
A
Absolute extrema, 130, 132, 192
Absolute minimum, 133, 134–137
Absolute value and limit, 43–44
Acceleration, 119, 120, 122–129,

139, 155
Addition. See also Sum

triangle law, 285
vectors, 282–292, 302–306, 320,

321, 328
Algebraic vectors, 278, 310–312

operations with, 319–326
representation, 319

Amplitude, 223
Archimedes, 5
Area, 5

circle, 116, 117
cross product, 411, 412
optimization, 141–142
rectangle, 117
square, 117

Associative property
dot product, 375
vectors, 303, 306, 328

Asymptote, 162, 181
See also Horizontal asymptote,

Vertical asymptote
continuity, 48
exponential function, 228
logarithmic function, 228
rational function, 188–189

Asymptotes, 181
Augmented matrix, 561
Average rate of change, 2, 3, 26,

29–31, 55, 61
Average velocity, 23–24, 55

See also Velocity

B
Back substitution, 504
Barrow, Isaac, 5
Bearing, 288

C
Cartesian coordinate system, 161
Cartesian equations, 479

coefficients, 470–471
direction vector, 438–439
lines, 435–444, 479, 486
planes, 461–469, 479, 486, 487
variables, 472–475

Chain rule, 99, 104, 109, 561, 562
exponential function, 229
Liebniz notation, 100, 101
power of a function rule, 88, 102
product rule, 103
quotient rule, 103–104

Charles, Jacques, 47

Coefficient matrix, 561
Cofunction identities, 224
Coincident vectors, 277
Collinear vectors, 295, 343
Commutative property

addition, 328
dot product, 373, 375
vectors, 302–304, 306, 328

Composite function, 99
derivative, 99–106
exponential function, 229

Composite sinusoidal functions,
derivative, 253

Composition of forces, 353
Computer programming, 426

vectors, 478
Concave down/up, 199, 204
Concavity, 198–206

second derivative, 199–203
test for, 204

Conjugate, 6, 8–9
Consistent equations, 504
Consistent systems of planes,

520, 525
Constant function rule, 76
Constant multiple rule, 78, 109
Constant rule, 109
Continuity, 48–55, 71

See also Discontinuity
asymptote, 48
domain, 48
natural logarithm, 574

Continuous function, 71
Coplanar vectors, 338
Cosine function/law/ratio,

223, 272
composite, differentiating, 253
derivative, 250–257, 262
dot product, 379

Cost, 154
minimum, 148, 149–151

Critical numbers, 172, 178
local extrema, 176

Critical points, 172, 192
Cross product, 417

application, 409–415
area, 411, 412
calculating, 406
definition, 403
distributive law, 406
formula, 402
properties, 406
scalar law, 406
unit vectors, 412
vector, 401–408

Cubic function, 162
first derivative, 200–201
graphing, 180
second derivative, 200–201

Curve sketching, 161, 207–213
Cusp, 70

D
de Fermat, Pierre, 5
Decreasing functions, 165–171
Dependent variable, 22, 561
Derivative, 61, 65–75

composite function, 99–106
composite sinusoidal

functions, 253
cosine function, 250–257, 262
domain, 73
existence, 70
exponential function, 227–234,

262, 571–575
general exponential function,

235–240
general logarithmic function,

576–578
graphing, 168
graphing calculator, 107
horizontal tangent, 81
intervals of decrease/increase,

166–168
limit, 65
natural logarithm, 571–575
notation, 72
polynomial functions,

76–84, 177
rational function, 89, 95
sine function, 250–257, 262
sinusoidal functions, 250–257
tangent, 69, 80
tangent function, 258–261, 262

Derivative function, 65–75
Descartes, Rene, 5, 310
Difference quotient, 14, 15, 63
Difference rule, 79, 109

See also Subtraction
Difference vectors, 286, 322
Differentiable, 70, 71, 72
Differentiation, 5
Direction, 343
Direction angles and vectors,

395–396
Direction cosines, 395
Direction numbers, 427, 524
Direction vectors, 295–296, 350,

352, 427
Cartesian equation, 438–439
line, 445
planes, 475
slope, 435

Discontinuity, 70, 192
See also Continuity

Displacement, 122, 139
See also Difference vectors

Distance, 551
dot product, 539
minimum, 143–144
point and plane, between,

542–550

point to line, 534–541
skew lines, 545–548

Distributive property/law
cross product, 406
dot product, 373, 375, 380
vectors, 303, 304, 306, 328

Domain, 2, 3, 162, 163
continuity, 48
derivative, 73
exponential function, 228
function, 2
logarithmic function, 228

Dot product, 417
application, 409–415
associative property, 375
commutative property, 373, 375
cosine law, 379
distance, 539
distributive property, 373,

375, 380
intersection of line 

and plane, 491
magnitude property, 375
parallelogram, 383
perpendicular, 375–376
properties of, 373
sign of, 371
vectors, 371–378, 379–387

E
Elastic demand, 64
Elasticity of demand, 64, 108
Elementary operations, 501, 502,

503, 521–522
Elementary row operations, 561, 562,

563, 565
End behaviour, 163, 187–188, 192
Equal vectors, 277
Equilibrant, 353, 417
Equivalent systems, 501
Euler’s number, 227, 232
Euler, Leonhard, 227
Existence

derivative, 70
limit, 37, 44

Exponent laws, 62
Exponential form, 62
Exponential function, 221

asymptote, 228
chain rule, 229
composite function, 229
derivative, 227–234, 262,

571–575
domain, 228
minimum value, 573
optimization, 241–247
properties of, 222
range, 228
slope of tangent, 231
tangent, 573

Index
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Exponents, properties of, 222
Extended product rule, 87
Extreme values, 130–138

See also Absolute extrema,
Absolute minimum, Local
extrema, Local 
maximum/minimum,
Maximum, Minimum

sinusoidal function, 254

F
Factor theorem, 63
Factoring, 2, 3

limit, 45
First derivative, 172, 178, 192

See also Derivative, First 
derivative test

cubic function, 200–201
quartic function, 201–202
root function, 202–203

First derivative test, 172, 178, 192
Forces, 282–283, 351, 352, 353, 417

equilibrant, 353–356
resultant, 353, 354, 356
sum, 353
triangle of, 359–361
vectors, 353

Function notation, 2, 81, 109

G
Gauss-Jordan Method, 568,

569–572
Gaussian elimination, 561
General exponential function,

derivative, 235–240
General logarithmic function,

derivative, 576–578
Geometric vectors, 278
Graphing

See also Sketching
cubic function, 180
derivative, 168
limit, 36–37
linear function, 180
polynomial function, 177,

208–209, 215
quadratic function, 180
quartic function, 180
rational function, 95,

209–212, 215
tangent, 80

Gravity, 125, 352

H
Higher-order derivatives, 119
Horizontal asymptote, 162, 163,

181–195
limit, 189
rational functions, 184

Horizontal tangents, 174
derivative, 81

Hyperbolic function, 234
Hypotenuse, 272

I
Identity matrix, 572
Implicit differentiation, 561, 563

logarithmic differentiation,
579–580

Inconsistent equations, 504
Inconsistent system and planes,

526–529
Increasing functions, 165–171
Independent variable, 22, 561
Indeterminate form, 42, 55
Inelastic demand, 64
Inequality, 116, 162
Infinite discontinuity, 48
Infinite limits, 183
Inflection points, 198–206
Instantaneous rate of change, 2, 3, 4,

26, 29–31, 55, 61
Instantaneous velocity, 25, 55
Integers in power of a function 

rule, 88
Integration, 5
Intercepts, 192
Interval notation, 117
Intervals of decrease/increase, 165

derivative, 166–168

J
Jump discontinuity, 48

L
Lagrange, Joseph Louis, 68
Law of motion, 129
Liebniz notation, 81, 109

chain rule, 100, 101
Limit, 11, 12, 13–21, 34–39,

55, 162
absolute value, 43–44
derivative, 65
existence, 37, 44
factoring, 45
graphing, 36–37
horizontal asymptote, 189
indeterminate form, 42
infinity, at, 184–187, 189
one-sided, 45
polynomial function, 40–41
properties, 40–47
rational function, 41
reciprocal function, 184
root function, 41
table of values, 35–36
vertical asymptote, 183

Linear combination, 343
vectors, 334–341

Linear equations
back substitution, 504
consistent, 504
inconsistent, 504
number of solutions, 501
parameter, 505–506, 508
planes, 510–517
systems of, 499–509

Linear function, 180

Linear rule, 109
Lines, 2, 423, 424, 485, 488, 551

angles between two, 441–442
Cartesian equation, 435–444,

479, 486
coincident, 492, 493, 500
direction vector, 445
distance between parallel, 537
distance from point, 534–541
equation, 2
equivalence, 446–447
intersecting, 489–498, 500
normal, 486
parallel, 493, 500
parametric equations, 429–431,

445–450, 479, 486, 487
perpendicular, 62
scalar equations, 435
skew, 492, 493, 494–495
symmetric equations,

445–450, 479
vector equations, 429–431,

435–444, 445–450, 479,
486, 487

vectors, 427
Local extrema, 172, 192

critical numbers, 176
Local maximum/minimum,

166, 178
Logarithmic differentiation,

579–582
Logarithmic function, 221

asymptote, 228
domain, 228
range, 228

Logistic model, 247

M
Magnitude, 275, 284, 343

dot product, 375
resultant, 284
vectors, 284, 295–296, 323, 324,

331, 350, 352
Marginal cost/revenue, 151, 154
Matrix, 561

properties of, 564
reduced row-echelon form, 568,

569, 570, 572
Maximum, 117, 130–138,

140, 155
profit, 155
revenue, 148–149
sinusoidal function, 254

Maximum average profit, 243
Method of fluxions, 115
Microbiology, 226
Minimum, 117, 130–138, 140, 155

cost, 148–151
distance, 143–144
exponential function, 573

Motion, 120, 129
Multiplication of vectors, 293–301,

305, 306, 321
See also Product, Scalar 

multiplication

N
Natural logarithm

continuity, 574
derivative, 571–575
one-to-one function, 574

Natural logarithmic function, 228
Natural number, 227, 232
Newton, Sir Isaac, 1, 5, 115, 129
Normal, 70, 72, 438, 439–440

lines, 486
planes, 461–469, 486, 512, 524

O
Oblique asymptote, 91, 190, 192
One-to-one function, 574
Opposite vectors, 276, 279, 280
Optimization, 141–147, 155

area, 141–142
exponential function, 241–247
volume, 142–143

P
Parabola, 165
Parallel lines, 440, 441
Parallel vectors, 295, 343
Parallelogram and dot product, 383
Parallelogram law of addition,

283, 328
Parallelopiped, 329
Parameter, 429
Parametric equations, 427,

428–434, 479
lines, 429–431, 445–450, 479,

486, 487
planes, 453–460, 464–466,

479, 486
Period, 223
Perpendicular, 62

dot product, 375–376
line, 62
vectors, 382, 384

Perpendicular lines, 440, 441
vector equations, 431–433

Planes, 423, 485, 488, 551
Cartesian equations, 461–469,

479, 486, 487
coincident, 510–517, 520–533
consistent systems, 520, 525
coplanar points, 463–464
direction vectors, 475
distance between parallel planes,

544–545
distance from a point, 542–550
inconsistent system, 526,

527–529
intersecting, angle between, 467
intersection of three, 520–533
intersection of two, 510–517
intersection with line,

489–498
line of intersection, 520
linear combinations, 453
linear equations, 510–517
non-intersection, 526–527
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normal, 461–469, 486, 512, 524
parallel, 453, 466, 510–517, 529
parametric equations, 453–460,

464–466, 479, 486
perpendicular, 466
point of intersection, 572
scalar equations, 486
sketching, 470–477
spanning sets of vectors, 453
vector equations, 453–460,

464–466, 479, 486, 487
vectors, 315–316, 338

Point discontinuity, 48
Point of inflection, 198–206
Point-slope form, 10–21
Points, 311, 485, 488, 551

coordinates of, 313
vectors, 311, 313–315, 322,

330–331
Polynomial functions

derivative, 76–84, 177
graphing, 177, 208–209, 215
limit, 40–41

Position vectors, 310, 316, 343
Power function, 77
Power of a function rule, 88–93, 102,

104, 109
chain rule, 88, 102
integers, 88

Power rule, 77, 78, 109
Product and vector, 401–408

See also Multiplication, Scalar 
multiplication

Product rule, 85–93, 94, 109
chain rule, 103
extended, 87

Projections and vectors, 390–400
Pythagorean identities/theorem, 224,

272, 322, 566

Q
Quadratic function, 162, 165

graphing, 180
Quartic function

first derivative, 201–202
graphing, 180
second derivative, 201–202

Quotient identities, 224
Quotient rule, 94–98, 109

chain rule, 103–104

R
Radian, 223
Radian measure, 223
Radical expression, 5–9
Range, 162, 163

exponential function, 228
logarithmic function, 228

Rate of change, 22–31, 65, 226, 261
Rational function, 181

asymptote, 188–189
derivative, 89, 95
end behaviour, 187–188
graphing, 95, 209–212, 215

horizontal asymptote, 184
limit, 41
vertical asymptote, 181–183

Rationalizing the denominator, 6, 7–9
Rationalizing the numerator, 8–9
Reciprocal function/identity, 163, 224

limit, 184
Reduced row-echelon form, 568, 569,

570, 572
Reflection identities, 224
Related rates, 565–570
Resolution of vectors, 357, 358
Resultant, 283, 343, 353

magnitude, 284
Right circular cone, 567
Right circular cylinder, 116

surface area, 116, 117
volume, 116, 117

Right-handed system, 311,
312–313, 316

Right triangle, 272, 566
Root function, 16, 162

first derivative, 202–203
limit, 41
second derivative, 202–203

Row operations, 561, 562, 563
Row-echelon form, 562, 564

S
Scalar equations

lines, 435
planes, 486

Scalar law and cross product, 406
Scalar multiplication and vectors,

293–301, 305, 306
See also Multiplication, Product

Scalar product, 371
Scalar projections, 390

calculating, 393
characteristics, 392

Scalars, 275
Secant line, 2, 11, 13–21

slope, 2
Second derivative, 119, 122–129,

139, 198–206
concavity, 199–203
cubic function, 200–201
quartic function, 201–202
root function, 202–203

Second derivative test, 199, 204
Set notation, 117
Similar triangles, 568
Sine function/law/ratio, 223, 272

derivative, 250–257, 262
Sinusoidal function

derivative, 250–257
extreme values, 254
maximum/minimum, 254
slope of tangent, 254
transformation, 223

Sketching planes, 470–477
Skew lines, 492–495

distance, 545–548
Slope, 2, 3

direction vectors, 435

secant line, 2
tangent, 10–21, 55, 65, 198, 562
tangent line, 2, 3

Slope–y-intercept form, 10–21
Spanning sets, 334–341, 343
Speed, 120
Sphere, volume of, 93
Square, area of, 117
Standard form, 3
Sum, 343, 353

See also Addition
vectors, 322

Sum rule, 79, 109
Symmetric equations, 479

line, 445–450, 479

T
Tangent, 5

derivative, 69, 80
equation, 80
exponential function, 573
graphing, 80
slope, 10–21, 55, 65, 198, 562
vertical, 70

Tangent function/ratio, 223, 272
composite, derivative of, 258–259
derivative, 258–261, 262

Tangent line, 2
slope, 2, 3

Torque, 414, 417
Transformation of sinusoidal 

function, 223
Triangle law of addition, 285
Trigonometric identities, 224

U
Unit vector, 297–298, 319, 327
Upper triangle, 562

V
Variables, 22

Cartesian equations, 472–475
Vector equations, 427–434, 479

lines, 429–431, 435–444,
445–450, 479, 486, 487

perpendicular line, 431–433
planes, 453–460, 464–466, 479,

486, 487
Vectors, 271, 275–281, 287, 343,

349, 352, 417, 424, 426
addition, 282–292, 302–306,

320, 321, 328, 355
angle between, 381
associative property, 303,

306, 328
coincident, 277
collinear, 295
combination, 287
commutative property, 302–304,

306, 328
components, 357, 358
computer programming, 478
coplanar, 338

cross product, 401–408
difference, 286, 322
direction, 295–296, 350, 352
direction angles, 394–395, 396
distributive property, 303, 304,

306, 328
dot product, 371–378, 379–387
equal, 277
equilibrant, 354, 355, 356
equivalent, 304–305
forces, 353
linear combinations, 334–341
lines, 427
magnitude, 284, 295–296, 323,

324, 331, 350, 352
multiplication, 293–301, 305,

306, 321
noncollinear, 338
operations with, 327–333
opposite, 276
parallel, 295
parallelogram law, 283
perpendicular, 382, 384
planes, 315–316, 338
points, 311, 313–315, 322,

330–331
position, 310, 323, 331
product, 401–408
projections, 390–400
properties of, 302–309
representation, 319, 327
resolution, 357, 358
resultant, 283, 353, 354, 356
scalar multiplication, 293–301,

305, 306
scalar projection, 397
spanning sets, 334–341
sum, 322, 353
triangle law of addition, 285–286
unique, 310
unit, 297–298, 327
velocity, 365–371

Velocity, 22, 24–25, 55, 119, 120,
122–129, 139, 155, 287–289, 291,
296–297, 350, 365–371, 417

Vertical asymptote, 162, 163, 181–195
limit, 183
rational function, 181–183

Vertical cusp, 174, 175
Vertical lines, 437–438
Vertical tangent, 70
Volume, 116, 567

optimization, 142–143
von Liebniz, Gottfried Wilhelm, 1, 5

X
x-intercept, 163

Y
y-intercept, 163

Z
Zero vector, 285, 289, 292
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