2x" — x> — 4x? + 2x + 1

e 3x+53x°+ 5%+ 9x2 + 17x — 1

f) S5x— 1,5 — x> + 10x — 10

11. The volume of a rectangular box is (x® + 6x* 4+ 11x + 6) cm’ . The
B boxis (x + 3) cm long and (x + 2) cm wide. How high is the box?
12. a) 8x’ + 10x*> — px — 5 is divisible by 2x + 1. There is no remainder.
Find the value of p.
b) When x® + x* — 2x? + kis divided by 1 + x?, the remainder is 5.
Find the value of 4.
13. The polynomial x° + px* — x — 2, pe R, hasx — 1 as a factor.
What is the value of p?
14. Let f(x) = x” — 1, where 7 is an integer and 7 = 1. Is f(x) always
divisible by x — 1? Justify your decision.
15. If the divisor of a polynomial, f(x), is x — 4, then the quotient is
x* 4+ x — 6 and the remainder is 7.
a) Write the division statement.
b) Rewrite the division statement by factoring the quotient.
o) Graph f(x) using your results in part b).
16. Use an example to show how synthetic division is essentially the same
(C PR regular polynomial division.
Extending
17. The volume of a cylindrical can is (47x° + 287x* + 657x + 507r) cm’.
The can is (x + 2) cm high. What is the radius?
18. Divide.
) (P Haly -t =y ()
b) (x* — 2x% + 2x%? — 20 + %) = (x2 + y?)
19. Isx — ya factor of x> — y? Justify your answer.
20. Iff(x) = (x + 5)g(x) + (x + 3), what is the first multiple

3.5 Dividing Polynomials

of (x + 5) that is greater than f{(x)?
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3 . 6 Factoring Polynomials

YOU WILL NEED
e graphing calculator

Make connections between a polynomial function and its
remainder when divided by a binomial.

INVESTIGATE the Math

Consider the polynomial function f(x) = x* + 4x* + x — 6.

© How can you determine the factors of a polynomial function
of degree 3 or greater?

A. Forf(x) = x* + 4x* + x — 6, determine f(2).

Determine the quotient of and state the remainder of the

x—=2
division. What do you notice?
f(x)

vt 2 will be. What does

this tell you about the relationship between f(x) and x + 22

C. Predict what the remainder of the division

D. Copy and complete the following table by choosing eight additional
values of x. Use both positive and negative values. Leave space to add
more columns in part E.

a f(a)
2 20
-2

E. Add the following two columns to your table, and complete your table
for the other values of x.

a f(a) k) Remainder
X—a
2 20 | FOL _ 0t ex 413 4 20 20
X =2 X —2

F.  For which values of z in your table is x — # a factor of f(x)? Can you
see a pattern? Explain how you know there is a pattern.

G. How do the values of # that you identified in part F relate to the
graph of f(x)?
H. Use your table and/or the graph to determine all the factors of f(x).

NEL Chapter 3 7



remainder theorem

when a polynomial, f(x), is
divided by x — a, the remainder
is equal to f(a). If the remainder
is zero, then x — a is a factor of
the polynomial. This can be used
to help factor polynomials.

I Create a new factorable function, g(x), and check whether the pattern

you saw in part F exists for your new function.

Reflecting

OF

J. . Whatis the relationship between f(«) and the quotient -

K. What is the value of f(#) when x — 4 is a factor?

L. How can you use your answer in part K to determine the factors
of a polynomial?

EXAMPLE 1 Using reasoning to determine a remainder

Determine the remainder when x° 4+ 7x* + 2x — 5 is divided by x + 7.
Solution

(Assign a function name
kto the expression given.

Let f(x) = x> + 7x> + 2x — 5. <

[f(x) can be written as a
division statement, with
the divisor x + 7
multiplied by some
quotient plus some

&remainder.

f(x) = (x + 7)(quotient) + remainder <———

flfx = —7, the divisor
will be equal to 0 and
f(—=7) = (0)(quotient) + remainder <——————— the value of the
= 0 + remainder function will be equal
Uo the remainder.

= remainder
f=7) = (=70 + 7(=7) + 2(=7) = 5
=—-19

The remainder is —19.

From Example 1, when f{(x) is divided by x — 7, the remainder is (7).

This can be generalized into a theorem, known as the remainder theorem.

172 3.6 Factoring Polynomials
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EXAMPLE 2
a polynomial

Factor x° — 5x* — 2x + 24 completely.

Solution

Selecting tools and strategies to factor

[ Factors of f(x) will be

Let f(x) = x> — Sx? — 2x + 24. <
Possible values of 2: =1, £2, £3, £4, *6, *8, *12, =24
x — aisafactor if f(a) = 0.

Flokl Flotz Flets
;'-h B 3-0Hz-2nt+2

“Ne=

of the formx — a,
since the leading
coefficient of f(x) is 1.
Since @ must divide
into the constant term,
the possible values of
\ aare the factors of 24.

(Using a graphing
calculator makes this

wNa=

process much faster.
Enter the equation
\ into Y1.

(In the home screen,
enter Y1(1). This

18, so x — 1 is not a factor.

f) =

will give you the
remainder when f(x)
Kis divided by x — 1.

f(=1) =20 Repeat this process
f(2) =8 until you find a value
_ f a that results in a
—2) =0 (6]
f( ) remainder of zero.
Therefore, x + 2 isa The factor will be of
facror. the form x — a.

(Use synthetic or
=21 -5 =2 24 regular polynomial
' =2 14 —24 division to divide f(x)
1 -7 12 0 by x + 2.
— 2
f(x) - (e +2)(x" =76 +12) (Factorthe quotient.
=(x+2)(x—4)(x— 3)

NEL
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factor theorem

x — a s a factor of f(x), if and
onlyiff(a) =0

Communication | Tip

“Aif and only if B” means that
if A'is true, then B is also true,
and if B is true, then A is also
true.

So “x — a s a factor of f(x), if
and only if f(a) = 0” means
that if x — a is a factor of f(x),
then f(a) = 0, and if

f(a) = 0,thenx —aisa
factor of f(x).

174

The factor theorem is a special case of the remainder theorem.

Connecting the factor theorem
to characteristics of the graph
of a polynomial function

EXAMPLE 3

Sketch a graph of the function y = 4x* + 6x® — 6x? — 4x.

Solution

y = 4dx* + 6x7 — 6x? — 4x

First, divide out any common
= 2x(2x° + 3x* — 3x — 2) factors of the polynomial.

Let f(x) = 2x° + 3x* — 3x — 2.
F(1) = 2(1)° + 3(1)> — 3(1) — 2 4_(Usethefactortheorem’[ofactor

the remaining cubic.
=0

x — 1is a factor.

112 3 —3 =2 (Divide to determine the other

kfactors.

y=2x(x— 1)(2x* + 5x + 2) Factor the quotient.

=2(x—1)(2x + 1) (x + 2)

The function has zeros
1 <
atx = 0, 1, — and —2.

(State the zeros.

e .

Sketch a graph using the zeros
and other characteristics from
the standard and factored forms

of the polynomial equations.
y=2x(x = 1)(2x +1)(x + 2)
Since the degree is even and the
leading coefficient is positive,
the graph extends from the
second quadrant to the first

- quadrant.

The function
y=4x"+6x° —6x —4x + 0
has a y-intercept of 0.

Each factor of
y=2x(x—1)(2x + 1) (x + 2)
is order 1, so the graph has a
kIinear shape near each zero.

3.6 Factoring Polynomials
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EXAMPLE 4

Factor x* — 6x° + 2x? — 12x.

Solution

st — 6x® + 24 — 12«

Using a grouping strategy to factor
polynomials

Group the first two terms and
— (A 3 2 _ .
(x 6x") + (2¢ 12x) last two terms together.

Divide out the common factors

30 _
x°(x = 6) + 2x(x — 6) 4—(from each binominal.

Divide out the common factor

= (x—6)(x*+ 2x) <

=x(x— 6)(x* +2) <

kofx—G.

(Divide out the common

EXAMPLE 5

kfactor of x.

3.6

Connecting to prior knowledge to solve a problem

When 2x® — mx? + nx — 2 is divided by x + 1, the remainder is —12 and x — 2 is a factor.

Determine the values of 7 and 7.

Solution

Let f(x) = 2x° — mx® + nx — 2.
(x + 1) — remainder —12
f(-1) = -12
2(—=1)° = m(—1)2
+a(—1) —2=—-12
—2—-—m—n—2=—12
@ 8—n=m

(x — 2) — remainder 0

f@2)y=0_

Set up two equations using the
information given.

Simplify both equations.

2(2)* = m(2)?

+2(2) —2=0
16 —4m+2n—2=0
0] —4m + 2n=—14

Substitute equation 8 — 7 from equation @ into 7 in equation @.

Now you have a linear system of
two equations in two unknowns.

(Solve this system of equations.

—4(8 —n) +2n=—14 -
—32+4n+2n=—14

6n =18

n=73

NEL
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8—(3)=m< (

KSubstitute n = 3into®.

5=m
s .
To check, verify that f(—=1) = —12 and f(2) = 0.
_ _ I
n=3andm =75 Yi=EH E-EH E+EH-T Yi=EHE-EH Z+EH-T
The original polynomial is <

F(x) = 2x° — 5x* + 3x — 2.

In Summary

Key Ideas

¢ The remainder theorem: When a polynomial, f(x), is divided by x — a, the
remainder is equal to f(a).
e The factor theorem: x — a is a factor of f(x), if and only if f(a) = 0.

Need to Know

e To factor a polynomial, f(x), of degree 3 or greater,
« use the Factor Theorem to determine a factor of f(x)
« divide f(x) by x — a
- factor the quotient, if possible
e If a polynomial, f(x), has a degree greater than 3, it may be necessary to use
the factor theorem more than once.
e Not all polynomial functions are factorable.

CHECK Your Understanding

1. a) Given f(x) = x* + 5% + 3x* — 7x + 10, determine the remainder
when f(x) is divided by each of the following binomials, without dividing.

i) x— 2
i) x + 4
i) x — 1

b) Are any of the binomials in part a) factors of f(x)? Explain.

2. Which of the following functions are divisible by x — 12
a) f(x) =x*— 15x7 + 2x* + 12x — 10
b) g(x) = 5x> — 4x*> + 3x — 4
o h(x) =x*—7x% + 2x% + 9x
d jx) =x°—1

3. Determine all the factors of the function f(x) = x° + 2x* — 5x — 6.
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PRACTISING

4. State the remainder when x + 2 is divided into each polynomial.
I:’a) x>+ 7x+9 d x* — 26— 11x* + 10x — 2
b) 6x’ + 19x* + 11x — 11 e x° +3x>— 10x+ 6
o x*—5x+ 4 £) 4x* 4+ 12x° — 13x2 — 33x + 18
5. Determine whether 2x — 5 is a factor of each polynomial.
a) 2 — 5% —2x+5 9 2" — 7x’ — 13x7 + 63x — 45
b) 3x’ + 2x" — 3x — 2 d 6x* +x0 =76 —xt+ 1
6. Factor each polynomial using the factor theorem.
a) x° — 3x — 10x + 24 d) 4x* + 7x — 80x* — 21x + 270
b) 4x> + 12x* — x — 15 e x° — 5x* — 7x% + 29x% + 30x
o x*+ 8x° + 4x” — 48x £) x* 4 2x° — 23x% — 24x + 144
7. Factor fully.
a) f(x) =x+ 9+ 8x— 60 d) f(x) ="+ 3x> — 38x% + 24x + 64
b flx) =x—7x—6 e flx) =x"—x"+x—1
9 f(x) =x"—5x*+4 ) flx) =x —x*+2° 2% +x— 1
8. Use the factored form of f(x) to sketch the graph of each function in question 7.
9. The polynomial 12x” + kx> — x — 6 has 2x — 1 as one of its factors. Determine
the value of 4.

10. When ax® — x* + 2x + b is divided by x — 1, the remainder is 10. When it is

B divided by x — 2, the remainder is 51. Find z and 6.

11. Determine a general rule to help decide whether x — 2 and x + 4 are factors of

B o — s7andx” + .

12. The function f(x) = ax’ — x* + bx — 24 has three factors. Two of these factors
are x — 2 and x + 4. Determine the values of # and 4, and then determine the
other factor.

13. Consider the function f(x) = x®> + 4x* + kx — 4. The remainder from
f(x) + (x + 2) is twice the remainder from f(x) + (x — 2). Determine
the value of 4.

14. Show that x — ais a factor of x* — 4*.

15. Explain why the factor theorem works.

C|

Extending

16. Use the factor theorem to prove that x> — x — 2 is a factor of
x7 — 6x* + 3x + 10.

17. Prove that x + ais a factor of (x + 2)° + (x + ¢)° + (a — ¢)°.

NEL
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Factoring a Sum or Difference
of Cubes

Factor the sum and difference of cubes.

LEARN ABOUT the Math

Megan has been completing her factoring homework, but she is stuck on
the fourth question. She would prefer not to use the factor theorem, so she
is hoping that there is a shortcut for factoring this type of polynomial.

4x%-9 16y% - 25
=(2x +3) (2x - 3) =(4y +5) (4y-5)
a?-100 x3 - 27
=(a+10) (a-10) =?

@ How can you factor a sum of cubes or a difference of cubes
in one step?

EXAMPLE 1 Selecting a strategy to factor a sum or
difference of cubes

Factor the expressions (ax)? — 6° and (ax)® + & for your choice of values

of zand b.
Solution A: Using a graph to factor a difference of cubes

Leta = 1land 6 = 2.
Then, (ax)® — b°> = x* — 8.

< [Substitute values of a and b.

y = x> — 8 is the same as y = x°, translated 8 units down.

Y

104

Use transformations to graph
the function.

The graph of y = x> — 8 shows
kan x-intercept, which can be

used to create one factor of the
polynomial.

The only x-intercept is at 2, so (x — 2) is one factor. 7
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211 0 0 -—8
Lo o4 g "Divide x* — 8 by x — 2 1o
T 3 4 0 Ldetermine the other factor.

x> = 8= (x—2)(x* + 2x + 4)

/xz + 2x + 4 cannot be
factored further because the
corresponding equation

Ifx2 + 2x + 4 = 0, then the does not have real roots.

The discriminant b> — 4ac is
—_ “+ \/ —
roots are %416 equal to —12.

\This is verified by the graph.

x> =8 = (x—2)(x* + 2x + 4)

Solution B: Using the factor theorem to factor a sum of cubes

Leta = 2and b = 3. < ESubstitute values of a and b.

This gives the expression f(x) = 8x° + 27.

e
Use the factor theorem to

3) .

- )= + <
f( 0,50 2¢ + 3is a factor determine one factor of f(x).
N—

2
3]s 0o o0 27 - .
2 Divide to determine

I —12 18 —27~< the other factors.
8 —12 18 0 =

flx) = <x + %)(sz — 12x + 18)
Multiplying (x + %) by 2

_ 3 2 _
- (x + 2)(2) (4x 6x +9) results in the equivalent

f(x) _ (2x + 3) (4x2 — 6x + 9) factor, 2x + 3.

Solution C: Using a general solution

Leta = 1. < ESubstitute a value of 1 for a.
Then, (ax)® — b° = x* — b°.

Let f(x) = x> — b°. Use the factor theorem
b) = 0,50 (x — b) is a factor. to determine one factor
1) ( ) of f(x).

NEL Chapter 3
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b1 0 0 -4
L ob B2 b < fDivide to determine
R 0 Lthe other factors.

flx) = (x = b)(x* + bx + b?)
= b= (x— b)(x* + bx + b?)

Ifb=3,x"—27=(x—3)(x*+3x+9). Substitute different

Ifb=5x"—125= (x — 5)(x* + 5x + 25). values of b.

Reflecting

A.  Why would an expression such as x* — 8 be called a difference

of cubes?
B. Why would an expression such as 8x” + 27 be called a sum of cubes?

C.  Why was the quadratic formula useful for determining that the second
factor could not be factored further?

D. State a general factorization for the difference of cubes, A® — B3, and
for the sum of cubes, A% + B

APPLY the Math

EXAMPLE 2 Selecting a strategy to factor a polynomial

Factor the expression 27x> + 125.

Solution
27x% + 125 KAny sum of cubes can be factored
_ (3x)3 + (5)3 - as follows:

AP+ B = (A+B)(A> - AB + B?
This is a sum of cubes. ~ ( ) )

—
) Use this factorization to write the
= (3x + 5)(9x — I5x + 25) ktwo factors, if A = 3xand B = 5.
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EXAMPLE 3 Connecting prior knowledge to factor
a polynomial

Factor 7x* — 448x.

Solution
7x" — 448x /Divide out the common factor.
= 7x(x’ — 64) < This leaves a difference of cubes.

Any difference of cubes can be
factored as follows:
kAB —B>= (A —B)(A’+ AB + B?)

~
= 7x(x — 4) (x> + 4x + 16) < Use this factorization to write the
\factors, if A=xandB = 4.

EXAMPLE 4 Selecting a strategy to factor a polynomial
that is not obviously a cubic

Factor the expression x> =512 completely.

Solution
x) — 512 (Write the expression as the
= (x*)® — (8)7 < _difference of two cubes.

g
Use the factorization A> — B®
= (A — B) (A% + AB + B?) to factor
\the expression, if A = x>and B = 8.

= (x* — 8)(x° + 87 + 64) =~

= (x— 2) (x> + 2x + 4) (x* — 8) is also a difference of
(x8 + 8x° + 64) cubes, so factor it further using the
pattern where A = xand B = 2.

In Summary

Key Ideas

e An expression that contains two perfect cubes that are added together is
called a sum of cubes and can be factored as follows:

A3+ B3 = (A + B)(A2 — AB + B?)

e An expression that contains perfect cubes where one is subtracted from
the other is called a difference of cubes and can be factored as follows:

A3 — B3 = (A — B)(A% + AB + B?)

NEL Chapter 3
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CHECK Your Understanding

1.

Using Solution C for Example 1 as a model, determine the factors
of x> + b°.

Factor each of the following expressions.

a) x> — 64 d) 8x° —27 g 27x° +8

b) x° — 125 e) G64x’ — 125 h) 1000x° + 729
o x°+38 f) x°+1 i) 216x° — 8
Factor each expression.

a) G4x® + 27y° o (x+5)° —(2x+1)°

b) —3x* + 24x d) x°+ 64

PRACTISING

Factor.

a) x> — 343 d) 125x° — 512 g S512x° + 1

b) 216x° — 1 e 64x® — 1331 h) 1331x° + 1728
o x>+ 1000 £) 343x° + 27 i) 512 — 1331x°
Factor each expression.

1 3 8 3 3
- —3)* + (3x — 2
a) 27x 125 o (x—3) (3x )

1
b) —432x° — 128x° —x° — 512
) 32x x~  d) 512x 5

6. Jarred claims that the expression
2 — 2 — 2 2

B («+b)(a ab + b )2:3 (a — b)(a? + ab + b?) is equivalent to 1.
Do you agree or disagree with Jarred? Justify your decision.

7. 1729 is a very interesting number. It is the smallest whole number
that can be expressed as a sum of two cubes in two ways: 1° + 12°
and 9° + 10°. Use the factorization for the sum of cubes to verify
that these sums are equal.

8. Prove that (x* + 5?) (x* — x%2 + y*) (x'2 — x%° + y'2) + 229

equals (x” + »°)? using the factorization for the sum of cubes.

9. Some students might argue that if you know how to factor a sum

of cubes, then you do not need to know how to factor a difference
of cubes. Explain why you agree or disagree.

Extending
10. The number 1729, in question 7, is called a taxicab number.

a) Use the Internet to find out why 1729 is called a taxicab number.
b) Are there other taxicab numbers? If so, what are they?
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Chapter Review

FREQUENTLY ASKED Questions

Q: How can you divide polynomials?

Study | Aid
A: YS)LT. can di.VidC polynomials usi1‘1g‘ an ?Igori‘thm .similar to long « See Lesson 3.5, Examples 1,
division with numbers. If the divisor is a binomial, then you can use 2. and 3.
synthetic division. o Try Chapter Review

For example, you can divide 3x° + 2x — 17 by x — 2 as follows: Questions 10, 11, and 12.

Using Synthetic Division Using Regular Polynomial Division
(x—2)>k=2 3x% 4+ 6x + 14
353 4 2 — 17 x = 2)3x7 + 0x® + 2x — 17
= 3x3 + 0x? + 2x — 17 3x?(x — 2) — 3% — 6x?

203 0 2 —17 6x® + 2x

1 6 12 78 6x(x —2) > 6x* — 12x

3 6 14 11 14x =17
303 4 2x — 17 l4(x — 2) > 14x — 28
= (x— 2)(3x* + 6x + 14) + 11 1

357 + 26— 17 = (x — 2) (Bx* + 6x + 14) + 11

Q: How do you factor a polynomial of degree 3 or greater?

Study ‘ Aid
A1: Use the factor theorem to determine one factor of the polynomial, o See Lesson 3.6, Example 2.
and then divide to determine the other factors. e Try Chapter Review
For example, to factor x® — 6x* — 13x + 42, let Questions 14 and 15.

f(x) = x> — 6x* — 13x + 42 and determine the first possible factor
by finding a number the makes f(x) = 0.

Possibilities: =1, +2, =3, =6, £7, =14, +21, =42

f(2) = (2)° — 6(2)* — 13(2) + 42 = 0,s0x — 2 is a factor.
Use synthetic division to find the other factor.

211 —6 —13 42 f(x) = (x — 2) (x> — 4x — 21) Factor the quotient.
I 2 8 —42 = (x—=2)(x = 7)(x + 3)
1 —4 =21 0

A2: Factor using the sum or difference of cubes pattern when appropriate:

Study | Aid
A — B = (A - B) (A2 + AB + Bz) e See Lesson 3.7, Examples 2
A+ B = (4 + B)(A* — AB + B?) and 3.
For example, you can factor 27x> — 64 as follows: e Try Chapter Review
3 Questions 16, 17, and 18.
27x° — 64
= (39 — (4)°

= (3x — 4)(9x* + 12x + 16)
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PRACTICE Questions

Lesson 3.1

1. Draw the graph of a polynomial function that
has all of the following characteristics:
* f(2) =10,f(—3) = 0,and f(4) =0
* The y-intercept is 0.
* f(x) > 0whenx < —3and 0 < x < 4.
* f(x) <Owhen =3 <x<0andx> 4.
* The range is the set of real numbers.

Lesson 3.2

2. Describe the end behaviours of this function.

y
8_
4
[\ g
-4 -2 9/ 2\4
—4
—16-

3. State the possible degree of each function, the
sign of the leading coefficient, and the number
of turning points.

a) y

hix)

184 Chapter Review

b) 1o

Lesson 3.3

4. For each of the following, write the equations of

three cubic functions that have the given zeros
and belong to the same family of functions.

a) —3,6,4 o —7,2,3

b 5 —1,—2 d 9,—5 —4

. For each of the following, write the equations of

three quartic functions that have the given zeros
and belong to the same family of functions.

a) —6,2,58 o 0,—1,9,10
b) 4)_8’ 1’2 d) _3,3,_6,6
. Sketch the graph of

f(x) = (x = 3)(x + 2)(x + 5) using the

zeros and end behaviours.

. Determine the equation of the function with

zeros at =1 and —2, and a y-intercept of —6.
Then sketch the function.

Lesson 3.4

8. Describe the transformations that were applied

to y = x” to obtain each of the following
functions.

a) y= —2(x—1)"+23
2
b)y=<%(x+9)> — 14
1) y=x2—8x+16
d)y=<x+é)(x+é)
7 7
) y=40(—7(x—10))2+9

NEL



9. The function y = x° has undergone each of the

following sets of transformations. List three
points on the resulting function.
a) vertically stretched by a factor of 25,

horizontally compressed by a factor of 2,

horizontally translated 3 units to the right

b) reflected in the y-axis, horizontally stretched
by a factor of 7, vertically translated 19
units down

o) reflected in the x-axis, vertically compressed

6

IEL
5 units to the left, vertically translated
16 units up

d) vertically stretched by a factor of 100,
horizontally stretched by a factor of 2,
vertically translated 14 units up

by a factor of 17, horizontally translated

e) reflected in the y-axis, vertically translated
45 units down

f) reflected in the x-axis, horizontally
7
10°
translated 12 units to the right, vertically
translated 6 units up

compressed by a factor of 17, horizontally

Lesson 3.5

10. Calculate each of the following using long

11.

NEL

division.
a) (2x° +5x* +3x —4) = (x +5)
b) (x* +4x° — 3x* — 6x — 7) + (x* — 8)
o (2x* — 2x* 4+ 3x — 16)
= (x° + 3x% + 3x — 3)
d) (x> —8x® — 7x — 6)
+ (x* + 4’ + 47 — x — 3)

Divide each polynomial by x + 2 using
synthetic division.

) 2+ 5 —x—5

b) 3x’ + 13x* + 17x + 3

o 2x* 4+ 5x% — 16x* — 45x — 18

d) 2x° + 4x? — 5x— 4

Chapter Review

12. Each divisor was divided into another
polynomial, resulting in the given quotient and
remainder. Determine the dividend.

a) divisor: x — 9, quotient: 2x% + 11x — 8,
remainder: 3
b) divisor: 4x + 3, quotient: x> = 2x + 7,
remainder: —4
¢ divisor: 3x — 4,
quotient: x> + 6x% — 6x — 7, remainder: 5
d) divisor: 3x% + x — 5,
quotient: x* — 4x3 + 9x — 3,
remainder: 2x — 1
Lesson 3.6
13. Without dividing, determine the remainder

14.

15.

when x° + 2x* — 6x + 1 is divided by x + 2.

Factor each polynomial using the factor
theorem.

a) x° — 5x%— 22x — 16

b) 2x7 4+ x? — 27x — 36

o 3x* — 19x° + 38x% — 24x

d x* + 11x° + 365" + 16x — 64

Factor fully.

a) 8x° — 10x* — 17x + 10

b) 2x° + 7x* — 7x — 30

9 x*'—7x° + 9x* + 27x — 54
d) 4x* + 4x® — 35x% — 36x — 9

Lesson 3.7

16.

17.

18.

Factor each difference of cubes.
a) 64x® — 27 o 343x° — 1728
b) 512x° — 125 d) 1331x° — 1

Factor each sum of cubes.
a) 1000x° + 343 o 27x° + 1331
b) 1728x° + 125 d) 216x> + 2197

a) Factor the expression x® — y° completely by
treating it as a difference of squares.

b) Factor the same expression by treating it as
a difference of cubes.

o) Explain any similarities or differences in
your final results.
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Chapter Self-Test

1. a) Write the standard form of a general polynomial function. Then
state the degree and leading coefficient of this function.
b) What is the greatest number of turning points that this function

can have?
o) What is the greatest number of zeros that this function can have?
y d) If the least number of zeros is one, describe the degree of this
24 function.
164 e) A polynomial function is less than zero for all x. Describe
¥ = F(x) the degree and the leading coefficient of this function.
8
X 2. Determine the equation of the polynomial function y = f(x) shown.
4 -2 0 4 Express your answer in factored form.
I 3. Factor each expression.
a) 2x° —x*—145x—72 b (x—7)>+ (2x + 3)°
—244
4. LaDainian graphed the cubic function g(x) = x° — 4x? and then

vertically translated the graph 1 unit up. Does the resulting graph have
fewer zeros, the same number of zeros, or more zeros than the original

graph?

5. During which intervals of x is the graph of the function

f(x) = —(x+ 3)(x + 5)(x — 1) below the x-axis?

6. Divide 6x° + x> — 12x + 5 by 2x — 1. Is the divisor a factor
of the dividend?

7. The function y = x” has been vertically stretched by a factor of 5,
horizontally compressed by a factor of 2 horizontally translated

2 units to the right, and vertically translated 4 units up.

a) Write the equation of the transformed function.

b) The point (1, 1) is on the parent function. Determine the new
coordinates of this point on the transformed function.

8. Julie divided x* 4+ 3x®> — 9x* 4+ 6 by a polynomial. Her answer was
x> — 2x* + x — 5, with a remainder of 31. What polynomial did
Julie divide by?

9. The function f(x) = ax* + 8x? has three turning points, an absolute
maximum of 8, and one of its zeros at x = 2. Determine the value of

and the location of the other zeros. Then sketch the graph of f(x).
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3 Chapter Task

Graph it!

The polynomial function f(x) = ax* — 3x> — 63x* + 152x — b
has one of its zeros at x = 5 and passes through the point (—2, —560).

@ \What might the graph of f(x) look like?

A. Use the given information to determine the values of # and 6.

B. Use the given information to state one of the factors of f(x). Task | Checklist

C. Determine all the other factors of f(x). v Did you explain your
thinking clearly?

D. Use the factors to determine the zeros of f(x). v Did you justify your answers

. . mathematically?
E. Determine the end behaviours of f(x). Y

v/ Did you show all work and

F.  Determine the y-intercept of f(x). calculations?
G. Use all the characteristics you determined to sketch a possible graph v Did you check your
off(x). calculations?
v/ Did you label your sketch

H.  Verify your results using graphing technology. Discuss any differences
between the graph and your sketch. L

properly?
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Chapters
1 _3 Cumulative Review

Multiple Choice

1. What is the domain of the function 6. What is the equation of the parent function
2 2
f(x)_S—x? Off(x)=m—4?
a) {xeR|x# —5} o {xeR|x# 0} a) g(x) =2 o glx) =x
R R 2 1
b) {xeR|x # 5} d {xeR} b) g(x) = X Q) g(x) = X
2. Which of these relations is 7ot a function of x? 7. The graph of y = 2% is stretched horizontally by
a) x=—y° o0 y=Vx—3 a factor of 5, and then translated 3 units down.
b) y= 2x’ d) x+y=3 Which of the following is the resulting
ion?
3. Which function can be represented by this graph? :;lu?gz;': 2563) 9 flx) =5 -3
y b) flx) =26 @) flx) =269 -3
8_
8. Which function has an inverse with the
| domain {xeR|x = 5}2
f ) y=2"+5 o y=2x—5
2 b) y=2(x—5)> 4 y=2/x+5|
X
5 9 5 4 ¢ 9. Which relation is the inverse of

flx) = 2x* — 4
A f(x) =2 —4 o f(x) =|2x— 4 ) y=V2(x—4)
b) y= £V2(x — 4)

b flx) = ;x—Z‘ O Flx) = |24] + 4

x + 4
o y== 2
4, Which best describes
fx) = (x = 2)(x + 2)2 8o = x+ 4
a) odd ¢ neither a) nor b) 2
b) even d) both a) and b) 10. Which function is 7ot continuous?
5. What transformations were applied to y = |x]| ) F) = 2%, if x < 1
* x+ 1ifx=1

to obtain the equation y = ‘%(x - 2)‘?
(x —2)%ifx=2

Vx—2,ifx>2

a) horizontal compression by a factor of %, b) f(x)

— N — =

horizontal translation 2 units to the left

b) horizontal stretch by a factor of 3, l, ifx<—1
horizontal translation 2 units to the right 9 flx) = *

o) horizontal translation 2 units to the right, —Lifx=—1
horizontal stretch by a factor of 3 2+ 1,ifx < 2

d) horizontal translation 2 units to the right, d flx) = X+ 2ifx=2

. . 1
horizontal compression by a factor of 3
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11. What is the average rate of change of the
function f(x) = x° — 2x* + 7 over the
interval =1 = x < 3?

a) 3

b) 4

c 12

d —3

12. Kristin and Husain are growing crystal gardens.
Both of them started with a small seed crystal,
which had a mass of about 0.1 g. In 3 days,
Kristin’s crystal grew to a mass of 5 g. In

10 days, Husain’s crystal grew to a mass of
15 g. Whose crystal grew faster?

a) Kristin’s
b) Husain’s

o) The rates are equal.

d) There is not enough information to decide.

13. A submarine is descending from the surface.
What is the best estimate of its instantaneous
change in depth at # = 3 s?

Time, t (s) Depth (m)

3 27 2)
b)

3.001 27.015002 )
C

3.01 27.1502 d)

3.1 28.52

4 44

152 m/s
15.002 m/s
15 m/s

17 m/s

14. What is the best estimate of the instantaneous rate
of change of f(x) = 2" — 2x + latx = — 12

a —15 b)

—35 o

—1.625 d —1.65

15. For the following graph, what is the best
estimate of the slope of the tangent at x = 22

Yy
a) 2
b) —1
o —2
! $ 4 -3
2
-4

NEL

16.

17.

18.

19.

20.

21.

Cumulative Review

An athlete runs the first lap of a race slightly

faster than the next two laps, and then runs the
final lap the fastest. Which graph is the correct
distance versus time graph for the athlete’s run?

a) Ad o) Ad
t

d
t

b) ag4 d

t

At x = 5, the function

f(x) = 13x — 1.3x* + 7.3 has

a) a maximum

b) a minimum

¢ both a maximum and a minimum
d) neither a maximum nor a minimum

For the function f(x) = 2x* — 3x + 9, what is
the correct expression for the value of the difference
quotient on the interval 3 = x = 3 + 22

a) 2h* — 3) o 4h—3

b) 4/ + 9 d 2/+9

For the growth equation y = 35(1.7)%, the
maximum value over the domain 0 = x =< 8 is
a y=17 o y=09.7

b) y = 2441.5 d y=35

Which equation does 7oz represent a
polynomial function?

a) flx) =x>+2

) f(x) = (x+ 1)(x = 2)(x = 3)(x — 4)
o f(x)=2"—-13

d) f(x) =3x—2

Which type of polynomial function cannor

be represented by the following graph?
a) quadratic

WA
©

d) quartic with one

cubic
quartic with three

turning points

turning point

Chapters 1-3 189



22. Which statement is true for any cubic 27. What is the remainder when x + 3 is divided
polynomial function? into x* — 5x% + 12x + 16?
a) Asx— £, y—0, a) 196 o —2
b) Asx— *, the signs of y are opposite. b) 88 d) 16

o Asx— F®,y——x,

: 3 2 _
d) Asx—> +o, the signs of y are same. 28. The polynomial 2x° + kx* — 3x + 18 has

x — 3 as one of its factors. What is the value

23. Which function could be represented by the of k?
following graph? a) 4 o —2
b) —7 d 2
y
8- 29. Whatis 27x° — 216 in factored form?

a) 3(x—2)(x* + 2x + 4)

b) 27(x + 2)(x* — 2x + 4)
41 o 27(x — 2)(x* + 2x + 4)

| d) (3x + 6)(9x* — 18x + 36)

X
24 2 9T 6 30. What are the factors of (x + 3)° + 82
1 ) (x°+27)(8)
—47 b) (x+ 3)(x* — 3x + 17)
9 (x+5)(x*+ 4x +7)
a) y=0.1x*(x — 3)* d (x+1)(x*—4dx+7)
b) = —0.1x(x = 3)2 31. The following container is being filled with

o y=—0.1x(x— 3)

5 water at a constant rate. Which graph shows
d y=—0.1x"(x + 3)

the height of the water level versus time?
24. Which quartic function has zeros at —2, 0, 1,
and 3, and satisfies f(2) = 162
a) f(x) = —2x* + 4x> + 10x* — 12x
b) f(x) = 2x* — 4x® — 10x* + 12x
9 flx) = 2x* + 4x® — 10x? — 12x
d f(x) = —2x* — 4x> + 10x* + 12«

25. y = x” is stretched horizontally by a factor of
2, and then translated horizontally 3 units to a) Ah o 1h
the right. What is the equation of the resulting
graph? X 5
D y=(Qx+3) 9 y=(i=-3)

b) y=(%x>3—3 d y=(2x— 3)°

t t
26. x° — 2x* + 7x + 12 is divided by b) Ah d) rh
x> — 3x + 4. What is the remainder?
a) x>+ 3x+38 o 6x+ 8
b) x+ 4 d —3x+4
t t
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Investigations

Investigating Transformations of a Quadratic and its Inverse
32. a) Sketch the graphs of the parent function f(x) = x? and its inverse.

b) Apply various transformations to the graph of the parent function.
Draw the graph of the inverse of each transformed function.

o) Describe how you could modify each transformed inverse you
drew in part b) to make it into a function.

Investigating Rates of Change in a Cubic Function

33. Investigate various rates of change of the function

f(x) = x? = 6x* + 9x + 1. Your investigation should include
average rates of change and estimated rates of change at different
points, including any maximum or minimum points.

Yy

| f(x)=x3=6x2+9x+1 .

g 123 4

Graphing a Polynomial Function

34.

NEL

a) Determine the equation of f(x) = k(x + 1)*(x — 2) (x — 4),
if (1, —24) is a point on the graph of f(x).

b) Solve for p if (3, p) is a point on the graph of f(x).

) State the end behaviours and the zeros of f(x).

d) Determine the y-intercept of f(x).

e) Use all the characteristics you determined to sketch a possible

graph of f(x).

Cumulative Review

Chapters 1-3

191



9.

10.

1.

12.

13.

14.

NEL

a) Answers may vary. For example:

Speed vs Time
CEN

Speed (km/h)
N S o [«

t

0 4 8 12 16
Time (s)
5
b) 5 km/h/s
¢) From (7, 5) to (12, % , the rate of

change of speed in —3 km/h/s
d —% km/h/s

The roller coaster moves at a slow steady
speed between A and B. At B, it begins to
accelerate as it moves down to C. Going
uphill from C to D it decelerates. At D, it
starts to move down and accelerates to E,
where the speed starts to decrease until F,
where it maintains a slower speed to G, the
end of the track.

S

Speed
o
o

Time
d) minimum
e) minimum

a) minimum
b) maximum
f) maximum
aA)i)m=h—206 ii)m= —4h— 48
b)i) m = —26 ii) m = —48

a) To the left of a maximum, the

€) maximum

instantaneous rates of change are
positive. To the right, the instantaneous
rates of change are negative.

b) To the left of a minimum, the
instantaneous rates of change are
negative. To the right, the instantaneous
rates of change are positive.

a) T

b) minimum: x = —1,x = 1
maximum: x = 0

¢) The slopes of tangent lines for points to
the left of a minimum will be negative,
while the slopes of tangent lines for points
to the right of a minimum will be positive.
The slopes of tangent lines for points to
the left of a maximum will be positive,
while the slopes of tangent lines for
points to the right of a minimum will be
negative.

d - | ~

"

H=-d

e \._H.-"
Hiniraura
H=1 W=-1
N\ 1 J
4 ] R

Haximura
H=n =i

N\ 1 J

Chapter Self-Test, p. 118
1.

a) s Speed vs Time
504
14,45) (19, 45
] 0449 0949
401
354
Z 30
g 8,25
< 25 (6.23)
0 (13, 25)
& 204
v
154
104
5
0 5 10 15 20 25
Time (min)
b) 11 kn/min; 0 kn/min; the two

different average rates of change
indicate that the boat was increasing its
speed from # = 6 to t = 8 at a rate of
11knots/min and moving at a constant
speed from # = 8 to r = 13.

o 11 kn/min

a) —1

b) The hot cocoa is cooling by 1 °C/min
on average.

c —0.75

d) The hot cocoa is cooling by 0.75 °C/min
after 30 min.

e) The rate decreases over the interval, until
it is nearly 0 and constant.

a) $310 per dollar spent

b) —$100 per dollar spent

©) The positive sign for part a) means that
the company is increasing its profit
when it spends between $8000 and
$10 000 on advertising. The negative sign

4,

means the company’s profit is

decreasing when it spends $50 000 on

advertising.
a) —1; 0 (minimum); 7

b) 4.5; —4.5; 0 (maximum)

Chapter 3
Getting Started, p. 122

1.

a) 6x° — 22x°

b) x> + 2x — 24

©) 24x’ — 44x* — 40x

d) 5x° + 31x% — 68x + 32
a) (x+7)(x—4)

b) 2(x — 2)(x— 7)

a) x = —6

b) x = —3,4.5

¢ x=—3,—8
1

d) x=—, —4

) x 3

. . 1
a) vertical compression by a factor of ;

horizontal translation 3 units to the

right; vertical translation 9 units up

. . 1
b) vertical compression by a factor of ;

vertical translation 7 units down

a)y=2(x—-5)7-2
b)y=—2x2+3

a) 7

y=3x+5’ -4

b)

[¢
—5

a) quadratic
b) other
c) other

d) linear

Answers

y=2*—12x+5

627
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8. The discriminant is equal to b? - 4ac.

y=3x2+24x+36 ——>

‘/Factor

The coefficient of the first term

The discriminant is 144.

Substitute x = 0
into the equation

y=3(x+2)(x+6)  determines which direction the graph\and solve for y.

opens.
/ The values of x that make f(x) =n The graph

opens up.
The zeros are P P
—2and -6.
The axis of symmetry lies halfway
/ between the two zeros.

The axis of symmetry

e

x=—4 2

Lesson 3.1, pp. 127-128

1. a) This represents a polynomial function
because the domain is the set of all real
numbers, the range does not have a
lower bound, and the graph does not
have horizontal or vertical asymptotes.

b) This represents a polynomial function
because the domain is the set of all real
numbers, the range is the set of all real
numbers, and the graph does not have
horizontal or vertical asymptotes.

¢) This is not a polynomial function
because it has a horizontal asymptote.

d) This represents a polynomial function
because the domain is the set of all real
numbers, the range does not have an
upper bound, and the graph does not
have horizontal or vertical asymptotes.

) This is not a polynomial function because
its domain is not all real numbers.

f) This is not a polynomial function
because it is a periodic function.

2. a) polynomial; the exponents of the
variables are all natural numbers

b) polynomial; the exponents of the
variables are all natural numbers

c

~

polynomial; the exponents of the
variables are all natural numbers

d) other; the variable is under a radical sign
e) other; the function contains another
function in the denominator

f

~

polynomial; the exponents of the
variables are all natural numbers
3. a

b) quadratic

R

linear ¢) linear

d) cubic

628 Answers

The y-intercept is 36.

8 6 -4-29 2 2 6 8
_2.

-4
-6
-8

a) The graph looks like one half of a
parabola, which is the graph of a
quadratic equation.

b) There is a variable in the exponent.

>4

24
(-3,16) 20

-4 -3 -2 -1
-4

-8

Answers may vary. For example,

any equation of the form

y = ﬂ(—gxz + gx + 4)will have the
same zeros, but have a different
y-intercept and a different value for

f(—3). Any equation of the form

y = x(—gxz + gx + 4) would have two

of the same zeros, but a different value for
f(—3) and different positive/negative
intervals.

y=x+5,y=x2+5,
y:x3+5,y:x4+5

8. Answers may vary. For example:

Characteristics
The domain of the
function is all real

Definition
A polynomial is an
expression of the

formax" + numbers, but the
a, X" '+ ...+ range can have
ax* + ax + a, restrictions; except
where gy, ay, . . ., a, for polynomial

are real numbers and | functions of degree
nis a whole number. | zero (whose graphs
are horizontal lines),
the graphs of
polynomials do not
have horizontal or
vertical asymptotes.
The shape of the
graph depends on its
degree.

Examples Non-Examples
x>+ 4x + 6 Vx +1

Lesson 3.2, pp. 136-138

1. a) 4 —4asx—> +/—2,y—> —
b) 5;2;asx— — %,y —> —% and as
X—> X, y—>*
©) 3; —3;asx— — %, y— % and as
X—> 0, y—> —®
d) 4;24;asx—> +/—%,y > ®
2. a) Turning points
a) minimum I, maximum 3
b) minimum 0, maximum 4
¢) minimum 0, maximum 2
d) minimum 1, maximum 3
b) Zeros
a) minimum 0, maximum 4
b) minimum 1, maximum 5
¢) minimum 1, maximum 3
d) minimum 0, maximum 4
3. 1) a) The degree is even.
b) The leading coefficient is negative.
ii) a) The degree is even.
b) The leading coefficient is negative.
iii) a) The degree is odd.
b) The leading coefficient is negative.
iv) a) The degree is even.
b) The leading coefficient is positive.
v) a) The degree is odd.
b) The leading coefficient is negative.
vi) a) The degree is odd.
b) The leading coefficient is positive.
4. a) asx— Jr/*OC,}/—> ®
b) asx— — %, y— % and as x > %,
y—> =
©) asx— —®,y— —% and as x —> *,
y—=>*
d) asx—> +/—0,y—> —»

NEL



e) asx—> +/—®, y—>®

f) asx— —%,y— ®and asx — »,
J=

a) D: The graph extends from quadrant III
to quadrant I and the y-intercept is 2.

b) A: The graph extends from quadrant III
to quadrant IV.

¢) E: The graph extends from quadrant II
to quadrant I and the y-intercept is — 5.

d) C: The graph extends from quadrant II
to quadrant I and the y-intercept is 0.

e) F:The graph extends from quadrant II
to quadrant IV.

f) B:The graph extends from quadrant III
to quadrant I and the y-intercept is 1.

a) Answers may vary. For example,
flx) = 2x% + 5.

b) Answers may vary. For example,
flx) = 6x* + x — 4.

c) Answers may vary. For example,
flx) = —x* = x>+ 7.

d) Answers may vary. For example,
Flx) = =9 + xf = x3 — 2.

a) Answers may vary. For example:

Y

v

Now s

T N/O\/i i

=11 flx) =x*=x?

b) Answers may vary. For example:

y
21 flx) = =x*+1
TN
) i 0 1 2
1
y
3]
4]
5|
6

c) Answers may vary. For example:
Y

14-1‘()() =x4—2¢—2x2+8
12 1

10

6
44
2

8.

d) Answers may vary. For example:
Y
8
6
f=—-\  *1
2

o] L —
-2

—4—-3—-2-1—1

-4
-6
-8

e) Answers may vary. For example:
Y

101
81

6
flx) =x>—=3x+2

2
N\ X
_‘i —:’i —'i ol T T
-2

-4
-6

f) Answers may vary. For example:

Y
1flx) = —x*+2x2 + 4

An odd-degree polynomial can have only
local maximums and minimums because the
y-value goes to — % and © at each end of the
function. An even-degree polynomial can
have absolute maximums and minimums
because it will go to either — o at both ends
or % at both ends of the function.

even number of turning points

a) Answers may vary. For example:

f) = x°

4 32 YO 1 2 3 3

-6
-8

1.

b) Answers may vary. For example:
flx) = x% = 2«7

N R O ®

TS YA
2
—44
_8.
©) Answers may vary. For example:

flx) =x° =222 + 1
Y

s
6
4
24

Ve

a) Answers may vary. For example:

flx) =x*+1

43 2 9 1 2 3 a4
_2.

—44
-6
-84

b) Answers may vary. For example:

flx) =«

N A O @

G5 559 73133
]
]
-84

Answers

629
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¢) Answers may vary. For example:

fl) =x" =1

N A O @

d) Answers may vary. For example:

Flx) = x* + 2x°

16
12 4
8
4

—3x*—8x— 4
Y

-+ -3 2 -\
-4

-8

e) Answers may vary. For example:

Flx) = x* —5x?

o

+ 4
y

12. a) Answers may vary. For example:

Fl) =t =3 -

16 1

3x?

630 Answers

and f(x) = %x/* - %xs —3x*—1

Y

b) zero and leading coefficient of the
function

13. a) 700 people
b) The population will decrease because

the leading coefficient is negative.

14. a) False; Answers may vary. For example,

f(x) = x* + xis not an even function.

b) True

) False; Answers may vary. For example,
f(x) = x* + 1 has no zeros.

d) False; Answers may vary. For example,
f(x) = —x? has end behaviour
opposite the behaviour stated.

15.  Answers may vary. For example, “What are
the turning points of the function?”, “What
is the leading coefficient of the function?”,
and “What are the zeros of the function?”
If the function has 0 turning points or an
even number of turning points, then it
must extend to the opposite side of the
x-axis. If it has an odd number of turning
points, it must extend to the same side of
the x-axis. If the leading coefficient is
known, it can be determined exactly which
quadrants the function extends to/from and
if the function has been vertically stretched.
If the zeros are known, it can be determined
if the function has been vertically translated

up or down.
16. a) 6=0
b) b=0,d=0

Lesson 3.3, pp. 146-148
1. a) C: The graph has zeros of —1 and 3,

and it extends from quadrant III to
quadrant I.

b) A: The graph has zeros of —1 and 3,
and it extends from quadrant II to
quadrant II1.

©) B:The graph has zeros of — 1 and 3, and it
extends from quadrant II to quadrant IV.

d) D: The graph has zeros of —1, 0, 3,
and 5, and it extends from quadrant I
to quadrant I.

a) y

1) = =(x = 4)x = N)(x +5)

X
T

2 é 8

b) %
3201

2401

160

804

S5 T3\ 3 175 %

=321 glx)=x}x—6)

a) f(x) = k(x+1)(x —4);
flx) = 4(x+ 1) (x = 4);
f(x) = —2(x+ 1)(x— 4)

B () =2+ 1)(x = 4)
Y

8
6
4
24

m IR BRI

a) y=0.5(x+3)(x—2)(x—5)
b) 3= — (s + 1) — 2) (x — 4)
Family 1: A, G, 1
Family 2: B, E

Family 3: C, E H, K
Family 4: D, J, L

a) y

8 6 -4 2

NEL



b) y

9 %

201

-8 -6 -4 -2

-1

d) %

201

€)

f) y

-8 —6 -4 -2 Y
-10

-204

NEL

7. a) Answers may vary. For example:
)y =x(x+3)(x—2)

Y

40

30

204

10

33305 § 64
o]

-204
-30
—40 1

i) y = (x+ 2)3
Y
60
504
40

i) y = (x + 1) (x — 4)*
Y

60
50
401

8 -6 -4 -2

iv) y= (x — 3)<x + %)z

60
50 1
401

b) No, as all the functions belong to a
family of equations.
8. Answers may vary. For example:

a) y=(x+5)(x+3)(x—2)(x—4)

300

2001

1090 1

y=2(x+5)(x+3)(x — 2)(x — 4)
y==5(x+5)(x+3)(x—2)(x—4)
b) y= (x + 2)*(x — 3)?
Y
300 A

200

100 4

Ban e SR EREE

—100 1

§= 100 + 2)(x — 3)°
y=7(x+2)*(x—3)*

9y=(x+ 2)<x - %)(x — 5y

y
3001
200
100 4

—8—6—4—U2468

—-100 1

SIoMSuy

P—— 2)<x— %)(x— 5)?
y= %(x+ 2)<x - %)(x -5)°

dy=(x—06)*
Y
3001
200
100
X
29 2 4 6 810002 wM
-100
y=15(x — 6)*
y=—3(x—6)*

Answers 631



3001

200

1004

8 -6 # -2 O

b)

3004

200

1004

8 6 —4 -2
-100-

)

200+

1004

-8 6 —4

d)

—200

=300

10. Answers may vary. For example:

a) y
300

200

100

-8 6 -4 2 9

=100

632 Answers

1.

12.

13.

b) y

1004

" T8

9 y[

|
0|
|
o
|
o
O]
o
-
o
o0

d)

a) y
400

300
200

100
D
=100

2 4 6 8 10 12 14

—200
—-300
—400

b)y=(x—2)(x—9)(x— 12)
c) No; {xeR|0 = x = 14}
a)}/:x3+2x2*x*2

by = *%(x* 1) (x + 2) (x + 4)

a) f(x) = —6(x+3)(x +5)
b) f(x) =2(x +2)(x — 3)(x — 4)

14.

15.

16.

k=3

The zeros are %, —1,and 2.

FG) = (G =)+ D) (v = 2)

a) It has zeros at 2 and 4, and it has
turning points at 2, 3, and 4. It extends
from quadrant II to quadrant I.

b) It has zeros at —4 and 3, and it has

turning points at —% and 3. It extends

from quadrant III to quadrant L.

a) 832 cm’

b) 2.93 cm by 24.14 cm by 14.14 cm or
5 cm by 20 cm by 10 cm

c) 0 < x < 10; The values of x are the
side lengths of squares that can be cut
from the sheet of cardboard to produce
a box with positive volume. Since the
sheet of cardboard is 30 cm by 20 cm,
the side lengths of a square cut from
each corner have to be less than 10 cm,
or an entire edge would be cut away,
leaving nothing to fold up.

d) The square that is cut from each corner
must be larger than 0 cm by 0 cm but
smaller than 10 cm by 10 cm.

Lesson 3.4, pp. 155-158

1.

a) B:y = x” has been vertically stretched
by a factor of 2, horizontally translated
3 units to the right, and vertically
translated 1 unit up.

b) C:y = x? has been reflected in the
x-axis, vertically compressed by a factor

of %, horizontally translated 1 unit to

the left, and vertically translated 1 unit
down.

© A:y = x% has been vertically compressed
by a factor of 0.2, horizontally translated
4 units to the right, and vertically
translated 3 units down.

d) D: y = x* has been reflected in the
x-axis, vertically stretched by a factor of
1.5, horizontally translated 3 units to the
left, and vertically translated 4 units up.

a) y= x4 vertical stretch by a factor of %

and vertical translation of 3 units up
b) y = x; vertical stretch by a factor of 3
and vertical translation of 4 units down
) y = x% horizontal compression by a

factor of é, horizontal translation of %

units to the left, and vertical translation
of 7 units down

NEL



d)y= x% reflection in the x-axis and
horizontal translation of 8 units to the left

e) y = x% reflection in the x-axis, vertical
stretch by a factor of 4.8, and horizontal
translation 3 units left

) y = x% vertical stretch by a factor
of 2, horizontal stretch by a factor of 5,
horizontal translation of 7 units to the
left, and vertical translation of 4 units
down

a) y= x> has been translated 3 units to
the left and 4 units down.
y=(+3)° -4

b) y = x* has been reflected in the x-axis,
vertically stretched by a factor of 2,
horizontally translated 4 units to the
left, and vertically translated 5 units up.
y= *2(x+4)4+ 5

¢ y= x% has been vertically compressed
by a factor of i, horizontally translated

1 unit to the right, and vertically
translated 2 units down.

y= %(x - 1)4 -2

d) y = x7 has been reflected in the x-axis,
vertically stretched by a factor of 2,
horizontally translated 3 units to the right,
and vertically translated 4 units down.
y=-2(x—3)°—4

a) vertically stretched by a factor of 12,
horizontally translated 9 units to the
right, and vertically translated 7 units
down

b) horizontally stretched by a factor of g,
horizontally translated 1 unit to the
left, and vertically translated 3 units up

¢) vertically stretched by a factor of 2,
reflected in the x-axis, horizontally
translated 6 units to the right, and
vertically translated 8 units down

d) horizontally translated 9 units to the left

e) reflected in the x-axis, vertically
stretched by a factor of 2, reflected in
the y-axis, horizontally compressed by a

factor of %, horizontally translated

4 units to the right, and vertically
translated 5 units down
horizontally stretched by a factor of
and horizontally translated 10 units
to the right
a) y=8x? — 11

y = x* was vertically stretched by a

4

2 3

~

factor of 8 and vertically translated
11 units down.

1
b) y = —sz + 1.25
y = x% was reflected in the x-axis,

\lfertically compressed by a factor of
4> and vertically translated 1.25 units up.

10.

1.

12.

) (o) (a0} (59

b) (2,2), (0,3), (=4, 11)
AT
d <f7, 72%0), (o, 72), (14, 71%)
(2022

£) (=11, -8), (=4, —-7), (10, 1)
y= —%(x— '+3
(—2,8),(0,0), (2, —8)

a) —2and —4
b) 4
c¢) —3and 1

d) no x-intercepts

e) 6.68 and 9.32

f) —3.86

a) 1;0 = 2(x — 4)> + 1 has only one
solution.

b) 0;0 = 2(x — 4)* + 1 has no solution.

c) 1 when 7 is odd, since an odd root
results in only one value; 0 when 7 is
even, since there is no value for an even
root of a negative number.

a) The reflection of the function y = x” in
the x-axis will be the same as its reflection
in the y-axis for odd values of 7.

b) The reflections will be different for even
values of 7. The reflection in the x-axis
will be y = —x”, and the reflection in
the y-axis will be y = (—x)”. For odd
values of 7, —x” equals (—x"). For even
values of 7, —x” does not equal (—x").

a) Vertical stretch and compression:

y=ax’
vertical stretch
6.
44
vertical
compression
X
6 -4 -2 46

| original function

Horizontal stretch and compression:
— 3
7= (k)

horizontal compression
Y

horizontal

64
4
stretch 24

2 4 6
original function

13.

Vertical translation up or down:

y= o+
vertical translation up
Y.
6.
4

2 4 6
24

Joriginal function

vertical translation down

Horizontal translation left or right:
y=(x=ay

horizontal translation left

horizontal translation right

Reflection in the x-axis: y = —x°
y
6.
44 reflection
in the x-axis
2.
X
RIS ERY. LA
24
original
41 function
—6

Reflection in the y-axis: y = (—x)°

y
6.
4 original
function
24
X
RESERYL AP
24
reflection in
41 the y-axis
—6

b) When using a table of values to sketch
the graph of a function, you may not
select a large enough range of values for
the domain to produce an accurate
representation of the function.

Yes, you can. The zeros of the first function

have the same spacing between them as

the zeros of the second function. Also, the
ratio of the distances of the two curves
above or below the x-axis at similar
distances between the zeros is always the
same. Therefore, the two curves have the
same general shape, and one can be
transformed into the other.

Answers
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14. y= (x— 1) (x + 1)*has zeroes at d) y

x = *1 where the x-axis is tangent to these 160

points. y = 2(x — 1)*(x + 1)* + 1 nd]

is obtained by vertically stretching the o

original function by a factor of 2 and o

vertically translating up 1 unit. This results X

in a new graph that has no zeroes. & 412 O 4 6
15. f(x) =5(2(x+3)> + 1 401
Mid-Chapter Review, p. 161 6. end behaviours )

7. y= 50— 2+ 3 - 5)

1. a) Yes 8. a) reflection in the x-axis, vertical stretch
b) No; it contains a rational exponent. by a factor of 25, horizontal compression
©) Yes by a factor of %, horizontal translation
d) No; it is a rational function. 4 uni he lef ccal ati

2. ) Answers may vary, For cxample units to the left, vertical translation

-2 T Y ); pie, 60 units down
f) =2+ 2" — 8+ 1. b) vertical stretch by a factor of 8, horizontal
b) Answers may vary. For example, 4 . .
_ed_ 2 _ stretch by a factor of 3, vertical translation
fx) =5x" —x* — 7. 4 h.by f f3 al :
¢) Answers may vary. For example, 3 units up . .
R c) reflection in the y-axis, horizonta
f(x) = 7x° + 3. ) refl he y h 1 |
d) Answers may vary. For example, compression by a factor of 13
flx) = =2x° — 4x* + 347 horizontal translation 2 units to the
- 27+ 9. right, vertical translation 13 units up
3. a) Asx— —o,y—>oandasx— », d) vertical compression by a factor of %,

y—> — .
b) Asx— *, y— o,
¢) Asx— —®,y— —%and as x — %,

reflection in the y-axis, vertical
translation 1 unit down
9. vertically stretched by a factor of 5,

— o,
d) JAS x—> F00, y—s — o0, horizontally translated 4 units to the left,
4. a) even o odd and vertically translated 2 units down
b) odd d) even
5. Answers may vary. For example:
a) y Lesson 3.5, pp. 168-170
201

1. a) i) x° — 14x? — 24x — 38
remainder — 87
104 i) x® — 20x% + 84x — 326
remainder 1293
iii) x° — 15x2 — 1lx — 1

remainder — 12

ST T ¢ 4w .
b) Noj; because for each division problem
there is a remainder.
107 2. a) 2 b) 2 c¢) 1 d) not possible
b) y 3. a) x> — 15x + 6 remainder —48x + 14
301 b) 5x* — 19x + 60 remainder — 184
20 ©) x — 6 remainder —6x* + 22x + 6
104 ot possible
d) Not possibl
X 4.
—6 -4 2 4 6
Dividend Divisor Quotient Remainder
2x3 = 5x2 +8x+ 4| x+3|2x2 = 11x+41|-119
44120 - 102
ox X o 2x+4|3x° = 5x+ 8 -3
C) " —4x + 29
1004 4 3 2
6x* + 2x° + 3x X+ 1|26 4 x— 4 5
801 - 11x-9
60
3+ x2—6x+ 16| x+2|3x> —5x+4 8
40
5. a) x? + 4x + 14 remainder 57
— 3 b) x> — 6 remainder 13
6 -4 -2 2 4 6

634 Answers

10.

1.
12.
13.
14.

15.

¢ x? + 2x — 3 remainder —2

d) x> + 3x — 9 remainder — 16x + 62

e) x + 1 remainder 8x> — 8x + 11

f) x + 3 remainder
—4x® — 4x? + 8x + 14

a) x> + 3x + 2 no remainder

b) 2x* — 5x — 12 remainder 7

©) 6x° — 5x? — 19x + 10 remainder — 2

d) x? + 2x — 8 remainder —2

e) 6x° — 31x? + 45x — 18 no remainder

f) 3x* — 1 no remainder

a) x> + 4x? — Slx + 89

b) 3x* — 2x7 + 3x? — 38x + 39

o S5x* 4 22x% — 17x + 21x + 10

d) x® + 8x° + 5x% — 13x% — 72x?
+49x — 3

a) r= 20 cr=0
b) r=x—22 d) r=2x*+2
a) x+ 3 c) x+ 4
b) x + 10 d) x— 2

a) x + 5 is a factor since there is no
remainder.

b) x + 2 is a factor since there is no
remainder.

c) x — 2 is not a factor since there is a
remainder of 2.

d) x — 1 is not a factor since there is a
remainder of 1.

e) 3x + 5 is not a factor since there is a

. 1
remainder of —?3.

f) 5x — 1is not a factor since there is a
remainder of — 8.
(x+ 1) cm
a) 7 b) 3
2
Yes, f'(x) is always divisible by x — 1.
Regardless of the value of 7, f(x) = x” — 1
can always be written as f(x)
=x4+0x" "+ 0x" 2+ ... 0x— 1.
Therefore, the same pattern continues
when dividing x” — 1 by x — 1, regardless
of how large 7 is, and there is never a
remainder.
a) f(x) = (x* = 3x% — 10x + 31)
=(x—4)(x*+x—06)
remainder 7
b) f(x) = (x* — 3x* — 10x + 31)
= (=4 (x+3)(x—2)
remainder 7
9 y

NEL



16. Answers may vary. For example:
2¢ + 9 +2x — 11
x=3)2" 430 — 252 — 7x— 14
270 (x —3) = 2 — 6

9x° — 254
9% (x — 3) - 9y’ — 275
2% — 7x
2x(x — 3) > 2x* — 6x
—1x — 14
—1(x—3) > —1x+3

-17
17. r=2x+5cm
18. a) »* + xy + )/2
b) ¥ — 2xy + 5
19. x — yisa factor because there is no

remainder.

20. [4(x) + 1)(x +5)

Lesson 3.6, pp. 176-177

1. a) )64
ii) 22
iii) 12
b) No, according to the factor theorem,
x — aisafactor of f(x) if and only if
f(a) = 0.
2. a) notdivisible by x — 1
b) divisible by x — 1
¢) not divisible by x — 1
d) divisible x — 1
3. (x+1)(x+3)(x—2)

4. a) —1 c 0 e) 30
b) =5 d) —34 f) 0
5. a) yes c) yes
b) no d) no

6. a) (x—2)(x—4)(x+3)
b) (x —1)(2x + 3)(2x + 5)
o) x(x—2)(x+ 4)(x+ 06)
d) (x +2)(x+5)(4x — 9)(x — 3)
e) x(x +2)(x + 1)(x —3)(x—5)
) (x —3)(x —3)(x + 4)(x + 4)
7. a) (x—2)(x+5)(x+6)
b) (x + 1)(x — 3)(x + 2)
o (x+1)(x—1)(x—2)(x+2)
d) (x —2)(x+ 1) (x+ 8)(x—4)
e (x—1)(x*+1)
) (x— D>+ 1)+ 1)
8. a) y
140

NEL

b)

©

d)

€

f)

-8 -6 -4 2
-20

ol

~

10.
11.

12.

13.
14.

15.

16.

17.

20

a=6,b=3

For x” — a”, if n is even, they’re both
factors. If 7 is odd, only (x — 2) isa
factor. For x” + a”, if n is even, neither
is a factor. If 7 is odd, only (x + a) isa
factor.

a= —2,b=22

The other factor is —2x + 3.

-6

=4t

— (xZ)Z _ (dZ)Z

= (x*+ a?) (x* — &%)

= (x*+ 2% (x+ a)(x — a)
Answers may vary. For example: if
f(x) = k(x — a), then f(a) = k(a — a)
= k(0) = 0.
L—x—2=(x—2)(x+1);
Iff(x) = % — 65 + 3x + 10, then
f(2) =0andf(—1) = 0.

Iff(x) = (x+a)+ (x+)°+ (a—¢)>,
then f(—a) =0

Lesson 3.7, p. 182

1.

(x + b)) (x* — bx + b?)

a) (x—4)(x* + 4x + 16)

b) (x = 5) (x> + 5x + 25)

O (x+2)(x* —2x + 4)

d) (2x — 3)(4x* + 6x + 9)

e (4x — 5)(16x* + 20x + 25)
f) (x+1)(x*=—x+1)

g) (Bx + 2)(9x* — 6x + 4)

h) (10x + 9)(100x> — 90x + 81)
D) 8(3x — 1)(9x* + 3x + 1)

a) (4x + 3y) (16x* — 12xy + 9?)
b) (—3x)(x — 2)(x* + 2x + 4)
o (4 — x)(7x* + 25x + 31)

d) (x? + 4)(x* — 4x? + 16)

a) (x = 7)(x* + 7x + 49)

b) (6x — 1)(36x* + 6x + 1)

o (x+ 10) (x> — 10x + 100)

d) (5x — 8)(25x* + 40x + 64)
e (4x — 11)(16x* + 44x + 121)
f) (7x + 3)(49x* — 21x + 9)

2) (8x + 1)(64x? — 8x + 1)

h) (11x + 12) (121x* — 132x + 144)
) (8 — 11x) (64 + 88x + 121x%)

(1 2)(1 , 2 4)
a) | x— - )l =x"+ —x+ —
3 5/\9 15 25

b) —16x*(3x + 2) (9x? — 6x + 4)
o 7(4x —5)(x* —x+ 1)

d) <%x - 2)(%}(2 + x + 4)

1 6 3
—xS 3+
(64)6 x 64)

SIoMSuy

Agree; by the formulas for factoring the
sum and difference of cubes, the
numerator of the fraction is equivalent to
(2> + %) + (a® — b?). Since

(a® + 6%) + (a® — b%) = 24, the
entire fraction is equal to 1.

Answers 635



10.

a) P+12°=(1+ 12)(17 = (1)(12)
+ 12%)
= (13)(133) = 1729
b) 9° + 10° = (9 + 10) (9* — (9) (10)
+ 10%)
= (19)(91) = 1729

= (' + 1) + 2x%°
= (x5 + 5 (21 — x5 + y12)
+ 2x%°

=+ 7) (= xH A+ )
(1 = X85 + y12) + 24

Answers may vary. For example, this

statement is true because 2°> — 6% is

the same as 2° + (—64)°.

a) 1729 was the number of the taxicab
that G. H. Hardy rode in when going to
visit the mathematician Ramanujan.
When Hardy told Ramanujan that the
number of the taxicab he rode in was
uninteresting, Ramanujan replied that
the number was interesting because it
was the smallest number that could be
expressed as the sum of two cubes in two
different ways. This is how such numbers
came to be known as taxicab numbers.

b) Yes;

TN(1) =2

TN(2) = 1729

TN(3) = 87539 319

TN(4) = 6963 472 309 248

TN(5) = 48 988 659 276 962 496

TN(6) = 24 153 319 581 254 312 065 344

Chapter Review, pp. 184-185

636

Asx— —%,y— +and as

X—> 0, y—> 0.

a) degree: 2 + 1; leading coefficient:
positive; turning points: 2

b) degree: 3 + 1; leading coefficient:
positive; turning points: 3

a) Answers may vary. For example,
f) = (x+3)(x = 6)(x— 4),
f(x) =10(x + 3)(x — 6)(x — 4),
F() = 4G+ 3) (5 — 6) (x — 4)

b) Answers may vary. For example,
£ = (v 5)(x+ D + 2),
F() = —6(x = 5) (6 + 1) (x + 2),
fG) =9(x=5)(x+ 1) (x+2)

Answers

N

©) Answers may vary. For example,

flx) = (x+7)(x—2)(x— 3),
£(x) =%(x+ 7 (x = 2)(x — 3),
f(x) =3(x+7)(x—2)(x—3)

d) Answers may vary. For example,
f) = (x=9)(x+5)(x+4),
() =7(x=9)(x+5)(x+4),

f(x) = *%(x = 9)(x+5)(x+4)
a) Answers may vary. For example,
fG) = (x+6)(x—2)
(x=5)(x—8),
f(x) =2(x+6)(x—2)
(x—5)(x - 8),
flx) = —8(x+6)(x—2)
(x —5)(x—8)
b) Answers may vary. For example,

flx) = (x —4)(x + 8)

(x = 1)(x— 2),
) = 2= 4+ 9)

(x = 1)(x —2),
f(x) = —12(x — 4)(x + 8)

(e~ D= 2)

¢) Answers may vary. For example,
f(x) =x(x+ 1)(x — 9)(x — 10),
f(x) =5x(x + 1) (x = 9)(x = 10),
f(x) = =3x(x + 1)(x — 9)(x — 10)
d) Answers may vary. For example,

flx) = (x+3)(x = 3)

§x+ 6)(x — 6),
709 = 2+ 3) - 3)
(x +6)(x—06),
f(x) = —10(x + 3)(x — 3)
(x +6)(x—6)
Yy
40
304
20+

101
X

8 -6[-4 -2 9 2[4 & s

10.

1.

12.

13.
14.

15.

16.

17.

18.

a) reflected in the x-axis, vertically stretched
by a factor of 2, horizontally translated
1 unit to the right, and vertically

translated 23 units up

13
12’
horizontally translated 9 units to the left,
and vertically translated 14 units down

¢©) horizontally translated 4 units to the right

b) horizontally stretched by a factor of

d) horizontally translated% units to the left

e) vertically stretched by a factor of 40,
reflected in the y-axis, horizontally

1
compressed by a factor of ,

horizontally translated 10 units to the

right, and vertically translated 9 units up
a) Answers will vary. For example,

(—2, —5400), (3, 0), and (8, 5400).
b) Answers will vary. For example,

(=7, —18), (0, —19), and (7, —20).
¢) Answers will vary. For example,

(=6.22), (=5,16), and (-4, 2).
d) Answers will vary. For example,
(=2, —86), (0, 14), and (2, 114).
e) Answers will vary. For example,
(=1, —44), (0, —45),and (1, —46).
f) Answers will vary. For example,
(5, 1006), (12, 6), and (19, —994).
a) 2x> — 5x + 28 remainder — 144
b) x> + 4x + 5 remainder 26x + 33
©) 2x — 6 remainder 10x* 4+ 27x — 34
d) x — 4 remainder
47 + 17x% — 8x — 18
a) (x4 2)(2x* + x — 3) remainder 1
b) (x + 2) (3x* + 7x + 3) remainder —3
o (x+2)(2x° + x> — 18x — 9)
remainder 0
d) (x + 2)(2x* — 5) remainder 6
a) 2x° — 7x* — 107x + 75
b) 4x* + 3x® — 8x% + 22x + 17
o) 3x* + 14x — 42x% + 3x + 33
d) 3x° — 11x° — 9x* + 47x°
— 46x + 14
13
a) (x+ 1)(x—8)(x+2)
b) (x —4)(2x + 3)(x + 3)
o x(x—2)(x—3)(3x — 4)
d) (x = 1)(x+4)(x+4)(x+ 4)
a) (x—2)(4x+5)(2x—1)
b) (2x + 5)(x — 2)(x + 3)
9 (x=3)(x=3)(x—3)(x+2)
d 2+ 1)(2x+ 1)(x —3)(x+ 3)
a) (4x —3)(16x* + 12x + 9)
b) (8x — 5)(64x* + 40x + 25)
o) (7x — 12) (49x* + 84x + 144)
d) (11x — 1)(121x* + 11x + 1)
a) (10x + 7)(100x* — 70x + 49)
b) (12x + 5)(144x* — 60x + 25)
o (Bx + 11)(9x? — 33x + 121)
d) (6x + 13)(36x* — 78x + 169)
a) (x =)+ +y°)(x+ )
(* =2y +57)

NEL



b) (v =) +3) (v + 592 + )

¢) Both methods produce factors of
(x — y) and (x + y); however, the
other factors are different. Since the two
factorizations must be equal to each
other, this means that
(x* + x*»? + »*) must be equal to
(P +g+ ) -+ 7).

Chapter Self-Test, p. 186

1.

a) flx) =ax' +a, X'+ ...

+ ax + ay, where ay, a, . . . , a, are
real numbers and 7 is a whole number.
The degree of the function is 7; the
leading coefficient is ,,.

b)yn—1

) n

d) odd degree function

e) even degree function with a negative
leading coefficient

b) Answers may vary. For example,
vertical translation up produces
horizontal translation of the inverse

to the right.

Vertical stretch produces horizontal

stretch of inverse.

—

C

vertex of the inverse is (4, &), restrict
the value of y to either y = bory = 4.

33. Answers may vary. For example, average
rates of change vary between —2 and 4,

depending on the interval; instantaneous
rates of change are 9 at (0, 1), 0 at (1, 5),

—3at(2,3),0at(3,1),9ac (4,5);

instantaneous rate of change is 0 at

Answers may vary. For example, if the

Cumulative Review Chapters 1-3,

2. y=(x+4)(x+2)(x—2)
3. & (x—9)(x+8)(2x—1)
b) (3x — 4)(3x* + 9x + 79)
4. more zeros
5, —5<x<—=3x>1
6. yes
7. a) y=502(x—-2)°>+4
b) (2.5,9)
8. x+5
9. 4= —2;zerosat0, —2, and 2.
Y
8.
6
4
X
4 3 b 9 4
_2.
_4.
_6.
_8.

pp. 188-191
1. (b) 9. (0 17. (a) 25. (o
2. @ 10. (d 18. (d 26. (0
3. (o0 1. (@ 19. (b) 27. (d)
4. b) 12. (@ 20. (0 28. (b
5 (b 13. © 21. b 29. (0
6. (d 14. () 22. (b) 30. (o)
7. (d 15. (© 23. (b) 31. (0
8. (@ 16. (0 24. (1

32. a)

NEL

34.

maximum (1, 5) and at minimum (3, 1).

a) f(x) = =2(x+ 1)*(x = 2)(x — 4)

b) p = 32

o) Asx— *, f(x) > —©; zeros: — 1,
2, and 4

d) —16

€ Fx)=k(x+12x—2)(x-4)

Y
13,32)

Chapter 4
Getting Started, pp. 194-195

1.

a) 3
b) 5

a) x(x +6)(x —5)

b) (x — 4) (x* + 4x + 16)

o 3x(2x + 3)(4x* — 6x + 9)
d (x+3)(x—3)(2x+7)

o1
64
d) T

LAl o

1.

a) Y

8 6 4|2 O
-10
b) S
X
-~ —

8 -6 2 9 2 4

—-104
_]5.
2 and 5
2
a) 3and —3 <) *gand%
b) —10and 2  d) 0.3452 and —4.345

a) (3, 7); Answers may vary. For example,
the change in distance over time from
t = 3 tot = 7 is greater than at other
intervals of time.

b)  mis; > m/
3 /s g mls

©) Answers may vary. For example, away;
Erika’s displacement, or distance from
the sensor, is increasing.

a) 2s

b) 4.75 m/s

c¢) —10.245 m/s

a) Disagree; You could use the quadratic
formula to solve y = x* + 4x? + 3x
because it equals x(x? + 4x + 3).

b) Disagree; y = (x + 3)*(x — 2) isa
cubic equation that will have two roots.

o) Disagree; The equation y = x® will
only pass through two quadrants.

d) Agree; All polynomials are continuous
and all polynomials have a y-intercept.

e) Disagree; f(—3) =9

f) Agree; The instantaneous rates of change
will tell you whether the graph is
increasing, decreasing, or not changing
at those points.

Lesson 4.1, pp. 204-206

a) 0,1,—2,2 d) 76,%
35
b) % 7 e 0,—33
© 3,54 f) —=5,-2,6
Answers 637
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