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Polynomial
Equations and
Inequalities

» GOALS

You will be able to

e Determine the roots of polynomial
equations, with and without technology

e Solve polynomial inequalities, with and
without technology

® Solve problems involving polynomial
function models

o
V=

" (@ If a polynomial function models the
height of the wake boarder above
the surface of the water, how could
you use the function to determine
when he is above a given height or
how quickly he is descending at any
given time?




Getting Started

study | Aid SKILLS AND CONCEPTS You Need

e For help, see the Review of 1. Solve the following linear equations.
Essential Skills found at the
Nelson Advanced Functions a Sx—7=—-3x+17 o 2(3x—5) = —4(3x—2)
website. 2%+ 5 5
b) 12x—9 —-6x=5+3x+1 d =7 -
Question | Appendix/Lesson 3 4
145 R-6 2. Factor the following expressions.
5 R3. 3.6 a) x>+ x?— 30x o 24x* + 8lx
3 33 b) x° — 64 d) 2x% + 7x% — 18x — 63
6,7 2.5 . .
N 3. Sketch a graph of each of the following functions.

d y=(x—2)(x+3)(x—4) b y=2(x+6)—10

y=x2-7x+10
10 4. Given the graph of the function shown, determine the roots
of the equation x? = 7x+ 10 = 0.
8,
6- 5. Determine the roots of each of the following quadratic equations.
N ) 2% =18 9 Gx?=1lx+ 10
b) x2+8x—20=0 d) x(x+3)=3—5¢—«x*
2,
X 6. The graph below shows Erika’s walk in front of a motion sensor.
N T _ T 0 T T .
REASNENS AR £ o]
S 4
5
B2 2
a t
0 2 4 6 8 10
Time (s)

a) In which time interval is she walking the fastest? Explain.

b) Calculate the speeds at which she walks on the intervals e (0, 3)
and re (3, 7).

o) Is she moving away or toward the motion sensor? How do
you know?

7. A'T-ball player hits a baseball from a tee that is 0.5 m tall. The height
of the ball is modelled by 4(r) = —5¢ + 9.75¢ + 0.5, where 5 is
the height in metres at # seconds.

a) How long is the ball in the air?

b) Determine the average rate of change in the ball’s height during
the first second of flight.

o) Estimate the instantaneous rate of change in the ball’s height
when it hits the ground.
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Getting Started

8. Copy and complete the anticipation guide in your notes.

Statement Agree | Disagree | Justification

The quadratic formula can only be
used when solving a quadratic
equation.

Cubic equations always have
three real roots.

The graph of a cubic function
always passes through all
four quadrants.

The graphs of all polynomial
functions must pass through at
least two quadrants.

The expression x* > 4 is only
true if x > 2.

If you know the instantaneous

rates of change for a function at x = 2
and x = 3, you can predict fairly well
what the function looks like in between.

APPLYING What You Know

Modelling a Situation with a Polynomial Function

Shown is a picture of the Gateway Arch located in St. Louis, Missouri, —
U.S.A. The arch is about 192 m wide and 192 m tall.

The city of St. Louis would like to hang a banner from the arch for their
New Year celebrations. They have determined that the banner should be
suspended from a horizontal cable that spans the arch 175 m off the
ground to ensure optimal viewing around the city.

© Assuming that the arch is parabolic in shape, how long

should the cable be?

A. Draw a sketch showing the arch on a coordinate grid using
an appropriate scale.

B. Determine a quadratic function that could model the inside
of the arch using vertex or factored form.

C.  How did you predict what the sign of the leading coefficient
in the function would be? Explain.

D. Use your model to determine the length of the cable needed
to support the banner.
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4.1

YOU WILL NEED

e graphing calculator
or graphing software

polynomial equation

an equation in which one
polynomial expression is set
equal to another (e.g.,

x> —5x2 =4x — 3, 0r

Ex* —3x> + x> — 6x=9)

Solving Polynomial Equations

Solve polynomial equations using a variety of strategies.

LEARN ABOUT the Math

Amelia’s family is planning to build another silo for grain storage, identical
to those they have on their farm. The cylindrical portion of those they
currently have is 15 m tall, and the silo’s total volume is 6847 m’.

© \What are the possible values for the radius of the new silo?

EXAMPLE 1 Representing a problem with a polynomial
model

Determine possible values for the radius of the silo.

Solution

Draw a diagram to represent the silo.
In this case, the height must be 15 m.

p— g . . .
V= Vitinder T Viemisphere Determine a polynomial equation for the

V= 1 é 5\ < volume of the silo using the formula for the
- 2\3 r |_volume of a cylinder and a hemisphere.

) 2
6847 = wr*(15) + ~ar’ —
3 Substitute the given values for the volume
and the height into the formula and
éimplify the equation.

2
684 = 157 + g’mj -~

2
0= 15m* + 57773 — 684w

- Divide out the common factor of % then
0 = —(457* + 2r° — 2052) divide both sides of the equation
3 by this value.

ol
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— 4g,2 3 _ ~
0= 45: + 272 2052 Rewrite the polynomial in
0 = 27" + 457" — 2052 < descending order of degree.

2r3 + 457 — 2052 <———— Solve the equation by
factoring the polynomial.

Let f(7r)
)

2(2)° + 45(2)* — 2052

—1856
f(3) = 2(3)° + 45(3)* — 2052

Since the roots of the equation
are the x-intercepts of the

= —1593 related function, use the factor
3 theorem to determine one
f(6) = 2(6)3 + 45(6)7 — 2052 \factor.
=0

By the factor theorem, (7 — 6) is a factor of (7).

(2r° + 457" — 2052) = (r — 6)

612 45 0 —2052 /Use synthetic division to divide
V12 342 2052 f(r) by (r — 6) to determine
2 57 342 0 the other factor.

(r—=6)(2r* +57r + 342) = 0

r=6=0 (Set each factor equal to zero

r = 6 is one solution and solve.

2174+ 575+ 342 =0
a=2,b=57,c= 342

b=V~ dac
! 2a =
57 + \/(57)2 — 4(2)(342) The second factor does not
r= appear to be factorable, so use
2(2) .
\/— the quadratic formula to solve
;= —57 £ V513 for the other roots.
4 .
=57 + V513 —57 — V513
r=——— "o r= — """~
4 4
r= —8.6 r=—19.9

The radius cannot be negative,
The silo must have a radius of 6 m. and so only the positive root
can be the radius of the silo.

NEL Chapter 4
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Reflecting

A. How could you verify the solutions you found, with and without

using a graphing calculator?

B. What restriction was placed on the variable in the polynomial

equation? Explain why this was necessary.

C. Do you think it is possible to solve all cubic and quartic equations

using an algebraic strategy involving factoring? Explain.

APPLY the Math

EXAMPLE 2 Selecting a strategy to solve a cubic equation

Solve 4x% — 12x* — x + 3 = 0.

Solution A: Using the factor theorem

Lec f(x) = 4x® — 12x* — x + 3
Possible values for x where f(x) = 0:

Use the factor theorem and the related
polynomial function to determine one factor
of the equation. Numbers that could make

=1, *3, il, ié, il, ié
272 T4 4
f() =4(1)° =12(1)* = (1) +3
= -6
f(=1) =4(=1)° = 12(=1)" = (=1) + 3
=—12
f(3) =4(3)" —12(3)’ = (3) +3

=0
By the factor theorem, (x — 3) is a factor of f{x).
(4% — 122 — x+ 3) + (x — 3)

f(x) = 0 are of the form g, where p is a factor

of the constant term 3 and q is a factor of the
leading coefficient 4.

(Divide f(x) by (x — 3) to find the second

4x> + 0x —1
x — 3M4x® — 12x° — x+ 3
4 — 124

0x* — «x
0x* — Ox

—x+3

—x+3

0

(x—3)(4x> — 1) = 0

Uactor using either long or synthetic division.

198 4.1 Solving Polynomial Equations

rThe quotient 4x% — 1 is a difference of
quuares. Factor this.
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(x=3)2x—1)2x+1) =0

4.

(Set each of the factors equal to

Lzero to solve.

x—3=0o0r2x—1=00r2x+1=0
x=3 2x =1 = -1
1 1
= -
2 2
Check:
_1 1
YT YT
LS RS LS RS
4y — 1262 — x+ 3 0 45 — 12x% — x + 3 0
15 12 3 2
ROREG =i(5) ()
2 2 2 2
b ()
2
2 2 2 2
-0 =0
ILS=RSV LS=RSV
Thesolutionsto4x3—12x2—x+3:0arex:—%,x:%,andx:i

Solution B: Factoring by grouping

43 — 12x* —x+3=0

4x®(x —3) —1(x—3) =0

(x—3) (4% — 1) = 0

-
Verify the solutions by
substitution.

You only need to check x = %

and f% since x = 3 was

\E)btained using substitution.

The first two terms and the last

(x—=3)(2x—1)(2x+1) =0

x—3=0o0r2x —1=0o0r2x+1

x=3 2x = 1lor
1

x =

2

NEL

two terms have a common factor,
so you can factor by grouping.

P

Set each of the factors equal to

zero to solve.
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B Rt =0
L ) —————— Verify the 59|utions, by graphing the
corresponding polynomial function
r o
and determining its zeros.
2ero
#23
& I >

The solutions to 4x> — 12x> — x + 3 = Qare x = -1 x = %, and x = 3.

2’

EXAMPLE 3 Selecting tools to solve a question involving modelling

The paths of two orcas playing in the ocean were recorded by some
oceanographers. The first orca’s path could be modelled by the
equation A(z) = 2¢* — 17¢ + 27¢* — 252 + 232, and the second
by h(¢) = 20¢7 — 200#7+ 3007 — 200, where 4 is their height
above/below the water’s surface in centimetres and # is the time during
the first 8 s of play. Over this 8-second period, at what times were the
two orcas at the same height or depth?

Solution

264 — 178 + 27/ — 252¢ + 232

20#> — 2007 + 3007 — 200 (Since you are solving for the time when

0 the heights or depths are the same, set
the two equations equal to each other
and use inverse operations to make the
right side of the equation equal to zero.

2% — 3745 + 22742 — 552¢ + 432

Let f(#) = 2¢* — 37 + 227#* — 552¢ + 432 CSolve the equation by factoring.

200 4.1 Solving Polynomial Equations NEL



Some possible values for # where /(#) = 0:

*1,*£2, *3, =4, +6, =8, *9

e .
Use the factor theorem to determine
one factor of £(t). Since the question
specifies that the time is within the first

(1) =72
f(2) = —28
£(3) = —18
f(4) =0

By the factor theorem, (# — 4) is a factor of £(7).
(26" — 377 + 2277 — 552r + 432) =+ (¢ — 4)

4 —37 227 —552 432

10's, you only need to consider values
ofg between 0 and 10. In this case,
\consider just the factors of 432.

(ISivide f(t) by (t — 4) to determine the

8 —116 444 —432
~29 111 108 0
(1) = (r— 4) (27 — 294 + 111 — 108)
£(6) = —108

| < o

second factor.

Since the second factor is cubic, you
must continue looking for more zeros

£(8) = —208
f(9) =0

By the factor theorem, (# — 9) is a factor of £(£).

(27 — 297 + 111z — 108) +~ (¢ — 9)
912 —-29 111 —108

using the factor theorem.

It is not necessary to recheck the values
that were used in an earlier step, so
carry on with the other possibilities.

Divide the cubic polynomial by (t — 9)

{ 18 —99 108
2 —11 12 0

1o determine the other factor.

Fle) = (r—4)(t—9)(28 — 11+ 12)
=(t—4)(t—9)2t—3)(t— 4)
= (r—4)*(r—9)(2r - 3)

EFactor the quadratic.

-

(r—4)"=0,r—9=0,0r2t—3=0
t=4 r=9 r=15

The solutions that are valid on the given

| Set each factor equal to zero and solve.

The polynomial functions given only
model the orca's movement between

domainarez = 1.5and # = 4.

NEL

0sand 8s, so the solutiont =9 is

\{nadm|ssab|e.

41
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-

/ Graph both functions and adjust the

window settings to determine the

\ j ‘\\ points of intersection to verify the
e

Intersection
=15

con? solutions.
Intersection. .
H=y N 28T -

YEE{32E

The orcas were at the same depth after 1.5 s and 4 s on the interval between 0 s and 8 .

202

4.1

EXAMPLE 4 Selecting a strategy to solve a polynomial
equation that is unfactorable

Solve each of the following.
a) x' 4+ 5x = —1 b) ¥ —2x+3=0

Solution

-
a) x4 5% = —1< Add 1 to both sides of the
equation to make the right side
of the equation equal to zero.
—

s+ 1=0

Letf(x) =x* +5x* + 1< [fthe equation is factorable,
1) = (1)4 TS5 1 =7 then either (1) or f(—=1)

should give a value of 0.
1) — (—1)4 _1)\2 _
(=1 (=D +5(=1)"+1=7 The polynomial in this equation

cannot be factored.
o

The function f(x) = x* + Sx* + 1 has
an even degree and a positive leading
coefficient, so its end behaviours are the <——

Use the corresponding
polynomial function to visualize
the graph and determine the
J)ossible number of zeros.

same. In this case, as x —> * %, y — o,
This function has a degree of 4, so it
could have 4, 3, 2, 1, or 0 x-intercepts.

\/

(Graph the function on a
graphing calculator to
determine its zeros.

Based on the graph and the function’s end

behaviours, it never crosses the x-axis, so it

has no zeros. As a result, the equation

x* + 5x = —1 has no solutions. I

Solving Polynomial Equations NEL



b) x>’ —2x+3=0 /If the equation is factorable,
Let f(x) = 3= 2+ 3 < then either £(1), f(—1),
f(3), or f(=3) should
F(1) = (1) —2(1) +3=2 equal 0.
1) = (—1)7 — 2(— = .
f(=1)=(=1) 2(=1) +3=4 The polynomial in this
|
f(3) = (3)°—2(3) +3=24 equation cannot be factored.

f(=3)=(-3)"—2(-3) +3=—18

The function f(x) = x* — 2x* + 3 hasan
odd degree and a positive leading coefficient,
so its end behaviours are opposite. In this
case,as x — %, y — %, and as x > — &,
y— — . This function has a degree of 3, so

Use the corresponding
polynomial function to
visualize the graph and
determine the possible

! . number of zeros.
it could have 3, 2, or 1 x-intercepts.

J (Graph the functionon a

graphing calculator to
determine its zeros.

Z2ero
=-1.093289 I¥=0

Based on the graph and the function’s end
behaviours, it crosses the x-axis only once.
The solution is x = —1.89.

i summary

Key Idea

e The solutions to a polynomial equation f(x) = 0 are the zeros of the
corresponding polynomial function, y = f(x).

Need to Know

e Polynomial equations can be solved using a variety of strategies:
« algebraically using a factoring strategy
- graphically using a table of values, transformations, or a graphing calculator
e Only some polynomial equations can be solved by factoring, since not all
polynomials are factorable. In these cases, graphing technology must be used.
e When solving problems using polynomial models, it may be necessary
to ignore the solutions that are outside the domain defined by the conditions
of the problem.

NEL
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CHECK Your Understanding

1.

State the zeros of the following functions.
) y=2x(x—1)(x+2)(x—2)

b) y=502x+3)(4x—5)(x+7)

9 7= 20r—3)(x +5)(x — 4)

d) y= (x+6)°(2x — 5)

e y=—5x(x*—9)

f) y=(x+5)(x" —4x — 12)

Solve each of the following equations by factoring. Verify your
solutions using graphing technology.

a) 3x° = 27x d) 10x° + 26x* — 12x = 0
b) 4x* = 24x* + 108 9 2x7+162 =0

9 3t + 5y —12¢7 —20x =0 £ 2x* = 48x

. a) Determine the zeros of the function y = 2x” — 17x* + 23x + 42.

b) Write the polynomial equation whose roots are the zeros of the
function in part a).

. Explain how you can solve

1200+ 2lx — 4 =x — 2 — 13 — 4
using two different strategies.

. Determine the zeros of the function

F(x) = 2x* = 11x® — 37x* + 156x algebraically.
Verify your solution using graphing technology.

PRACTISING

6.

State the zeros of the following functions.
D f() = x(x — 2)(x + 5)

b f() = (< + 1) (x— 17)

o f(x) = (x* + 36)(8x — 16)

d) f(x) = =3x°(2x + 4) (x* — 25)
e flx) = (x> —x—12)(3x)

f) f(x) =(x+1)(x*+2x +1)

Determine the roots algebraically by factoring,.
a) x'— 8> —3x+90=0

b) x4+ 9%+ 212 —x—30=0

o 2 —5x' —4x+3=0

d 27+ 32 =5x+6

e 4x* — 4x> — 51x% + 106x = 40

f) 12x° — 44x* = —49x + 15

204 4.1 Solving Polynomial Equations NEL



8.

Be

10.

12.

NEL

Use graphing technology to find the real roots to two decimal places.

a) X —T7x+6=0 d x° + x* =5 — x? + 6x
b) x* —5x° — 17x° + 3x+ 18 =0 ¢ 105x° = 344x*> — 69x — 378
0 3x° — 2x° + 16 = x* + 16x f) 21x° — 58x* + 10 = —18x* — 51x

Solve each of the following equations.

Q) XX —6x>—x+30=0

b) 9x* — 4257 + 64x* — 32x =0

9 6x* — 13x” — 29x% + 52x = —20
d) x* — 6x3 + 10x* — 2x = x* — 2x

An open-topped box can be created by cutting congruent squares from
each of the four corners of a piece of cardboard that has dimensions of
20 cm by 30 cm and folding up the sides. Determine the dimensions of
the squares that must be cut to create a box with a volume of 1008 cm®.

+«—30cm—>

X X
XJk3O—2X4>LXI
20—;X 20 cm
] ml
X X

S 7
width=20 - 2x

length=30-2x

The Sickle-Lichti family members are very competitive card players.

They keep score using a complicated system that incorporates positives

and negatives. Maya’s score for the last game night could be modelled

by the function S(x) = x(x — 4) (x — 6), x < 10, x&' W, where x

represents the game number.

a) After which game was Maya’s score equal to zero?

b) After which game was Maya’s score — 5?

o) After which game was Maya’s score 162

d) Draw a sketch of the graph of S(x) if x € R. Explain why this graph
is not a good model to represent Maya’s score during this game night.

The function s(z) = —% gt" + vyt + 5, can be used to calculate s, the
height above a planet's surface in metres, where g is the acceleration
due to gravity, 7 is the time in seconds, v is the initial velocity in
metres per second, and s is the initial height in metres. The
acceleration due to gravity on Mars is g = —3.92 m/s”. Find, to two
decimal places, how long it takes an object to hit the surface of Mars if
the object is dropped from 1000 m above the surface.

Chapter 4
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206

4.1

13.

14.

The distance of a ship from its harbour is modelled by the function
d(r) = =3¢ + 3¢> 4+ 18t where 7 is the time elapsed in hours since
departure from the harbour.
a) TFactor the time function.
b) When does the ship return to the harbour?
o) There is another zero of (). What is it, and why is it not
relevant to the problem?
d) Draw a sketch of the function where 0 = ¢ = 3.
e) Estimate the time that the ship begins its return trip back
to the harbour.

During a normal 5 s respiratory cycle in which a person inhales and
then exhales, the volume of air in a person’s lungs can be modelled by
V(¢) = 0.027#° — 0.27# + 0.675¢, where the volume, V; is
measured in litres at # seconds.
a) What restriction(s) must be placed on 22
b) If asked, “How many seconds have passed if the volume of air in a
person’s lungs is 0.25 L?” would you answer this question
algebraically or by using graphing technology? Justify
your decision.
o) Solve the problem in part b).

Explain why the following polynomial equation has no real solutions:
0 = 5x% + 10x° + 7x* + 18x* + 132

16. Determine algebraically where the cubic polynomal function that has
zeros at 2, 3, and — 5 and passes through the point (4, 36) has a value
of 120.
17. For each strategy below, create a cubic or quartic equation you might
solve by using that strategy (the same equation could be used more
than once). Explain why you picked the equation you did.
a) factor theorem d) quadratic formula
b) common factor e) difference or sum of cubes
o factor by grouping f) graphing technology
Extending
18. a) Itis possible that a polynomial equation of degree 4 can have
no real roots. Create such a polynomial equation and explain
why it cannot have any real roots.
b) Explain why a degree 5 polynomial equation must have at least
one real root.
19. The factor theorem only deals with rational zeros. Create a

polynomial of degree 5 that has no rational zeros. Explain why your
polynomial has no rational zero but has at least one irrational zero.

Solving Polynomial Equations NEL



42 Solving Linear Inequalities

Solve linear inequalities.

LEARN ABOUT the Math

In mathematics, you must be able to represent intervals and identify smaller
sections of a relation or a set of numbers. You have used the following
inequality symbols:

> greater than < less than

= greater than or equal to = less than or equal to

When you write one of these symbols between two or more linear
expressions, the result is called a linear inequality.

To solve an inequality, you have to find all the possible values
of the variable that satisfy the inequality.

For example, ¥ = 2 satisfies 3x — 1 < 8,butsodox = 2.9,x = —1,
and x = —5.

In fact, every real number less than 3 results in a number smaller than 8. So
all real numbers less than 3 satisfy this inequality. The thicker part of the
number line below represents this solution.

The solution to 3x — 1 < 8 can be written in set notation as
{xeR|x < 3} orin interval notation x € (—®, 3).

©® Howcan you determine algebraically the solution set to a linear
inequality like 3x — 1 < 8?

NEL

YOU WILL NEED

e graphing calculator or
graphing software

linear inequality

an inequality that contains an
algebraic expression of degree 1
(e.g.,5x+3>6x—2)

Communication | Tip

To show that a number is not
included in the solution set,
use an open dot at this value.
A solid dot shows that this
value is included in the
solution set.
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EXAMPLE 1 Selecting an inverse operation strategy to solve a linear inequality

Solve the linear inequality 3x — 1 < 8.

Solution
—-1<8
3 (Treat the inequality like a linear equation and use
Ax—1+1<8+1 inverse operations to isolate x. Add 1 to both
sides of the inequality and simplify.
3x<9 k
5 < J [Divide both sides of the inequality by 3.
3 3
x<3
Ll | | | | | | | | | | A | | . . . .
"8 765432101 2 3 “1 ‘5 <—[A number line helps visualize the solution.
Checkx =0
LS ‘ RS (Choose a value for x that is less than 3 to verify
_q 3 that any number in the solution set satisfies the
3x Koriginal inequality.
=3(0) — 1
= -1
LS < RS
. | - - You can also verify the solution set using
'/ I/ y=% a graphing calculator. Graph each side
/ ~—— of the inequality as a function.
/I Ploti Plotz Plot3
“WiB3K-1
B
The solution set is {xeR|x < 3} or in interval :3;:
notation x € (—, 3). \$i=
e

The y-values on the line y = 3x — 1 that are less
than 8 are found on all points that lie on the line
below the horizontal line y = 8. This happens
when x is smaller than 3.

208 4.2 Solving Linear Inequalities
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Reflecting

A. How was solving a linear inequality like solving a linear equation?

How was it different?

B. When checking the solution to an inequality, why is it not necessary
for the left side to equal the right side?

C.  Why do most linear equations have only one solution, but linear
inequalities have many?

APPLY the Math

EXAMPLE 2 Using reasoning to determine which
operations preserve the truth
of a linear inequality

Can you add, subtract, multiply, or divide both sides of an inequality

by a non-zero value and still have a valid inequality?

Solution
4 <38
44+5<8+5 Write a true inequality using two
numbers. Add the same positive
9 <13 ‘ quantity to both sides.

The result is still crue. p
| Add the same negative quantity to
4+ (=5) <8+ (-5) \both sides of the initial inequality.
-1<3

The result is still true. - - )
Subtract the same positive quantity

4—-10<8—10 from both sides of the initial
\inequality.

—-6< =2
The resul is still true. s .
Subtract the same negative
4 — (—3) <8 — (—3) < quantity from both sides of the
\initial inequality.

7<11

The result is still true. oo -
Multiply by the same positive

4(6) < 8(6) ‘ quantity on both sides of the initial
24 < 48 \mequahty.
The result is still true.
&

NEL Chapter 4
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210

4(—2) < 8(—2) <

(Multiply by the same negative

-8 < —16

The result is false.
In this case, —8 > —16.

4+2<8+2 <

quantity on both sides of the initial
inequality.

Divide by the same positive

2 <4
The result is still crue.
4+ (—2) <8+ (—2)~——
—2< —4

The result is false.
In this case, —2 > —4.

Most of the operations preserve the
validity of the inequality. The

exception occurs when both sides are
multiplied or divided by a negative
number. In these two cases, reversing
the inequality sign preserves the validity.

EXAMPLE 3 Reflecting to ver
Solve the inequality 35 — 2x = 20.

quantity on both sides of the initial
\inequality.

Divide by the same negative
quantity on both sides of the initial
\inequality.

Since algebraic expressions
represent numbers, this conclusion
applies to linear inequalities that

\contain variables.

ify a solution

Solution
35 = 2x=20 o . .
Use inverse operations to isolate x.
—2x =20 — 35 ‘ Subtract 35 from both sides and
simplify.
—2x=—15 Ntk
—2x —15 B
-2 -2 Divide both sides by — 2. Since the
x=7.5 < division involves a negative number,
reverse the inequality sign.
Represent the solution on a
number line.
D e A solid dot is placed on 7.5 since
123456789 this number is included in the

4.2 Solving Linear Inequalities

solution set.

NEL



If x = 5, then

LS RS

35 — 2x 20

=35 —2(5)

B Test a value less than 7.5 and a
=25 value greater than 7.5 to verify the
LS = RS: This is the desired solution. Since x = 5 makes the
outcome. inequality true and x = 8 makes

the inequality false, the solution is

Ifx = 8, then | correct.

LS RS

35 — 2x 20

=35 — 2(8)

=35-16

=19

- D Thic . )
LS = RS: This is not the desired ( The value of 7.5 makes both sides
outcome. . . L
) ) equal. Since the inequality sign
The solution set is {xe R|x = 7.5} includes an equal sign, 7.5 must be
or in interval notation x & (—%, 7.5]. | part of the solution set.
\
EXAMPLE 4 Connecting the process of solving a double

inequality to solving a linear inequality

Solve the inequality 30 = 3(2x + 4) — 2(x + 1) = 46.

Solution

“‘/This is a combination of two
inequalities:
30=3(2x+4) — 2(x + 1) and
3(2x +4) — 2(x + 1) < 46.
A valid solution must satisfy both
inequalities.
Expand using the distributive
\\property and simplify.

30 =3(2x+4) —2(x+ 1) =46 <

30=6x+ 12 — 2x — 2 = 46
30 = 4x + 10 = 46

/Subtract 10 from all three parts of
\the inequality.

30 - 10 =4x+ 10 — 10 = 46 — 10
20 = 4x = 36

&l

NEL Chapter 4
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20 = b = 36 (Divide all parts of the inequality

4 4 4 Kby 4.
S5=x=9
A number line helps to visualize the
| Tt solution. Solid dots are placed on
6 1‘ i é 4‘1 5 6 7 8 9 5 and 9 since these numbers are
included in the solution set.
The solution using interval notation is
xe[5,9]
( = ) To verify the solution, graph the
..... functions that correspond to all
/ three parts of the inequality.
v Flotl Flotz Flots
o -~ ~BIA
\E J ;YZEE(2X+4)—2(X+
A
\WiB46
4 )\ \,31.:
\YE=
46 W=
30 /
Z]
Pl 5 9
N £/

The x-values that satisfy the inequality
are the x-coordinates of points on the
diagonal line defined by

y=3(2x+ 4) — 2(x + 1) whose
y-values are bounded by 30 and 46.

Cinsummary

Key Idea
e You can solve a linear inequality using inverse operations in much the same way
you solve linear equations.

Need to Know
o If you multiply or divide an inequality by a negative number, you must reverse
the inequality sign.
e Most linear equations have only one solution, whereas linear inequalities have

many solutions.

¢ A number line can help you visualize the solution set to an inequality. A solid dot
is used to indicate that a number is included in the solution set, whereas an
open dot indicates that a number is excluded.

212 4.2 Solving Linear Inequalities NEL



CHECK Your Understanding

1.

Solve the following inequalities graphically. Express your answer
using set notation.

a) 3x—1=11 d 3(2x + 4) = 2«
b —x+5> —2 O —2(1—2x) <5x+8
6x + 8

0 x—2>3%+8 =2x— 4

Solve the following inequalities algebraically. Express your answer
using interval notation.

a) 2x —5=4dx+1 d 2x+1=5—2

b) 2(x+3) < —(x— 4) e —x+1>x+1

. 2x+3§x_5 b x+42x—2
3 2 4

Solve the double inequality 3 = 2x + 5 < 17 algebraically and

illustrate your solution on a number line.

4. For each of the following inequalities, determine whether x = 2
is contained in the solution set.
a) x> —1 d) S5x+3=-3x+1
b) 5x — 4 >3x + 2 e) x —2=3x+4=x+ 14
o 4(3x —5) = 6x f) 33< —10x + 3 <54
PRACTISING
5. Solve the following algebraically. Verify your results graphically.
B, 2x-1=13 d 5(x—3) =2«
by —2x—1>—1 e) —4(5—3x) <2(3x + 8)
-2
9 2v—8>4x+ 12 H =23

NEL

For the following inequalities, determine if 0 is a number
in the solution set.

a) 3x=dx+1 d 3x=x+1=x—1

by —6x<x+4<12 e x(2x—1)=x+7

¢ —xt+1>x+12 ) x+6<(x+2)(5x+ 3)
Solve the following inequalities algebraically.

a) —S5<2x+7<I11 d 0=-2(x+4)=6

b) 11 <3x—1<23 e 59 <7x+10<73

9 —1=-x+9=13 ) 18=—12(x — 1) =48

Chapter 4
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10.

11.

13.

4.2 Solving Linear Inequalities

a) Create a linear inequality, with both constant and linear terms on
each side, for which the solution is x > 4.
b) Create a linear inequality, with both constant and linear terms on

each side, for which the solution is x = %

The following number line shows the solution to a double inequality.

a) Write the solution using set notation.
b) Create a double inequality for which this is the solution set.

Which of the following inequalities has a solution. Explain.
x—=3<3—x<x—S50x—3>3—-—x>x—5

Consider the following graph.

s
A
2,
X
59 1
-2
—4

a) Write an inequality that is modelled by the graph.
b) Find the solution by examining the graph.
o) Confirm the solution by solving your inequality algebraically.

The relationship between Celsius and Fahrenheit is represented by

C= %(F — 32). In order to be comfortable, but also economical,
the temperature in your house should be between 18 °C and 22 °C.
a) Write this statement as a double linear inequality.
b) Solve the inequality to determine the temperature range

in degrees Fahrenheit.

Some volunteers are making long distance phone calls to raise money
for a charity. The calls are billed at the rate of $0.50 for the first

3 min and $0.10/min for each additional minute or part thereof. If
each call cannot cost more that $2.00, how long can each volunteer
talk to a prospective donor?

NEL



14.

a) Find the equation that allows for the conversion of Celsius to
Fahrenheit by solving the relation given in question 12 for E

b) For what values of C'is the Fahrenheit temperature greater than
the equivalent Celsius temperature?

The inequality [2x — 1| < 7 can be expressed as a double inequality.
a) Depict the inequality graphically.
b) Use your graph to solve the inequality.

Will the solution to a double inequality always have an upper and

lower limit? Explain.

Extending

17. Some inequalities are very difficult to solve algebraically. Other
methods, however, can be very helpful in solving such problems.
Consider the inequality 2° — 3 < x + 1.

a) Explain why solving the inequality might be very difficult to do
algebraically.

b) Describe an alternative method that could work, and use it
to solve the inequality.

18. Some operations result in switching the direction of the inequality
when done to both sides, but others result in maintaining the
direction. For instance, if you add a constant to both sides, the
direction is maintained, whereas multiplying both sides by a negative
constant causes the sign to switch. For each of the following,
determine if the inequality direction should be maintained, should
switch, or if it sometimes switches and sometimes is maintained.

a) cubing both sides
b) squaring both sides
o) making each side the exponent with 2 as the base, i.e., 3 <5,
s02° <2
d) making each side the exponent with 0.5 as the base
e) taking the reciprocal of both sides
f) rounding both sides up to the nearest integer
g) taking the square root of both sides
19. Solve cach of the following, x € R. Express your answers using both

NEL

set and interval notation and graph the solution set on a number line.
a) x*<4 o |2x+2|<8
b) 4x* + 5 = 41 d —3x’ =381

Chapter 4
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Mid-Chapter Review

Study | Aid

e See Lesson 4.1, Examples
1to4.

e Try Mid-Chapter Review
Questions 1, 2, and 3.

216 Mid-Chapter Review

FREQUENTLY ASKED Questions

Q:

A1:

How can you solve a polynomial equation?

You can use an algebraic strategy using the corresponding polynomial
function, the factor theorem, and division to factor the polynomial.
Set each factor equal to zero and solve for the independent variable.
You will need to use the quadratic formula if one of the factors is

a nonfactorable quadratic.

For example, to solve the equation

2% + %% — 19x% — 14x + 24 = 0, let
F(x) = 2x" + x> — 19x% — 14x + 24. Possible values of x that

make f(x) = 0 are numbers of the form ‘g, where p is a factor
of the constant term and g is a factor of the leading coefficient.
Some possible values in this case are:

*1,*2, £3, £4, +6, £8, £12, =24
=1, %2

Since f(—2) = 0, by the factor theorem, (x + 2) is a factor of f(x).
Determine f(x) + (x + 2) to find the other factor.

212 1 —19 —14 24
I —4 6 26 —24
2 -3 -—13 12 0

Now, f(x) = (x + 2) (2x° — 3x* — 13x + 12).

Possible values of x that make the cubic polynomial 0 are numbers
of the form:
*1,+2, 3, +4 *+6, =12,
*2

Since f(3) = 0, (x — 3) isalso a factor of f(x). Divide the cubic
polynomial by (x — 3) to determine the other factor.
312 -3 —13 12

I 6 9 —12

2 3 —4 0

NEL



Mid-Chapter Review
So, f(x) = (x + 2)(x — 3) (2x* + 3x — 4).
x+2=0o0rx—3=0o0r2x>+3x—4=0
x=—2o0rx=3

Since 2x% + 3x — 4 is not factorable, use the quadratic formula to
determine the other zeros.

_ -3+ V3 —4(2)(—4)
2(2)
C —3+\V41
4
x = —2.350r0.85

X

X

The equation has four roots: x = —2,x = —2.35, x = 0.85, and
x = 3.

A2: You can use a graphing strategy to find the zeros of a rearranged
equation, or graph both sides of the equation separately and then
determine the point(s) of intersection.

For example, to solve the equation

x>+ 3x% — 7x + 4 = 3x> — 5x + 12, enter both polynomials

in the equation editor of the graphing calculator and then graph

both corresponding functions. Use the intersect operation to determine
the point of intersection of the two graphs.

/

i

Flotl Flotz Flots
WBKA3HIRZ TR+

WeBIKE-Or+12

W=

“hy=

sWe= Intersection

“NWe= WEEEE0TYeL IV=168.8434Y02
e T

The solution is x = 2.33.

. . . o
Q: How can you solve a linear inequality? Study | Aid

A:  You solve a linear inequality using inverse operations in much the * See Lesson 4.2, Examples
1,3, and 4.

e Try Mid-Chapter Review
Questions 4 to 8.

same way you would solve a lincar equation. If at any time you
multiply or divide the inequality by a negative number, you must
reverse the inequality sign.
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PRACTICE Questions

Lesson 4.1 6. Create a linear inequality with both a constant

1. Determine the solutions for each and a linear term on each side and that has each

of the following.

a) 0= —2x"(2x — 5)(x — 4)*
b) 0=(x*+1)(2x + 4)(x+ 2)
o x° —4x?=7x—10

d) 0= (x*—2x— 24)(x* — 25)
e 0= (x>+2xH)(x+9)

f —x*=—13x"+ 36

. Jude is diving from a cliff into the occan. His

height above sea level in metres is represented

by the function #(#) = —5(¢r — 0.3)* + 25,

where 7 is measured in seconds.

a) Expand the height function.

b) How high is the cliff?

o) When does Jude hit the water?

d) Determine where the function is negative.
What is the significance of the negative
values?

. Chris makes an open-topped box from a 30 cm
by 30 cm piece of cardboard by cutting out
equal squares from the corners and folding up
the flaps to make the sides. What are the
dimensions of cach square, to the nearest
hundredth of a centimetre, so that the volume
of the resulting box is 1000 cm”?

Lesson 4.2

4. Solve the following inequalities algebraically

and plot the solution on a number line.
a) 2x—4<3x+7

b) —x—4=x-+4

o —2(x—4)=16

d 2(3x—7) >3(7x — 3)

. Solve and state your solution using inverval
notation.

+ 6
2x<3x

=4 + 2x

218 Mid-Chapter Review

of the following as a solution.

a) x>7

b) xe(—%,—8)
o —1l=x=7
d) xe[3, »)

. Consider the following functions.

a) Find the equations of the lines depicted.

b) Solve the inequality /(x) < g(x) by
examining the graph.

o) Confirm your solution by solving the
inequality algebraically.

. The New Network cell phone company charges

$20 a month for service and $0.02 per minute

of talking time. The My Mobile company

charges $15 a month for service and $0.03 per
minute of talking time.

a) Write expressions for the total bill of cach
company.

b) Set up an inequality that can be used to
determine for what amount of time (in
minutes) My Mobile is the better plan.

o) Solve your inequality.

d) Why did you have to put a restriction on
the algebraic solution from part c)?

NEL



43 Solving Polynomial Inequalities

YOU WILL NEED
. . e graphing calculator or
Solve polynomial inequalities.

graphing software
LEARN ABOUT the Math

The elevation of a hiking trail is modelled by the function

h(x) = 2x° + 3x> — 17x + 12, where 4 is the height measured in metres
above sea level and x is the horizontal position from a ranger station
measured in kilometres. If x is negative, the position is to the west of the
station, and if x is positive, the position is to the east. Since the trail extends
4.2 km to the west of the ranger station and 4 km to the east, the model is
accurate where xe[—4.2, 4].

© How can you determine which sections of the trail are above
sea level?

EXAMPLE 1 Selecting a strategy to solve the problem

At what distances from the ranger station is the trail above sea level?

Solution A: Using an algebraic strategy and a number line

The trail is above sea level when the polynomial inequality
height is positive, i.e., h(x) > 0. an inequality that contains a
2x7 4+ 3x% = 17x + 12> 0 Write the mathematical model using polynomial expression

a polynomial inequality. (€9, 5¢ + 3¢ —6x=2)

NEL Chapter 4 219
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h(1) =2(1)° +3(1)* = 17(1) + 12 <
= 0so (x — 1) is a factor of h(x)

112 3 —17 12
I 2 5 —12
2 5 —-12 0

h(x) = (x — 1) (2% + 5x — 12)

( Factor the
corresponding
function y = h(x) to
locate the x-intercepts.
Use the factor
theorem to determine
the first factor.

0= (x—1)(2x — 3)(x + 4)

The x-intercepts are at —4, 1, and % These numbers

divide the domain of real numbers into four intervals:

Set h(x) = 0.

Set each factor equal
to 0 and solve.

=

Solution B: Using a graphing strategy

2% + 32— 17x+ 12 >0

h(1) =2(1)° +3(1)* = 17(1) + 12 <
= 0so (x — 1) is a factor of h(x)

112 3 —17 12
2 5 —12
2 5 —12 0

4.3 Solving Polynomial Inequalities

3 3
x< =4, —4<x<1,1<x< x>
2 2 )
Draw a number
x<—4 —A<x<] ‘l<x<% x>% line and test
Is hix}>01 T T - > points in each
-4 1 % interval to see
whether the
Interval x< -4 -4< x<1 1<x<§ x>§ function has a
positive or
Is h(x) > 0? no yes no yes
(/ . .
3 Identify the intervals
h(x) > 0when —4 <x <1 andx>5. where h(x) is
positive.
The hiking trail is above sea level from 4 km ~
west of the ranger station to 1 km east, and Write a concluding
for distances more than 1.5 km east. statement.

The trail is above sea
level when the height
is positive, i.e.,

h(x) > 0.
L)

g Factor the
corresponding
function y = h(x) to
locate the x-intercepts.
Use the factor
theorem to determine
the first factor.

&
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h(x) = (x— 1)(2x* + 5x — 12)
0= (x—1)(2x— 3)(x + 4)
3

—,orx = —4

1, x =
2

The x-intercepts are at —4, 1, and %

Set h(x) = 0.
Set each factor equal to 0 and solve.

h(0) = 12

The graph lies above the x-axis on
the intervals —4 < x < 1 and x > %

B

The hiking trail is above sea level
from 4 km west of the ranger
station to 1 km east, and for
distances beyond 1.5 km to
the east of the ranger station.

-

Reflecting

L The y-intercept occurs when x = 0.

/Analyze the function and draw a
sketch of h(x). Plot the x- and
y-intercepts. Because the leading
coefficient of the function is positive
and the degree of the function is
odd, the graph has opposite end
behaviours. The graph must start in
the third quadrant and proceed to
the first quadrant. Estimate the
roation of the turning points.

Determine the intervals where
h(x) > 0.
N

Write a concluding statement that

answers the question.
N

A. When solving a polynomial inequality, which steps are the same

as those used when solving a polynomial equation?

B. What additional steps must be taken when solving a polynomial

inequality?

C. The zeros of y = /h(x) were used to identify the intervals where /4(x)

was positive and negative but were n
h(x) > 0. Explain why.

ot included in the solution set of

D. How could you verify the solution set to the polynomial inequality

using graphing technology?

NEL
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APPLY the Math

EXAMPLE 2

polynomial inequality

Solve the inequality x® — 2x2 + Sx + 20 = 2x? + 14x — 16.

Solution A: Using algebra and a factor table

X3 = 2x% 4+ 5x + 20 = 2x?% + l4x — 16

X3 —4x?—9x+36=0

*(x—4) —9(x—4)=0

(x—4)(x*=-9)=0

(x—4)(x—3)(x+3)=0
(x=4)(x=3)(x+3) =0

Selecting tools and strategies to solve a factorable

Use inverse operations to

N

make the right side of the
bnequality equal to zero.

p
Factor the polynomial on

\the left by grouping.

P
Determine the roots of

The roots are — 3, 3, and 4. These numbers
divide the real numbers into four intervals:

x< =3, -3<x<33<x<4,x>4

the corresponding
kpolynomial equation.

/Create a table to consider

x< -3 —-3<x<3 3<x<4 x>4 the sign of each factor in
(x - 4) — — — n each of the intervals and
examine the sign of their
(x —3) - - + + < product. In this case, the
(x + 3) — + N N intervals that correspond
1o a positive product are
their (D)) (D)) | () FH) | (F)+H)+) the solutions to the
product = — = + - — +

\polynomial inequality.

X3 — 262 4 5x+20=2x>+ l4x — 16when —3<x=<3orx=4 « | Writeaconcluding

Solution B: Using graphing technology

Flotl Flotz Flots
Y ERAI-2R 2 +0R+2

N eEZHEH14HE-16
wNa=
“Ny=
wNe=
“NE=

W IHCIOW
Amin=-8

222 4.3 Solving Polynomial Inequalities

statement.
—

Graph each side of the inequality as a
separate function. Bold the graph of the
second function (the quadratic) so you can
distinguish one from the other. Experiment
with different window settings to make the
intersecting parts of the graph visible.

NEL
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s I . N N ,
The two graphs intersect somewhere to the
left of the y-axis and intersect twice to the
right of the y-axis. Use the intersect

o - operation to determine all points of
\4,:// Thtarseckion’ intersection.
HE "3 e} e

A2 | 3 J L » J

e ] N ] W A
You can see on the graph that the cubic
function lies above the quadratic function

W in the interval =3 =x=3orx = 4.
LY L4 * [
Intersection Intersection
HEZ -} Y4y HEY e} oyz7E
\ I 7 N - J

The two functions intersect at (—3, —40), (3, 44), and (4, 72).

2P — 10x% + 15x + 11 = —x? — 8x + 26 < [Write a concluding statement.
when xe[—3, 3] orxe[4, =).

EXAMPLE 3 Selecting a strategy to solve a polynomial inequality
that is unfactorable

The height of one section of the roller coaster can be described by the polynomial function

h(x) = mxz(x — 30)*(x — 55)3 where 4 is the height, measured in metres, and x is

the position from the start, measured in metres along the ground.

w
(@]
1

N
°

Height (m)

o
Il

10 20 30 40 50
Position (m)

When will the roller coaster car be more than 9 m above the ground?
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Solution

Solve

4000 000

Plotl Plok2 Flot3
~Y18¢ 1488860
RECK-3BIECR-3

~NzB9
Y=
~Ny=
~Ne=

E, 2
Q)2

Intersechon\
#=4. 7208577 'l'!

x*(x = 30)*(x — 55)*>9

p
In this case, the solution set corresponds
to all values of x where h(x) > 9. Using

WIHDOW
Amin=@a
HMax=o9
#ecl=5
Ymin=@a
Ymax=25
Yecl=5
Ares=1

Inttrsect-on\
#=z1.696260 2Y=9

/X

an algebraic approach involving factoring
would be tedious, so use a graphing
strategy.

e
Graph the function

h(X) = 7505000 30)2(x —

and the line y = 9 on the graphing
calculator and locate intervals where the
roller coaster is higher than 9 m. On the
graph, this will correspond to when

Y1 >Y2.

X(x — 55)2

(Determine the four points of intersection

Y

J

L

The four points where the height function and the horizontal
line intersect are approximately (4.7, 9), (21.7,9), (40, 9),

and (48.1,9).

The roller coaster will be more than 9 m above
the ground when it is between 4.7 m and 21.7 m

of the height function and the
horizontal line.

(Y1 >Y2whend47 <x<21.70r

from the starting point and between 40 m and 48.1 m

from the starting point, as measured along the ground.

224 4.3 Solving Polynomial Inequalities

@o <x<481.
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Finsummary

Key Idea

* To solve a polynomial inequality algebraically, you must first determine the roots
of the corresponding polynomial equation. Then you must consider the sign of
the polynomial in each of the intervals created by these roots. The solution set is
determined by the interval(s) that satisfy the given inequality.

Need to Know

e Some polynomial inequalities can be solved algebraically by
« using inverse operations to move all terms to one side of the inequality
- factoring the polynomial to determine the zeros of the corresponding

« using a number line, a graph, or a factor table to determine the intervals on

e All polynomial inequalities can be solved using graphing technology by
+ graphing each side of the inequality as a separate function
+ determining the intersection point(s) of the functions
» examining the graph to determine the intervals where one function is above

- creating an equivalent inequality with zero on one side
« identifying the intervals created by the zeros of the graph of the new function
» finding where the graph lies above the x-axis (where f(x) > 0) or below

polynomial equation

which the polynomial is positive or negative

or below the other, as required
or

(where f(x) < 0), as required

CHECK Your Understanding

1.

NEL

Solve cach of the following using a number line strategy. Express your
answers using set notation.

a) (x+2)(x=3)(x+1)=0

b) —2(x—2)(x—4)(x+3) <0

o (x—3)5x+2)(4x—3) <0

d (x—5)(4x+1)(2x—5) =0

For each graph shown, determine where f(x) = 0. Express your
answers using interval notation.

a) sy r=ft b) g7
42- 6
28 41
14- 2 y=f(x)
X X
_61_4_ zl4 -4 —izo 2 4

Chapter 4
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) ry d) y

3. Iff(x) = 2x* — x7 + 3x + 10and g(x) = x* + 3x” + 2x + 4,
determine when f(x) > g(x) using a factor table strategy.

4. Solve the inequality x° — 7x* + 4x + 12 > x> — 4x — 9 using
a graphing calculator.

PRACTISING

5. For each of the following polynomial functions, state the intervals

B where f(x) > 0.

a) 4 9 y
1017y - fix) 41y=)
/ N
N/, x
IR, SR
104 |
b) 1y d) By
8 N y=flx)
2,
y=f(xf\ X X
N N G291
—4 -2
_87 _4,

6. Solve the following inequalities.
) (x—D((x+1)>0
b) (x+3)(x—4) <0
9 (x+1)(x—5)=0
d —3x(x+7)(x—2)<0
9 (x=3NE+D+ (x-3)(x+2)=0
f) 2x(x+4) —3(x+4) =0
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7. Solve the following inequalities algebraically. Confirm your answer
with a graph.
a) x*—6x+9=16
b) Xt —8x<0
d x*+4x>+x=6
d x*—5x>+4>0
e 3x7 —3x2— 2 =27 —x*+ x
f) > —x—3x+3>—-x+2+5

8. For the following pair of functions, determine when f(x) < g(x).

N4

9. Consider x> + 11x* + 18x + 10 > 10.
a) What is the equation of the corresponding function that could be
graphed and used to solve this inequality?
b) Explain how the graph of the corresponding function can be used
in this case to solve the inequality.
o) Solve this inequality algebraically.

10. Determine an expression for f(x) in which #(x) is a quartic function,
f(x) > 0when =2 <x <1, f(x) = 0whenx < —2or
x > 1, f(x) has a double root when x = 3, and f(—1) = 96.

11. The viscosity, v, of oil used in cars is related to its temperature, #, by
the formula v = —#> — 6#% + 12¢ + 50, where each unit of #is
equivalent to 50 °C.

a) Graph the function on your graphing calculator.

b) Determine the temperature range for which » > 0 to two decimal
places.

o) Determine the temperature ranges for which 15 < » < 20
to two decimal places.
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12. A rock is tossed from a platform and follows a parabolic path through

the air. The height of the rock in metres is given by

h(r) = =5 + 12¢ + 14, where ¢ is measured in seconds.

a) How high is the rock off the ground when it is thrown?

b) How long is the rock in the air?

o) For what times is the height of the rock greater than 17 m?
d) How long is the rock above a height of 17 m?

13. An open-topped box can be made from a sheet of aluminium

15.

16.
(C]

measuring 50 cm by 30 cm by cutting congruent squares from the
four corners and folding up the sides. Write a polynomial function
to represent the volume of such a box. Determine the range of side
lengths that are possible for each square that is cut out and removed
that result in a volume greater than 4000 cm”.

«—50cm—

] [ ]

|
" =

L] [

a) Without a calculator, explain why the inequality
2% + x* + 15x% + 80 < 0 has no solution.
b) Without a calculator, explain why
—4x12 — 7x% + 9x% 4+ 20 < 30 + 11x% hasa
solution of — o0 < x < .

Explain why the following solution strategy fails, and then solve
the inequality correctly.

Solve: (x + 1) (x —2) > (x + 1) (—x + 6).

Divide both sides by x + 1 and getx — 2 > —x + 6.

Add x to both sides: 2x — 2 > 6.

Add 2 to both sides: 2x > 8.

Divide both sides by 2: x > 4.

Create a concept web that illustrates all of the different methods
you could use to solve a polynomial inequality.

Extending

17.

18.

Use what you know about the factoring method to solve the following
inequalities.

x2+x—12<0 b x* =25 -0
Y x* 4+ 5x+6 )x3+6x2+5x

Solve the inequality (x + 1) (x — 2) (2¥) = 0 algebraically.
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Rational Functions,
Equations, and
Inequalities

» GOALS

You will be able to

e Graph the reciprocal functions of linear
and quadratic functions

Identify the key characteristics of rational
functions from their equations and use
these characteristics to sketch their graphs

Solve rational equations and inequalities
with and without graphing technology

Determine average and instantaneous
rates of change in situations that are
modelled by rational functions

© When polluted water flows into
a clean pond, how does the
concentration of pollutant in the
pond change over time? What type
of function would model this
change?




5 Getting Started

study | Aid SKILLS AND CONCEPTS You Need

e For help, see the Review of 1. Factor each expression.
Essential Skills found at the a) x2 = 3x — 10 d) 9x2 — 12x + 4
\l/\lvzlks)(sjit[]eAdvanced Functions b) 3x2 + 12x — 15 o 342 + 4 — 30
’ o 16x> — 49 f) G6x? — Sxy — 21y2
Question | Appendix 2. Simplify each expression. State any restrictions on the variables,
! R-3 if necessary.
2,3,4,8 R-4 12 — 8s 25x — 10
7 R )y Y 55— 2)
- 6m*n* x?+ 3x — 18
b) 18m°n 9 9 — x*
9x% — 12x% — 3x ¢ a> + 4ab — 5b*
¢ 3x ) 20"+ 7ab — 154
3. Simplify each expression, and state any restrictions on the variable.
3 % 7 x> — 4 Coxt+ 2
V5% 3 12— 4
2% x? ¥+ 4x? P —5x+ 6
b o d X
5 15 x" =1 x° — 3x
4. Simplify each expression, and state any restrictions on the variable.
2 6 5 2
) S+2 d) - =
3 7 x—3 X
by o+ R
4 6 x—5 x*—25
1 N 4 ¢ 6 8
)T ) =94+ 20 4’ — 24— 15

5. Solve and check.

5x 15 4  3x 3
a) — = —— o — — - =—
8 4 5 10 2
b)ﬁ—i-l—é d)x-i—l_2x—l__1
4 3 6 2 3

6. Sketch the graph of the reciprocal function f(x) = i and describe its

characteristics. Include the domain and range, as well as the equations
of the asymprotes.
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7. List the transformations that need to be applied to y = i to graph
each of the following reciprocal functions. Then sketch the graph.
1
9 fE) = S = -3
2 2
o —

b fx)=——7 f(x)szrl

8. Describe the steps that are required to divide two rational expressions.
W?—4 9+ 12+ 4
4y—12" 18-6y

Use your description to simplify

APPLYING What You Know

Painting Houses

Tony can paint the exterior of a house in six working days. Rebecca takes
nine days to complete the same painting job.

© How long will Rebecca and Tony take to paint a similar house,
if they work together?

A. Whart fraction of the job can Tony complete in one day? What fraction

of the job can Rebecca complete?

B. Write a numerical expression to represent the fraction of the job that
Rebecca and Tony can complete in one day, if they work together.

C.  Let x represent the number of days that Rebecca and Tony, working

together, will take to complete the job. Explain Why% represents the
fraction of the job Rebecca and Tony will complete in one day when
they work together.

D. Use your answers for parts B and C to write an equation. Determine
the lowest common denominator for the rational expressions in
your equation. Rewrite the equation using the lowest common
denominartor.

E. Solve the equation you wrote in part D by collecting like terms and
comparing the numerators on the two sides of the equation.

F. What is the amount of time Rebecca and Tony will take to paint a
similar house, when they work together?
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5.1

YOU WILL NEED

e graph paper

e coloured pencils or pens

e graphing calculator or
graphing software

Graphs of Reciprocal Functions

GOAL

Sketch the graphs of reciprocals of linear and quadratic functions.

INVESTIGATE the Math

Owen has noted some connections between the graphs of f(x) = x and

. . . 1
its reciprocal function g(x) = .

e Both graphs are in the same quadrants for the same x-values.
e When f(x) = 0, there is a vertical asymptote for g(x).
e f(x) is always increasing, and g(x) is always decreasing.

© How are the graphs of a function and its reciprocal function
related?

A.  Explain why the graphs of f(x) = x and g(x) = :16 arc in the same
quadrants over the same intervals. Does this relationship hold for
m(x) = —x and n(x) = —i? Does this relationship hold for any
function and its reciprocal function? Explain.

B. What graphical characteristic in the reciprocal function do the zeros of
the original function correspond to? Explain.

C.  Explain why the reciprocal function g(x) = ;lc is decreasing when

f(x) = x is increasing. Does this relationship hold for 7 (x) = —ch

and m(x) = —x? Explain how the increasing and decreasing intervals
of a function and its reciprocal are related.
D. What are the y-coordinates of the points where f(x) and g(x)

intersect? Will the points of intersection for any function and its
reciprocal always have the same y-coordinates? Explain.

E. Explain why the graph of g(x) has a horizontal asymptote. What is
the equation of this asymptote? Will all reciprocal functions have the
same horizontal asymptote? Explain.
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On graph paper, draw the graph of p(x) = x* — 4. In a table like the

one below, note the characteristics of the graph of p(x) and use this

information to help you determine the characteristics of the reciprocal

function g(x) = 2 1_ T

Characteristics p(x)=x*—4 q(x) =

x2 -4

zeros and/or vertical asymptotes

interval(s) on which the graph is above
the x-axis (all values of the function
are positive)

interval(s) on which the graph is below
the x-axis (all values of the function
are negative)

interval(s) on which the function is
increasing

interval(s) on which the function is
decreasing

point(s) where the y-value is 1

point(s) where the y-value is — 1

NEL

On the same graph, draw the vertical asymptotes for the reciprocal

function. Then use the rest of the information determined in part F to

draw the graph for ¢(x) = 3 1_ 7

Verify your graphs by entering p(x) and g(x) in a graphing calculator

using the “friendly” window setting shown.

Repeat parts F to H for the following pairs of functions.

a) p(x) =x+ 2andgq(x) =

b) p(x)
<) p(x) (x - 2) (x + 3) and q(x) = m
1

d p(x) = (x— 1)*and g(x) = P

Write a summary of the relationships between the characteristics of

x+ 2
2x — 3and g(x) = :

2x— 3

the graphs of
a) alinear function and its reciprocal function
b) a quadratic function and its reciprocal function

51

Tech | Support

On a graphing calculator, the
length of the display screen
contains 94 pixels, and the
width contains 62 pixels.
When the domain,
Xmax-Xmin, is cleanly divisible
by 94, and the range,
Ymax-Ymin, is cleanly divisible
by 62, the window is friendly.
This means that you can trace
without using "ugly” decimals.
A friendly window is useful
when working with rational
functions.

WINDOW
Amin=-4.7
rmax=4,

scl=1
Ymin=-3.1
Ymax=3.1
Yecl=1
Rres=1

Use brackets when entering
reciprocal functions in the
Y = editor of a graphing
calculator. For example,

to graph the function

f(x) = )(21774, enter

1

Y1 =m.

Chapter 5 249



EXAMPLE 1

Given the function f(x) = 2 — x,

Reflecting

K.

How did knowing the positive/negative intervals and the
increasing/decreasing intervals for p(x) = x* — 4 help you draw the

graph for p(x) = 1_ 2

Why are some numbers in the domain of a function excluded from
the domain of its reciprocal function? What graphical characteristic of
the reciprocal function occurs at these values?

What common characteristics are shared by all reciprocals of linear
and quadratic functions?

APPLY the Math

Connecting the characteristics of a linear function to its corresponding
reciprocal function

a) determine the domain and range, intercepts, positive/negative intervals, and increasing/decreasing intervals
b) use your answets for part a) to sketch the graph of the reciprocal function

Solution

a) f(x) =2 — xisalinear function.

D = {xeR}

(The domain and range of most linear

R ={yeR}

From the equation, the y-intercept is 2.
f(x) = 0when0 =2 — x

x =2

The x-intercept is 2.

y

\\functions are the set of real numbers.

(A linear function f(x) = mx + b has
‘ y-intercept b.
kThe x-intercept occurs where f(x) = 0.

T 0 Sketch the graph of f(x) to determine
-5 the positive and negative intervals. The
y=2-x liney = 2 — x s above the x-axis for
all x-values less than 2 and below the
] x-axis for all x-values greater than 2.
f(x) is positive when x € (—, 2) and negative when x € (2, ). This is a linear function with a negative
f(x) is decreasing when x e (— o, ). slope, so it is decreasing over its entire
domain.
. &
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b) The reciprocal function is g(x) =
D = {xeRjx # 2}
R = {yeR]y # 0}
The y-intercept is 0.5.

The vertical asymptote is x = 2

1
2 — x

51

All the y-values of points on the reciprocal

function are reciprocals of the y-values on
\\the original function.

-
There is a vertical asymptote at the zero of

the original function.
The reciprocals of a linear function always

and the horizontal asymptote is y = 0.

The reciprocal function is positive
when x e (— %, 2) and negative

\have the x-axis as a horizontal asymptote.

(The positive/negative intervals are

when x e (2, o).

It is increasing when x e (—, 2)

\\always the same for both functions.

[Because the original function is always

and when xe (2, =).

intersects

The graph of g(x) = 2 1 .

decreasing, the reciprocal function is
\always increasing.

~
The reciprocal of 1 is 1, and the reciprocal

the graph of g(x) =2 — x ac (1, 1)
and (3, —1).

of —1is —1. Thus, the two graphs
\jntersect at any points with these y-values.

(Use all this information to sketch the

‘\\graph of the reciprocal function.

EXAMPLE 2 Connecting the characteristics of a quadratic function to its

corresponding reciprocal function

Given the function f(x) = 9 — x*

a) determine the domain and range, intercepts, positive/negative intervals, and increasing/decreasing intervals

b) use your answers for part a) to sketch the graph of the reciprocal function

Solution
a) f(x) =9 — x*is a quadratic function.

D = {xeR}

The domain of a quadratic function is the

J(0) =9, so the y-intercept is 9.

set of real numbers.

The graph of f(x) is a parabola that opens

R = {yeR[y=9}

NEL

down. The vertex is at (0, 9), soy = 9.
.

&l
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b)

flx) =0=9 —x*=0
B-x)B3+x)=0

&Factor and determine the x-intercepts.

The parabolay = 9 — x? is above the
x-axis for x-values between —3 and 3.

f(x) is positive when x e(—3, 3) and

negative when xe(— %, —3) and when xe&(3, »).

The graph is below the x-axis for x-values
less than — 3 and for x-values greater
Qhan 3.

p
The y-values increase as x increases from

f(x) is increasing when x e(— o, 0)
and decreasing when x (0, ).

The reciprocal function is g(x) = 9

The vertical asymprotes
arex = —3and x = 3.

D = {xeR|x # =3}

—o 10 0. The y-values decrease as x

\\increases from 0 to .

Vertical asymptotes occur at each zero of
the original function, so these numbers

The horizontal asymptote is y = 0.

must be excluded from the domain.

p
The reciprocals of all quadratic functions

The y-intercept is %

There is a local minimum value at <O, ;)

have the x-axis as a horizontal asymptote.
The y-intercept of the original function is
9, so the y-intercept of the reciprocal

w\functlon is g

p
When the original function has a local
maximum point, the reciprocal function

R = {yeR\y<OoryZ%}

252 5.1 Graphs of Reciprocal Functions

has a corresponding local minimum point.
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The reciprocal function is positive
when xe(—3, 3) and negative when xe(— %, —3)

and when x €(3, ©). It is decreasing
when xe(—0o°, —3) and when xe(—3, 0),
and increasing when x (0, 3) and when x (3, *).

f(x) = 1when9 — x* =1 and f(x) = —1when9 — x* = —1
—x*=1-9 —x2=-1-9
—x*= -8 —x=-10 <~
xt =38 x* =10

x==2\2 x=+V10

1

9 — x?

at (—2V2,1), (2V2,1) and at (-V10, = 1), (V10, —1).

The graph of g(x) =

intersects the graph of f(x) = 9 — x*

The positive/negative
intervals are always the same
for both functions. Where
the original function is
decreasing, excluding the
zeros, the reciprocal function
is increasing (and vice versa).

A function and its reciprocal
intersect at points where

y = * 1.Solve the
corresponding equations to
determine the x-coordinates
of the points of intersection.

(Use all this information to
Cketch the graph of the

reciprocal function.

In Summary

Key Idea

e You can use key characteristics of the graph of a linear or quadratic function to graph the related reciprocal function.

Need to Know

e A reciprocal function has the same positive/negative intervals as the original function.

NEL

o All the y-coordinates of a reciprocal function are the reciprocals of the y-coordinates of the original function.
e The graph of a reciprocal function has a vertical asymptote at each zero of the original function.
e A reciprocal function will always have y = 0 as a horizontal asymptote if the original function is linear or quadratic.

(continued)
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e Intervals of increase on the original function are intervals of decrease on the reciprocal function. Intervals of decrease
on the original function are intervals of increase on the reciprocal function.

e [f the range of the original function includes 1 and/or — 1, the reciprocal function will intersect the original function
at a point (or points) where the y-coordinate is 1 or —1.

e [f the original function has a local minimum point, the reciprocal function will have a local maximum point at the
same x-value (and vice versa).

A linear function and its reciprocal A quadratic function and its reciprocal

MY

&
T
5
x=-1

Both functions are negative when xe (—, — 1) Both functions are negative when xe (=3, 1) and
and positive when xe (—1, ). The original positive when x e (=, —3) or (1, »). The original
function is increasing when xe (—, ). The function is decreasing when xe (—%, —1) and
reciprocal function is decreasing when increasing when xe (— 1, %) . The reciprocal function
xe(—»,—1)or (—1,»). is increasing when xe (—, —3) or (=3, — 1) and

decreasing when xe (=1, 1) or (1, ).

CHECK Your Understanding

1. Match each function with its equation on the next page. Then identify
which function pairs are reciprocals.

a) o) e)
—4] y 4] y 47)/
-2 2 2
. X x
4 20 aXx 4 20 2 47 4 20 2 4
—24 —24 _7
—4- —4- _h
b) d) f)
41 41 Fid
2 2 2
P X X X
4 2 |24 420 4 420 4
-2 -2 -2
—4- —4- —4-
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1

A = D = — 1
S e E J
1
B y= 1 E oy =—(x=2)7" -1
1
C y= F = 2x —
J 2x — 5 Y * °

2. For each pair of functions, determine where the zeros of the original

function occur and state the equations of the vertical asymptotes of
the reciprocal function, if possible.

a) f(x) =x— 6,g(x) :ﬁ

b) f(x) = 3x + 4, ¢g(x) =

Bx + 4
O Flx) =% — 26— 15, g(x) = ﬁ
B f0) =48 = 25,40 =
o flx) =x"+4g(x) = 3 i 4
f) flx) =2x* + 5x + 3, g(x) = m

. Sketch the graph of each function. Use your graph to help you sketch

the graph of the reciprocal function.

a) f(x) =5—«x b) f(x) = x* — 6x

PRACTISING
4. a) Copy and complete the following table.
X -4 -3|-2/-1]0 1 2 3] 4 5 6 7
f(x) 16|14 12 )10 ] 8 6 41210 |-2-4|-6
1
(x)

NEL

b) Sketch the graphs of y = f(x) and y = ﬁ
¢) Find equations for y = f(x) andy = ﬁ

State the equation of the reciprocal of each function, and determine
the equations of the vertical asymptotes of the reciprocal. Verify your
results using graphing technology.

a) f(x) = 2x e flx)=-3x+6

) =5 B f) = (- 3)?

o flx)=x—4 g f(x) =x*—3x—10

d flx) =2x+5 h) f(x) =3x* —4x — 4

Chapter 5
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5.1

6.

7.

B

10.

Sketch the graph of the reciprocal of each function.
a) ©
y=f(x)
4
2,
X X
T S e ad e
-2 -2
-4 -4/
_6, _6,
b) d
6 ! 6 Ul
4 4 f(
=f(x
2| yefin NZaL
X X
T T T 0 T T T T T T 0 T T T
6 —4 - 4 6 6 -4 22 2 4 6
— / 2
4] 4
—6- _6-

Sketch each pair of graphs on the same axes. State the domain and
range of each reciprocal function.

1 1
b = + 4,y =
2x — 5 )y = Y 3x + 4

Q) y=2x—5,y=

Draw the graph of y = f(x) and y = ]%x) on the same axes.

) flx) =« —4 d flx) = (x+3)°
b) f(x) =(x—2)" =3 o flx) =x>+2
o flx) =x*=3x+2 fH flx) =—-(x+4)?>+1

For each function, determine the domain and range, intercepts,
positive/negative intervals, and increasing/decreasing intervals. State
the equation of the reciprocal function. Then sketch the graphs of the
original and reciprocal functions on the same axes.

a) flx) =2x+8 o flx) =x*—x—12

b f(x) = —4x—3 & f(x) = —2x" + 10x — 12

Why do the graphs of reciprocals of linear functions always have
vertical asymptotes, but the graphs of reciprocals of quadratic
functions sometimes do not? Provide sketches of three different
reciprocal functions to illustrate your answer.

Graphs of Reciprocal Functions NEL



11.

ﬁ has a graph that closcly matches
the graph shown. Find the equation. Check your answer using
graphing technology.

An equation of the form y =

A chemical company is testing the effectiveness of a new cleaning
solution for killing bacteria. The test involves introducing the solution
into a sample that contains approximately 10 000 bacteria. The number
of bacteria remaining, (), over time, # in seconds is given by

the equation 6(#) = 10 000 lt

a) How many bacteria will be left after 20 s?

b) After how many seconds will only 5000 bacteria be left?

o After how many seconds will only one bacterium be left?

d) This model is not always accurate. Determine what sort of
inaccuracies this model might have. Assume that the solution was
introduced at ¢t = 0.

¢) Based on these inaccuracies, what should the domain and range of
the equation be?

Use your graphing calculator to explore and then describe the key

characteristics of the family of reciprocal functions of the form

g(x) = . _il_ - Make sure that you include graphs to support your

descriptions.

a) State the domain and range of g(x).

b) For the family of functions f(x) = x + #, the y-intercept changes
as the value of 7 changes. Describe how the y-intercept changes
and how this affects g(x).

o) If graphed, at what point would the two graphs f(x) and g(x)

intersect?

Due to a basketball tournament, your friend has missed this class.
Write a concise explanation of the steps needed to graph a reciprocal
function using the graph of the original function (without using
graphing technology). Use an example, and explain the reason for
each step.

Extending

15.

16.

NEL

Sketch the graphs of the following reciprocal functions.
1 1
a) y=_—r~  y=_;
Vi 2

1
b=, B y=

X sin x

Determine the equation of the function in the graph shown.

51
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5.2

YOU WILL NEED

e graph paper

e coloured pencils or pens

e graphing calculator or
graphing software

rational function
a function that can be

expressed as f(x) = %,
where p(x) and g(x) are

polynomial functions, g(x) # 0
2
(e.g., f(x) = 21

x+ 1’
x# —1,and f(x) = ;ZX,

x # 0, are rational functions,

1

1+ x -
but f(x) = ———,x # 2
ut f(x) N X#2,is
not because its denominator is
not a polynomial)

Rres=]1

Exploring Quotients of
Polynomial Functions

Explore graphs that are created by dividing polynomial functions.

EXPLORE the Math

Each row shows the graphs of two polynomial functions.
A.

© What are the characteristics of the graphs that are created
by dividing two polynomial functions?

A. Using the given functions, write the equation of the rational function

y =1

)" Encter this equation into Y1 of the equation editor of a

graphing calculator. Graph this equation using the window settings
shown, and draw a sketch.
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Describe the characteristics of the graph you created in part A by
answering the following questions:
i) Where are the zeros?
ii) Are there any asymptotes? If so, where are they?
i) What are the domain and range of this function?
iv) Is it a continuous function? Explain.

v) Are there any values of y = % that are undefined? What

feature(s) of the graph is (are) related to these values?
vi) Describe the end behaviours of this function.

vii) Is the resulting graph a function? Explain.

5.2

Write the equation defined by y = %(% Predict how the graph of Tech | Support

this function will differ from the graph of y = @. Graph this When entering a rational

] ] ) g(x) function into a graphing
function using your graphing calculator, and draw a sketch. calculator, use brackets

. o ) around the expression in the
Describe the characteristics of the graph you created in part C by numerator and the expression
answering the questions in part B. | in the denominator.

Repeat parts A through D for the functions in the other two rows.

Using graphing technology, and the same window settings you used in
part A, explore the graphs of the following rational functions. Sketch
each graph on separate axes, and note any holes or asymprotes.

b fl = 9 fle) =

x— 1 1

x2 + 2x

DS Ay
x+1 9x

i) f(x) = 2 _3 3 vi) f(x) = e

x+ 1 2x* — 3

iv) f(x) = RS viii) f(x) = ﬁ

Examine the graphs of the functions in parts i) and v) of part F at the

point where x = 1. Explain why f(x) = ij__ 11 has a hole where x = 1,
2
but f(x) = 0% £ 1 pas a vertical asymptote. Identify the other

x— 1
functions in part F that have holes and the other functions that have
vertical asymptotes.

Chapter 5
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oblique asymptote

an asymptote that is neither
vertical nor horizontal, but
slanted

. . Sx? +
H. Redraw the graph of the rational function f(x) = % Then
enter the equation y = 0.5x + 0.5 into Y2 of the equation editor.
What do you notice? Examine all your other sketches in
this exploration to see if any of the other functions have an

oblique asymptote.

. Examine the equations with graphs that have horizontal asymptotes in
part F. Compare the degree of the expression in the numerator with
the degree of the expression in the denominator. s there a connection
between the degrees in the numerator and denominator and the
existence of horizontal asymptotes? Explain. Repeat for functions with
oblique asymptotes.

ax + b
o +d°
similarities and differences. Without graphing, how can you predict
where a horizontal asymptote will occur?

J. Investigate several functions of the form f(x) = Note

K. Investigate graphs of quotients of quadratic functions. How are they
different from graphs of quotients of linear functions?

L. Summarize the different characteristics of the graphs of rational
functions.

Reflecting

M. How do the zeros of the function in the numerator help you graph the
rational function? How do the zeros of the function in the
denominator help you graph the rational function?

N. Explain how you can use the expressions in the numerator and the
denominator of a rational function to decide if the graph has
i) ahole
i) avertical asymprote
iii) a horizontal asymprote
iv) an oblique asymptote

260 5.2 Exploring Quotients of Polynomial Functions NEL



5.2

Finsummary

Key Ideas

® The quotient of two polynomial functions results in a rational function which often has one or more discontinuities.

e The breaks or discontinuities in a rational function occur where the function is undefined. The function is undefined
at values where the denominator is equal to zero. As a result, these values must be restricted from the domain of the
function.

e The values that must be restricted from the domain of a rational function result in key characteristics that define
the shape of the graph. These characteristics include a combination of vertical asymptotes (also called infinite
discontinuities) and holes (also called point discontinuities).

e The end behaviours of many rational functions are determined by either horizontal asymptotes or oblique asymptotes.

Need to Know
. . _px) _ .up@a _0 § i
e A rational function, f(x) 900" hasaholeatx = a if 9a) ~ 0O This 6 /
occurs when p(x) and g(x) contain a common factor of (x — a). 4 f(') 24
2 — 4 ) X =2
For example, f(x) = ))(( —5 has the common factor of (x — 2) in the X y
numerator and the denominator. This results in a hole in the graph of f(x) 2 4 6
atx = 2.
e A rational function, f(x) = M, has a vertical asymptote at x = a h‘M = p(a). e
q(x) q(a) 0 "
For example, f(x) = % has a vertical asymptote at x = 2. fg=221 ]
X
%42 N 2 4 6
_2,
-4
_6,
x=2
. . . y
e A rational function, f(x) = Z%, has a horizontal asymptote only when the 7
. 4
degree of p(x) is less than or equal to the degree of g(x). For example, | fbd= zs
=2 =
f(x) = ix1 has a horizontal asymptote at y = 2. | y‘ | [ T[T
X 6 -4 -2 2 4 6
x==1

e A rational function, f(x) = g%, has an oblique (slant) asymptote only when 121!

the degree of p(x) is greater than the degree of q(x) by exactly 1. For example, q:
2 14 . '
f(x) = );ﬁ has an oblique asymptote. 4:
AP SR
/,I_ ] z
g
]
x=-1
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B

FURTHER Your Understanding

1. Without using graphing technology, match each equation with its
corresponding graph. Explain your reasoning,.

) 1 " _ x
o x— 3 Y (x = 1)(x+ 3)
b) _x2—9 ) _
y_x—S € y_x2+5
2
o

= f =
7T et 3) ) y=C

-

e

— 1\

3
E
F

\\__

[ES]=
\

2. For each function, determine the equations of any vertical asymptotes,
the locations of any holes, and the existence of any horizontal or

oblique asymptotes.

x 1 . 8x

a)y=x+4 e)y:(x-i-S)(x—S) l)y:4x+l

1 —x ) x+ 4

DT oers DT VT s
2x + 5 3x — 6

VT e BT BT

d)y=x2_9 )y:—4x+l l)y=_3x+1

x+3 2x — 5 2x — 8

3. Write an equation for a rational function with the properties as given.
a) aholeatx =1
b) avertical asymptote anywhere and a horizontal asymptote along

the x-axis

o) aholeatx = —2 and a vertical asymptote at x = 1

d) averdcal asymptote at x = — 1 and a horizontal asymprote
aty = 2

¢) an oblique asymptote, but no vertical asymptote

5.2 Exploring Quotients of Polynomial Functions NEL



5.3

Graphs of Rational Functions

of the Form f(x) = %

YOU WILL NEED

e graph paper

e graphing calculator or
graphing software

Sketch the graphs of rational functions, given equations of the

ax + b
form f(x) = = 4-

INVESTIGATE the Math

The radius, in centimetres, of a circular juice blot on a piece of paper towel

is modelled by 7(z) = 11 -:_2;

this model, the maximum size of the blot is determined by the location of
the horizontal asymptote.

, where ¢ is measured in seconds. According to

© How can you find the equation of the horizg)ntal asymptote of
ax +
a rational function of the form f(x) =  ; 47

A. Without graphing, determine the domain, intercepts, vertical
asymptote, and positive/negative intervals of the simple rational

function f(x) = . i T

B. Copy the following tables, and complete them by evaluating f(x) for
each value of x. Examine the end behaviour of /(x) by observing the
trend in #(x) as x grows positively large and negatively large. What
value does f(x) seem to approach?

X — ™ X— —o®

x fx) =~ x f(x):xj:1
10 -10
100 —-100
1000 —1000
10 000 —10 000
100 000 —100 000
1 000 000 —1 000 000

Chapter 5
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C.  Write an equation for the horizontal asymptote of the function in part B.

D. Repeat parts A, B, and C for the functions g(x) = o ix T
_ 2x _3x -2
h(x) = 34 1 2nd m(x) =5 = 5

E.  Verify your results by graphing all the functions in part D on a
graphing calculator. Note similarities and differences among the
graphs.

F.  Make a list of the equations of the functions and the equations of
their horizontal asymprotes. Discuss how the degree of the numerator
compares with the degree of the denominator. Explain how the
leading coefficients of x in the numerator and the denominator
determine the equation of the horizontal asymptote.

G. Determine the equation of the horizontal asymptote of the juice blot
1+ 2z
1+
eventual size of the juice blot?

function 7(z) = . What does this equation tell you about the

Reflecting

H. How do the graphs of rational functions with linear expressions in the
numerator and denominator compare with the graphs of reciprocal
functions?

. Explain how you determined the equation of a horizontal asymprote
from
i) end behaviour tables
ii) the equation of the function

APPLY the Math

EXAMPLE 1 Selecting a strategy to determine how a
graph approaches a vertical asymptote

3x — 5
x+ 2

approaches its vertical asymptote.

Determine how the graph of f(x) =

Solution

flx) = 3;; 25 has a vertical asymptote )
with the equation x = —2. Near this f(x) is undefined when x = —2.

asymptote, the values of the function will There is no common factor in the

. . s .
grow very large in a positive direction or | numerator and denominator.

very large in a negative direction.

&

+ b

5.3 Graphs of Rational Functions of the Form f(x) = &4 NEL



Choose a value of x to the left and very
close to —2. This value is less than — 2.

e . .
The graph of a rational function
never crosses a vertical
asymptote, so choose x-values

C3(=21) =5
f(=21) = (—2.1) + 2
~ 113

On the left side of the vertical

that are very close to the vertical
asymptote, on both sides, to
determine the behaviour of the
\ function.

e o
The function increases to large

asymptote, the values of the function < positive values as x approaches

are positive. As x — —2, f(x) — <.

Choose a value of x to the right and very
close to — 2. This value is greater than —2.

3(-19) -5
SE = ey 2

= —107

On the right side of the vertical

L —2 from the left.

~

The function decreases to small
asymptote, the values of the function negative values as x approaches

are negative. As x — — 2, f(x) — —c.

Ny
4

— 2 from the right.
~

‘/ Make a sketch to show how the

-4

0 4

4]

x=-2

EXAMPLE 2

graph approaches the vertical
’\ asymptote.

Using key characteristics to sketch the

graph of a rational function

For each function,

2 x— 2
3x + 4

a) flx) = —

o, bfw=

x—3
2x — 6

9 flx) =

i) determine the domain, intercepts, asymptotes, and positive/negative intervals
ii) use these characteristics to sketch the graph of the function

iii) describe where the function is increasing or decreasing

NEL
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Solution

2

a)f(x):m

/The function f(x) = % is

i) D = {xeR|x # 3}

f(0) = —%, so the y-intercept
2

1S 75

f(x) # 0,s0 thereisno <

x-intercept.

The line x = 3 is a vertical
asymptote.

The line y = 0 is a horizontal
asymptote.

f(x) is negative when x e (— <, 3)

and positive when x € (3, ®).

=

Confirm the behaviour of £(x)
near the vertical asymptote.
f(3.1) = 20, s0 as

x= 3, f(x) > »

on the right.

f(2.9) = —20,s0as

x— 3, f(x) — — on the left.

N

ii

-

6

4,

2,
&
-6 —4 -2

1
x=3

undefined when x = 3.

(" Any rational function equals zero
when its numerator equals zero.
The numerator is always 2, so
f(x) can never equal zero.

‘/ Since the numerator and
denominator do not contain the
common factor (x — 3), f(x)
has a vertical asymptote at x = 3.
Any rational function that is
formed by a constant numerator
and a linear function
denominator has a horizontal

\asymptote aty =0.

e . .
The numerator is always positive,
so the denominator determines

< thesign of f(x).
x—3<0whenx <3
X - 3 > 0whenx > 3

VUse all the information in part i)
to sketch the graph.

~

iii) From the graph, the function is decreasing on

its entire domain: when x € (—, 3) and

when x € (3, 2).

5.3 Graphs of Rational Functions of the Form f(x) = &=£
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[ #(x) is undefined when the

x— 2

b) f(x):3x+4
i) 3x+4#0
3x # —4

4

xF ——

3

4
D = {xeR|x # 3

| denominator is zero.

.

£(0) 0—2 -2 1 To determine the y-intercept, let
=~ = "—0o — T <—— _ _
3(0) +4 4 2 x=0
1
The y-intercept is ——. s
2 | To determine the x-intercept, let
x =2 = i '
F(x) = 0 when - 0. y =0. Any ratlongl function
3x + 4 equals zero when its numerator
x—2 = \\equals zero.
x=2
The x-intercept is 2.
The line x = _4 is a vertical This is the value that makes

3
asymptote.

The line y = % is a horizontal

asymptote.

) f(x) undefined.

s . .
| The ratio of the leading
<~ coefficients of the numerator

| and denominator is %
AN

Examine the signs of the numerator
and denominator, and their quotient,
to determine the positive/negative intervals.

o L x<2 x>2 [ The vertical asymptote and the
3| 3 x-intercept divide the set of real
X =2 - - + numbers into three intervals:
wia| - |+ |+ fC=sl52)men
Choose numbers in each interval
X =2 - + to evaluate the sign of each
3x—_4 =+ =" =7 | expression.

f(x) is positive when x e <— o, —g)
and when xe (2, ).

f(x) is negative when x e (—g, 2).

NEL Chapter 5
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ii)

o flx) =

i)

‘,‘/When sketching the graph, it
helps to shade the regions where
there is no graph. Use the
positive and negative intervals as
indicators for these regions. For
example, since f(x) is positive

on (—vo, —%), there is no graph

under the x-axis on this interval.
Draw the asymptotes, and mark
the intercepts. Then draw the
graph to approach the
asymptotes.

—

From the graph, f(x) is increasing on
its entire domain; that is, when

X€ (—OC, —g) and when

(5=)
xe 3 .

x—3
2x — 6 )
e 60 ( f(x) is lundefmed when the
| denominator is zero.
2x # 6 -
x#3

D = {xeR|x # 3}

£(0) = 0-3 -3 1 VTo determine the y-intercept, let
2000-6  -6"2 x=0

. .1
The y-intercept is ;.

v/To determine the x-intercept, let
y = 0. Only consider when the
numerator is zero; that is, when
~<~——— x — 3 = 0. Therefore, the
numerator is zero at x = 3, but
this has already been excluded

| from the domain.
\

f(x) # 0, so there is no
x-intercept.

(x

f(x) has a hole, not a vertical
asymptote, where x = 3.

3 ( Factoring reveals a common

3) factor (x — 3) in the numerator
and denominator. The graph has

La hole at the point where x = 3.

69 =5

1 The value of the function is
flx) = x—3 _ 1 always% for all values of x, except
2(x—3) 2 when x = 3.
! .
5.3 Graphs of Rational Functions of the Form f(x) = &=£ NEL



ii)

ii)

f(x) has no vertical asymptote or
f(x) is positive at all points in its x-intercept. There is only one
domain. interval to consider: (=0, %),

For any value of x, f(x) = %

The graph is a horizontal line

with the equation y = % There
is a hole at x = 3.

5] Yy
| flx) = 2=
< . 1:2X_6q<( Use the information in part i) to
5 "0 Ty sketch the graph.
_5,

The function is neither increasing
nor decreasing. It is constant on its
entire domain.

EXAMPLE 3 Solving a problem by graphing a rational
function
The function P(#) = 302?7_:_29) models the population, in thousands, of a
town ¢ years since 1990. Describe the population of the town over the next
20 years.
Solution
P(s) = 30(7¢+9) Use the equation to help you decide
() = 3r+ 2 on the window settings. For the given

Determine the initial population
in 1990, when z = 0.

P(0) =

NEL

context, t = 0 and P(t) > 0.

l;.l}]:{NI_JOI.-.Ia

Min=

w — 135 “max=28
3(0) +2 Kscl=2

Ymin=8
Ymax=156
Yscl=10
Hres=1

53
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Graph P(z) to show the population
for the 20 years after 1990.

The value that makes
3t + 2 = 0 lies outside the

TI=(Z00PE+802(ZH+200
.

W=Z.127e596 LY=BE.50761Y .

In the first two years, the population

dropped by about 50 000 people.
Then it began to level off and
approach a steady value.

There is a horizontal asymprtote

30(7) <

at P = 3 = 70.

The population of the town has
been decreasing since 1990.

Tt was 135 000 in 1990, but
dropped by about 50 000 in the
next two years. Since then,

the population has begun to level
off and, according to the model,
will approach a steady value of
70 000 people by 2010.

270 5.3 Graphs of Rational Functions of the Form f(x) = &=£

(¢

domain of P(t). There is no
vertical asymptote in the
domain.

—
TRACE along the curve to get
an idea of how the population
changed.

o

Use the function equation to
determine the equation of the
horizontal asymptote. For large
values of t, P(t) = 3—03?2.
Therefore, the leading
coefficients in the numerator
and denominator define the
equation of the horizontal
asymptote.

Multiply the values of the
function by 1000, since the
population is given in
thousands.

NEL
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In Summary

Key Ideas

e The graphs of most rational functions of the form f(x) = ﬁj and f(x) = % have both a vertical asymptote and

a horizontal asymptote.

e You can determine the equation of the vertical asymptote directly from the equation of the function by finding the
zero of the denominator.

¢ You can determine the equation of the horizontal asymptote directly from the equation of the function by examining
the ratio of the leading coefficients in the numerator and the denominator. This gives you the end behaviours of the
function.

e To sketch the graph of a rational function, you can use the domain, intercepts, equations of asymptotes, and
positive/negative intervals.

Need to Know

e Rational functions of the form f(x) = Cxi g havea
vertical asymptote defined by x = fg and a horizontal

asymptote defined by y = 0. For example, see the graph of f(x) = ﬁ

ax +b
o+ d

asymptote defined by x = —g and a horizontal asymptote defined

Ix — 1
2x — 1"

e Most rational functions of the form f(x) = have a vertical

byy = f. For example, see the graph of f(x) =

flx) =
The exception occurs when the numerator and the denominator both y xX=2
4
contain a common linear factor. This results in a graph of a horizontal
line that has a hole where the zero of the common factor occurs. 21
As a result, the graph has no asymptotes. For example, see the | | — | | | ¥
4 — 8 _ 4(x—2) -6 -4 -2 2 4 6

graph of f(x) = ;(7 5 = (;7 %) -2

—4

_6,
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CHECK Your Understanding

1. Match each function with its graph.

x+ 4 3
b(x) = -2
D b)) =50y 9 fW =T
2x — 4 2x — 3
b = d =
yom) =0, b =
A ¢ y C 6] y
4- 4
2 2
§\\ T T T T T T T T
6 4\2 9 2 4 6 -4 -2 2
-2 2
4 4]
—6 —6
B sy D S
0 4
54 2
X
5105 9 5 10 15 6 4= 2
—5H _
. 4
151 61
. . 3
2. Consider the function f(x) = o

a)
b)

©
d)

e
f)

g

3. Repeat question 2 for the rational function f(x) =

State the equation of the vertical asymptote.

Use a table of values to determine the behaviour(s) of the function

near its vertical asymptote.
State the equation of the horizontal asymprote.

Use a table of values to determine the end behaviours of the

function near its horizontal asymprote.
Determine the domain and range.
Determine the positive and negative intervals.

Sketch the graph.

ax + b

5.3 Graphs of Rational Functions of the Form f(x) = £

4x — 3
x+1°
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4.

Bv

B~

NEL

State the equation of the vertical asymptote of each function. Then
choose a strategy to determine how the graph of the function
approaches its vertical asymptote.

_ _ 2xt 1
DT s 90T
b = ! by = O

x—5 4y + 1

For cach function, determine the domain, intercepts, asymptotes, and
positive/negative intervals. Use these characteristics to sketch the
graph of the function. Then describe where the function is increasing
or decreasing.

ORI IO
O I R

Read each set of conditions. State the equation of a rational function

of the form f(x) = f:: i Z that meets these conditions, and sketch the

graph.

a) vertical asymptote at x = — 2, horizontal asymptote at y = 0;
negative when x e (— %, —2), positive when xe (—2, ©);
always decreasing

b) vertical asymptote at x = — 2, horizontal asymprote at y = 1;
x-intercept = 0, y-intercept = 0; positive when xe (— %, —2)
or (0, @), negative when xe (—2,0)

©) holeatx = 3; no vertical asymptotes; y-intercept = (0, 0.5)

d) vertical asymptotes at x = —2 and x = 6, horizontal asymptote
aty = 0; positive when xe (— %, —2) or (6, =), negative when
xe (—2,6); increasing when x e (— %, 2), decreasing
when xe (2, ®)

a) Usc a graphing calculator to investigate the similarities and

differences in the graphs of rational functions of the form

flx) = mgf pforn=1,2,4,and 8.

b) Use your answer for part a) to make a conjecture about how the
function changes as the values of 7 approach infinity.

o) If nis negative, how does the function change as the value of 7
approaches negative infinity? Choose your own values, and use
them as examples to support your conclusions.

Chapter 5
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8. Without using a graphing calculator, compare the graphs of the
Sx + 4 —1
2x + 3

rational functions f(x) =

and g(x) =

. t+ 25 . . .
9. The function /() = % gives the value of an investment, in

thousands of dollars, over ¢ years.

a) What is the value of the investment after 2 years?

b) What is the value of the investment after 1 year?

¢ What is the value of the investment after 6 months?

d) There is an asymptote on the graph of the function at 7 = 0.
Does this make sense? Explain why or why not.

¢) Choose a very small value of ¢ (a value near zero). Calculate the
value of the investment at this time. Do you think that the
function is accurate at this time? Why or why not?

f) As time passes, what will the value of the investment approach?

10. An amount of chlorine is added to a swimming pool that contains
(Al pure water. The concentration of chlorine, ¢, in the pool at # hours is
. 2t . . 11 .
given by ¢(#) = 57, where ¢ is measured in milligrams per litre.
What happens to the concentration of chlorine in the pool during the
24 h period after the chlorine is added?

11. Describe the key characteristics of the graphs of rational functions of

the form f(x) = & I 7 Explain how you can determine these

characteristics usmg the equations of the functions. In what ways arc
the graphs of all the functions in this family alike? In what ways are
they different? Use examples in your comparison.

Extending

12. Not all asymptotes are horizontal or vertical. Find a rational function
that has an asymptote that is neither horizontal nor vertical, but
slanted or oblique.

2x3 — 7x2 4+ 8x — 5

x— 1

13. Use long division to rewrite f(x) = in the form

F(x) =@t + bx + ¢ + x—il What does this tell you about the end

behaviour of the function? Graph the function. Include all asymptotes
in your graph. Write the equations of the asymptotes

1 x3 + 8
14. Let f(x) = 7_ T g(x) = 5 o h(x) =

m(x) =

a) Which of these rational functions has a horizontal asymprote?
b) Which has an oblique asymptote?

o) Which has no vertical asymptote?

d) Graph y = m(x), showing the asymptotes and intercepts.

X and

274 5.3 Graphs of Rational Functions of the Form f(x) = Z+5 NEL
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54 Solving Rational Equations

YOU WILL NEED

e graphing calculator or
graphing software

Connect the solution to a rational equation with the graph
of a rational function.

LEARN ABOUT the Math

When they work together, Stuart and Lucy can deliver flyers to all the homes
in their neighbourhood in 42 min. When Lucy works alone, she can finish the
deliveries in 13 min less time than Stuart can when he works alone.

0 When Stuart works alone, how long does he take to deliver the
flyers?

EXAMPLE 1 Selecting a strategy to solve a rational equation

Determine the time that Stuart takes to deliver the flyers when he works alone.
Solution A: Creating an equation and solving it using algebra

Let s minutes be the time that Stuart takes
to deliver the flyers when working alone. Choose a variable to represent Stuart's time and use it to

write an expression for Lucy's time.

Lucy takes (s — 13) minutes when

kine al Lucy delivers the flyers in 13 min less time than Stuart.
working alone.

The fraction of deliveries made in

one minute Compare the rates at which they work.

For example, if Stuart took 80 min to deliver all the flyers, he
would deliver =~ of the flyers per minute.

. .1
* by Stuart working alone is

* by Lucy working alone is ! 80 .
s — 13 s > 13 because Stuart takes longer than Lucy to deliver the
* by Stuart and Lucy working flyers, and it is not possible for the denominators to be zero.

.1
together is

1 1

s T BT @

278 5.4 Solving Rational Equations NEL



Multiply by the LCD.

425(s — 13)(1 +

> = 425(s — 13)<412>

s— 13

425(s — 13) n 425(s — 13)  42s(s — 13)
s s—13 42
1 1 1
424(s — 13) N 42s(s—13)  42s(s — 13)
£ s=13 42

1 1 1

42(s — 13) + 425 = s(s — 13)

54

There are no common factors in the denominators,

so the LCD (lowest common denominator) is the

product of the three denominators 42s(s — 13).

Multiply each term by the LCD, and then simplify

the resulting rational expressions to remove all the
‘\denominators.

Solve the quadratic equation by factoring or by

425 — 546 + 425 = s* — 135
0=s%—97s + 546
0=(s—91)(s — 6)
s=6or91

s> 13 s0 6 is not an admissible solution.

L using the quadratic formula.

g ) . .
Remember to look for inadmissible solutions by

carefully considering both the context and the
\information given in the problem.

(Check the solution, s = 91, by substituting it into

T4
1

Lthe original equation.

—

RS = —
42

It will take Stuart 91 min to deliver the flyers when working alone

NEL

}\ Since LS = RS, s = 91 is the solution.
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Solution B: Using the graph of a rational function to solve

a rational equation

The equation that models the problem

1 1
st T3

the time, in minutes, that Stuart takes

1
= E, where s represents

to deliver the flyers when working alone.

1 1

1
Graph f(s) = St 5 1

Use the zero operation to
Tech | Support P
For help determining the zeros
on a graphing calculator, see
Technical Appendix, T-8.

determine the zeros.

The first zero for £(s) is s = 6.

Reject this solution since s > 13.

Determine the other zero.

The solution is s = 91.

Stuart takes 91 min to deliver the
flyers when working alone.

280 5.4 Solving Rational Equations

L e

Subtract 41—2 from each side.

To solve the equation, find
the zeros of the function

f(s) =1+ — )

s— 13 42

From the equation, you can
expect the graph to have vertical
asymptotes ats = O and s = 13.

Since you are only interested in
finding the zeros, you can limit the
y-values to those close to zero.

You know that Lucy takes 13 min
less time than Stuart takes, so
Stuart must take longer than

13 min.

The solution s = 6 is inadmissible.

NEL



Reflecting

A. In Solution A, explain how a rational equation was created using the

times given in the problem.

B. In Solution B, explain how finding the zeros of a rational function
provided the solution to the problem.

C.  Where did the inadmissible root obtained in Solution A show up in
the graphical solution in Solution B? How was this root dealt with?

APPLY the Math

EXAMPLE 2 Using an algebraic strategy to solve simple
rational equations

Solve each rational equation.

x =2 x+3 x—1
=0 b =
2 x—3 ) x—4 x+2
Solution
x— 2 . -
a) =0,x#*F3 <« | Determine any restrictions on the
x—=3 value of x.
~
b (= 2)
—=0(x—3
MM ( ) Multiply both sides of the
x—2=0 < equation by the LCD, (x — 3).
x=2 Add 2 to each side.
. x — 2
To verify, graph f(x) = —3 From the equation, the graph
and use the zero operation to <—————— will have a vertical asymptote at
determine the zero. x = 3 and a horizontal

asymptote aty = 1.

The solution is x = 2.

NEL Chapter 5
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x+3 x—1 [ .
b) = v #F —2,4 Note the restrictions.
x—4 x+2 U
_ Multiply each side
x+3 x—1
(x —4) (x+ 2)<x ~ 4> =(x—4)(x+ 2)<x+2> of the equation
by the LCD,
(x—=4)(x + 2).
(et +2)<x+3) ( 4)4.;4@7("_ 1){5- it
% = (x — implify.
x—4) " A2 P
1 1
(x+2)(x+3) = (x—4)(x— 1) <— Expand. Subtract x’, and
MESx+6=x*—5x+4 \add 5x to both sides.
10x + 6 = 4 Solve the resulting linear
equation.
10x = —2 —
x=—02 Adjust the window
. +3 x—1 settings so you can
T . h _ XTS5 _ 9 VS
o verify, graph f(x) x—4 x+2 view enough of the
and use the zero operation to determine the zero. graph to see all the
possible zeros.
The solution is x = —0.2.
EXAMPLE 3 Connecting the solution to a problem with

the zeros of a rational function

Salt water is flowing into a large tank that contains pure water. The concentration

. . .o 10z .
of salt, ¢, in the tank at # minutes is given by ¢(z) = 254y where ¢ is measured

in grams per litre. When does the salt concentration in the tank reach 3.75 g/L?

Solution

If the salt concentration is 3.75, c(¢) = 3.75.
10z
25 + ¢

= 3.75

10z
25 + ¢

(25 + t)( ) =3.75(25 + 1)

1 10z

Mréﬂ

102 = 93.75 + 3.75¢

=3.75(25 + 1)

5.4 Solving Rational Equations

Set the function expression
equal to 3.75. 25 + t # 0,
and because t measures the
time since the salt water
started flowing, t = 0.

Multiply both sides of the
equation by the LCD, (25 + t),
and solve the resulting linear

equation.
- &

NEL



10z — 3.75¢ = 93.75

54

(Use inverse operations to

6.25¢ = 93.75

6.25¢  93.75

625  6.25
r=15

It takes 15 min for the salt concentration
to reach 3.75 g/L.

To verify, graph f(z) = 2517%

and g(#) = 3.75, and determine where
the functions intersect.

Lsolve for t.

e . .
Use an appropriate window
setting, based on the
domain, t = 0.

W INDOL

Emin=0
gnin=a, Tech | Support

#scl=5 For help determining the point

$:;2:1- éB of intersection between two

Intersection
R=1E

TY=3.75

The salt concentration reaches

3.75 g/L after 15 min.

Yscl fl functions, see Technical
Ares=1 Appendix, 12.

Use the intersect operation.

EXAMPLE 4 Using a rational function to model and solve a problem

Rima bought a case of concert T-shirts for $450. She kept two T-shirts for herself and sold the rest for $560, making a

profit of $10 on each T-shirt. How many T-shirts were in the case?

Solution

Let the number of T-shirts in the
case be x.

Rima paid $450 for x T-shirts, so each T-shirt cost her
450
LR

450
Buying price per T-shirt = %
60
Selling price per T-shirt = 572
v —

NEL

She kept two for herself, which left x — 2 T-shirts for
her to sell.

Rima sold x — 2 T-shirts for $560, so she charged

560
$X ~5 for each one.

Chapter 5 283



/She made a profit of $10 on each T-shirt, so the

difference between the selling price and the buying
price was $10.

Multiply both sides of the equation by the LCD,
X(x — 2).

560 _ 450 =10 <
x =2 x
560 450
x(x — 2)<x—2 - x) =10x(x—2) <
1 1
4 -2
560x(x—2) 4504 (x ) — 10x(x — 2)
x—2 £

1 1

560x — 450(x — 2) = IOx(x - 2)
560x — 450x + 900 = 10x* — 20x
0 = 102 — 130x — 900

10(x* — 13x — 90)
10(x — 18) (x + 5)

Expand and collect all terms to one side of the
equation.

Solve the resulting quadratic equation by factoring.

P

You cannot have a negative number of T-shirts in

0=
0=
x =18 or —5
—5 is inadmissible since x = 0.
There were 18 T-shirts in the case.
. 560 450
To verify, graph f(x) = L. . 10

and determine the zeros using the zero

operation.

the case.

-

-

£ 260 450 _ 4g then 200 _ 450 _ 49 _ g
X —2 X X — 2 X

Use an appropriate window setting, based on the
domain, x = 0.

The zero occurs when x = 18.
Zoom out to check that there are no
other zeros in the domain.

(The other zero is for a negative value of x, which is

There is no other zero in the domain.
There were 18 T-shirts in the case.

284 5.4 Solving Rational Equations

Linadmissible in the context of this problem.

Zeros for f(x) are possible solutions to the problem.

NEL



Finsummary

Key Ideas

e You can solve a rational equation algebraically by multiplying each term in the
equation by the lowest common denominator and solving the resulting
polynomial equation.

ax + b

® The root of the equation o+ g ~ Oisthe zero (x-intercept) of the function
_ax+b
) = oo

e You can use graphing technology to solve a rational equation or verify the
solution. Determine the zeros of the corresponding rational function, or
determine the intersection of two functions.

Need to Know
e The zeros of a rational function are the zeros of the function in the numerator.

e Reciprocal functions do not have zeros. All functions of the form f(x) = ggix)
have the x-axis as a horizontal asymptote. They do not intersect the x-axis.

e When solving contextual problems, it is important to check for inadmissible
solutions that are outside the domain determined by the context.

e When using a graphing calculator to determine a zero or intersection point,
you can avoid inadmissible roots by matching the window settings to the

domain of the function in the context of the problem.

CHECK Your Understanding

. . 2 -1
1. Arex = 3 and x = — 2 solutions to the equation = X

3

? Explain
how you know.

2. Solve cach equation algebraically. Then verify your solution using

graphing technology.
x+ 3 x+ 3
a) =0 o —— =2x+1
x— 1 x— 1
x+ 3 3 6
b) =2 d ———=—
x— 1 3x + 2 S5x
3. For each rational equation, write a function whose zeros are the
solutions.
x— 3 x— 1 x+ 1
a) =2 o) =
x+ 3 X x+ 3
3x — 1 5 x—2 x—4
b =2 d =
X 2 x+ 3 x+5

4. Solve each equation in question 3 algebraically, and verify your
solution using a graphing calculacor.

NEL
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PRACTISING

5.

[~

10.

5.4 Solving Rational Equations

Solve cach equation algebraically.
2 5 7 2 1

) S+ =" d + =3
x 3 X x+ 1 x+1
10 10 2 5

b) +=6 o =
x+ 3 3 2x + 1 4 — x
2x 6 5 4

©) =1- f) =
x—3 x—3 x— 2 x+3

Solve each equation algebraically.

) 2x 5 & x4 X _ 0
* 2x + 1 4 — x * x— 2
3 4 1 24
by — + =2 e) + =13
x  x+1 x+ 2 x+ 3
2%  x* — Sx —2 x — 8
c — = f) =
5 5x x—1 x+1

Solve each equation using graphing technology. Round your answers
to two decimal places, if necessary.

) 2 -3 d) LI !
Y y+2 x+6 X 45 2x—3
b) 2x—5 1 ) 2x+3 x+2

x+10 x—6 7 3x—1 4

1 x+ 2 1 2 1

9 = = +1+

x—3 Tx+ 14 X X 1 —«x
a) Use algebra to solve i t ; = i t z Explain your steps.

b) Verify your answer in part a) using substitution.
o) Verify your answer in part a) using a graphing calculator.

The Greek mathematician Pythagoras is credited with the discovery
of the Golden Rectangle. This is considered to be the rectangle with
the dimensions that are the most visually appealing. In a Golden

Rectangle, the length and width are related by the proportion
/ w

— = 7——. A billboard with a length of 15 m is going to be built.
w

[ = w
What must its width be to form a Golden Rectangle?

The Turtledove Chocolate factory has two chocolate machines.
Machine A takes s minutes to fill a case with chocolates, and machine
B takes s + 10 minutes to fill a case. Working together, the two
machines take 15 min to fill a case. Approximately how long does
each machine take to fill a case?

NEL



11. Tayla purchased a large box of comic books for $300. She gave 15 of
the comic books to her brother and then sold the rest on an Internet
website for $330, making a profit of $1.50 on each one. How many
comic books were in the box? What was the original price of each
comic book?

12. Polluted water flows into a pond. The concentration of pollutant,
B ( in the pond at time # minutes is modelled by the equation

_ o I S
co(r) =9 =90 000(10 000 + 3¢

kilograms per cubic metre.

), where ¢ is measured in

a)  When will the concentration of pollutant in the pond reach
6 kg/ m??

b) What will happen to the concentration of pollutant over time?

13. Three employees work at a shipping warehouse. Tom can fill an order in
s minutes. Paco can fill an order in s — 2 minutes. Carl can fill an order
ins + 1 minutes. When Tom and Paco work together, they take about
1 minute and 20 seconds to fill an order. When Paco and Carl work
together, they take about 1 minute and 30 seconds to fill an order.
a) How long does each person take to fill an order?
b) How long would all three of them, working together, take to fill
an order?

14. Compare and contrast the different methods you can use to
B solve a rational equation. Make a list of the advantages and
disadvantages of each method.

Extending
15. Solve -t 5 2~ 5 correct to two decimal places
. X —2x—-3 x+3x+3 places.

16. Objects A and B move along a straight line. Their positions, s, with
respect to an origin, at # seconds, are modelled by the following
functions:

7t
Object A: s(2) =

£+ 1

5
Object B:5(¢) = ¢+ ——
ject A(Z’) ‘+ 2

a) When are the objects at the same position?
b) When is object A closer to the origin than object B?

NEL
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5 . 5 Solving Rational Inequalities

YOU WILL NEED

e graphing calculator Solve rational inequalities using algebraic and graphical
approaches.

LEARN ABOUT the Math

rational inequality

a statement that one rational . 2 . .

expression is less than or greater The function P(z) = % models the population, in thousands, of

than another rational expression  Niickelford, ¢ years after 1997. The population, in thousands, of nearby
2x x—1 . 24

(9-9-, Y137 ox ) New Ironfield is modelled by Q(z) = 0

r+ 8

O Howcan you determine the time period when the population
of New Ironfield exceeded the population of Nickelford?

EXAMPLE 1 Selecting a strategy to solve a problem

Determine the interval(s) of # where the values of Q(#) are greater than the values of P(%).

Solution A: Using an algebraic strategy to solve an inequality

[The population of New Ironfield
exceeds the population of Nickelford
when Q(t) > P(t).

t = 0 in the context of this
= < problem. There are no other

tr+8 t+1 restrictions on the expressions in the

rational inequality since the values

that make both expressions

\undefined are negative numbers.

240 20¢

288 5.5 Solving Rational Inequalities NEL



(r48)(r+ 1) ( 2f°8)> (r+8)(r + 1)( o )
(4-8)(r + 1) (;4/08>> (t+ 8)(41)

1
240(¢ + 1) > 20#(¢ + 8)
240t + 240 > 2022 + 160¢
0 > 2072 + 160r — 240 — 240 <~
0 > 2072 — 80r — 240
0> 20(#* — 4r — 12)
0>20(r—6)(r+2)

Examine the sign of the factored polynomial expression

on the right side of the inequality.

t<-2 —2<t<6 t>6
20(t — 6) - - + ]
t+2 - + +
20(t=6)(t+2) | (—)(=)=+ |(=)(+H) == (H)(+) =+

The inequality 0 > 20(# — 6) (¢ + 2) is true when —2 < ¢ < 6.

The population of New Ironfield exceeded the population
of Nickelford for six years after 1997, until 2003.

5.5

Multiply both sides of the inequality
< | bytheLCD. The value of the LCD is
always positive, since t = 0, so the
inequality sign is unchanged.

Expand and simplify both sides.
Then subtract 240t and 240 from
both sides.

Factor the resulting quadratic
expression.

The inequality

0> 20(t — 6)(t+ 2) is true when
the expression on the right side is
negative. The sign of the factored
quadratic expression changes when
t = —2 and when t = 6, because
the expression is zero at these
values. Use a table to determine
when the sign of the expression is
negative on each side of these
values.

Since the domain is t = 0, however,
numbers that are negative cannot
be included. Therefore, the solution
is0=t<6.

Solution B: Solving a rational inequality by graphing two rational functions

To solve Q(#) > P(r), graph Q(#) = rszS and
20
P(t) = t +t1

the value of ¢ at the intersection point(s).

using graphing technology, and determine

Ploti Plotz Flots
W1B8(248-(R+8))
MWeB(20R) 7 (R+1D

W=

“Wy= e ol

\ys: In'u.\ e 1] (T N
We= RoB . Y=17.142H57 &

NEL

It helps to bold the graph of Q(t) so
you can remember which graph is
which. Use window settings that
reflect the domain of the functions.

WINDICL

There is only one intersection within
the domain of the functions.

&l
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From the graphs, Q(z) > P(z) for 0 = ¢ < 6.
The population of New Ironfield exceeded the

population of Nickelford until 2003.

If Q(t) > P(t), the graph of Q(t)
lies above the graph of P(t).
Looking at the graphs, this is true
for the parts of the graph of Q(t)
up to the intersection point at t = 6.
The graphs will not intersect again
because each graph is approaching
a different horizontal asymptote.
From the defining equations, the
graph of Q(t) is approaching the
line @ = 0 while the graph of P(t) is
approaching the line P = 20.

Solution C: Solving a rational inequality by determining the zeros

of a combined function
When Q(#) > P(z), Q(z) — P(¢) > 0.
240 20¢

t+ 8 r+1

and use the

Graph f(#) = Q(r) — P(¢) =

zero operation to locate the zero.

(

f(#) has positive values for 0 = # < 6.
For the six years after 1997, the population of New Ironfield
exceeded the population of Nickelford.

290 5.5 Solving Rational Inequalities

Combine the two population
functions into a single function,
f(t) = Q(t) — P(t). When
Q(t) > P(t), f(t) will have
positive values.

When a function has positive values,
its graph lies above the x-axis.

By examining the values of f(t)
in a table, you can verify that the
function continues to decrease
but remains positive when
0=t<e6.

NEL



Reflecting

A. How is the solution to an inequality different from the solution

to an equation?

B. In Solution A, how was the rational inequality manipulated to obtain
a simpler quadratic inequality?

C. In Solution B, how were the graphs of the related rational functions
used to find the solution to an inequality?

D. In Solution C, how did creating a new function help to solve the

inequality?

APPLY the Math

EXAMPLE 2

8
Solve x — 2 < —.
x

Solution A: Using an algebraic strategy and a sign chart

8
x—2<—x#*0
x

8
x—2——<0

x

x” 2x 8
— =<0

x x x

x> —2x— 8
— <0

x

-4 + 2

RO

NEL

5.5

Selecting a strategy to solve an inequality that involves
a linear function and a reciprocal function

/Determine any restrictions on x.
Subtract % from both sides.

x is the LCD and it can be positive or
negative. Multiplying both sides by x

would require that two cases be
considered, since the inequality sign
must be reversed when multiplying
by a negative. The alternative is to
create an expression with a common
denominator, x.

Combine the terms to create a
single rational expression.

\\ Factor the numerator.
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Examine the sign of the rational expression.

X< -2 -2<x<0 0<x<4 x >4 . . .
The sign of a rational expression
x—4 - - - + changes each time the sign of one
X+ 2 - + + + of its factors changes. Choose a test
< value in each interval to determine
X - - + + ,
the sign of each part of the
(x=4)x+2) | (H() _ _ [(H(H) _ . (D) ) N expression. Then determine the
X - - + + intervals where the overall
expression is negative.

The overall expression is negative when x < —2 or when 0 < x < 4.

The inequality is true when x e (— %, —2) orxe (0, 4). (Write the solution in interval or set
G o notation, and draw the solution set
-6-4-2 0 2 4 6 8 kon a number line.

Solution B: Using graphing technology

Write each side of the inequality as
its own function. Enter both
y—2< § x#0 functions in the equation editor,
x using a bold line for f(x).
8
Let f(x) = x — 2and g(x) = o Flati Flotz Flots
) . ) ) “WBu-2
The solution set for the inequality will be all x-values Nt
for which f(x) < g(x). b=
sWe=
\Vg=
.\l.l,l?=

Graph f(x) and g(x) on the same axes, and use

the intersect operation to determine the

intersection points. f(x) < g(x) where the bold graph of

f(x) lies beneath the graph of g(x).
Notice that the bold linear function is
l\ \ above the reciprocal function on the
o : left side and close to the vertical
S - —_— = asymptote, x = 0. It is below the
Interscation Trbirsdoiel reciprocal function on the right side
Lk 1v="4 =4 T 1=z and close to this asymptote.
f(x) < g(x) when x < —2 orwhen 0 < x < 4. (You can also use interval notation or
The solution set is {xe R|x < =2 or 0 < x < 4}. a number line to describe the
Ksolution set, as in Solution A.
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EXAMPLE 3
rational functions

x+3>x—2

x+1 x—3

Determine the solution set for the inequality

Solution A: Using algebra and a sign chart

x+ 3 x— 2
Rewrite , 4 1 =, _3,x 7 —1,3,

x+3 x— 2
a5x+1_x—320‘
(x = 3)(x+ 3) _ (x—2)(x+l)>
(x=3)(x+1) (x=3)(x+1)

20 (2
x 9 — (x x 2)>

0

5.5

Determining the solution set for an inequality that involves two

s -
| Note the restrictions on x.

Subtracti — ; from both sides to

create an inequality with zero on
the right side.

(x—=3)(x+1) =0

x2—9—xz+x+2>

(x=3)(x+1)
x—7

0

Subtract the rational expressions on
the left side using a common
denominator.

\\Expand and simplify the numerator.

s . o
| A rational expression is zero when

(x—3)(x+1)

The rational expression is equal to zero when x = 7, 50 7 is
included in the solution set.

Examine the sign of the simplified rational expression on the
intervals shown to determine where the rational expression is
greater than zero.

x< -1 -1<x<3 3<x<17 x>17
x—17 - - -
x—3 - -
x+ 1 - + + +
(x=7) SR e P A
x-3)x+1) (—)() (=)(+) (+)(+) (H)(+)

The solution set is {xe R|—1 < x < 3 orx = 7}.

| N |
T A 1

Il | I R N S—
22-101 23 45678

NEL

[ )
‘\|ts numerator is zero.

The expression is undefined at
x=—1andx = 3. ltisequalto 0
atx = 7. These numbers create
four intervals to consider. Choose
a test value in each interval to
determine the sign of each part of
the expression. Then determine the
intervals where the overall
‘\expression is positive.
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Solution B: Using graphing technology

x+3 x—2
=—,x*—1,3
x+1 x—3

( Use each side of the inequality to define a function.

Graph f(x) = i i ? with a bold line and

The graph of f(x) has a vertical asymprote atx = —1. Determine the equations of the asymptotes from
the equations of the functions.

Use the intersect operation to locate any intersection points.

The graph for ¢(x) has a vertical asymprote at x = 3.

Both graphs have y = 1 as a horizontal asymprote.

gx) = % with a regular line.

-

It looks as though the graphs might intersect on the
left side of the screen, as well as on the right side.

1*
%

Inkersection
H=7 1

The functions are equal when x = 7.

f(x) > ¢g(x) between the asymptotes at x = — 1

No matter how far you trace along the left branches,
however, you never reach a point where the y-value
is the same on both curves.

[

and x = 3, and for x > 7.
f(x) = g(x) whenx = 7.
x+3 x—2
72
x+1 x—3

The solution set for

294 5.5 Solving Rational Inequalities

between the two vertical asymptotes and then after

(The bold graph of 7(x) is above the graph of g(x)
tthe intersection point.

NEL



5.5

i summary

Key Ideas

¢ Solving an inequality means finding all the possible values of the variable that satisfy the inequality.

e To solve a rational inequality algebraically, rearrange the inequality so that one side is zero. Combine the expressions
on the no-zero side using a common denominator. Make a table to examine the sign of each factor and the sign of
the entire expression on the intervals created by the zeros of the numerator and the denominator.

e Only when you are certain that each denominator is positive can you multiply both sides by the lowest common
denominator to make the inequality easier to solve.

¢ You can always solve a rational inequality using graphing technology.

Need to Know

e When multiplying or dividing both sides of an inequality by a negative it is necessary to reverse the inequality sign to
maintain equivalence.

¢ You can solve an inequality using graphing technology by graphing the functions on each side of the inequality sign and
then identifying all the intervals created by the vertical asymptotes and points of intersection. For x-values that satisfy
f(x) > g(x), identify the specific intervals where the graph of f(x) is above the graph of g(x). For x-values that satisfy
f(x) < g(x), identify the specific intervals where the graph of f(x) is below the graph of g(x).
Consider the following graph:

Pe]” |
1 1
E 4 E In this graph, there are four
iNod i intervals to consider:
-------- TR (= o3),(03,-2), (-2,2)

f(x) > g(x) when xe (—», —3)
or (—2,2),and f(x) < g(x) when
xe(—3,=2)or (2, »).

i ] ] and (2, ). In these intervals,
1
1
1
1
1
1
1
1
1
1

X

¢ You can also solve an inequality using graphing technology by creating an equivalent inequality with zero on one side
and then identifying the intervals created by the zeros on the graph of the new function. Finding where the graph lies
above the x-axis (where f(x) > 0) or below the x-axis (where f(x) < 0) defines the solutions to the inequality.

CHECK Your Understanding

1. Use the graph shown to determine the solution set for each of the
following incqualities.

+ +
**+5 by de— 1> 10
x— 1 x— 1

a)

= 4 is equivalent to the inequality

2. a) Show that the inequalityx 3=

2(x — 6)
(x + 3)
b) Sketch the solution on a number line.
) Write the solution using interval notation.

= 0.
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3.

a) Show that the inequality x + 2 > LXS is equivalent to the inequality
(45)(x-3)
X

b) Usc a table to determine the positive/negative intervals for

Flx) = (x +5)(x — 3)'

o) State the solution to the inequality using both set notation and
interval notation.

PRACTISING

4,

B~

Use algebra to find the solution set for each inequality. Verify your
answer using graphing technology.

) > 2 d) / = 2
Y x+5s x—3 x+4
1 1 -6
b) < e) > —
2x+ 10 x+3 x+1 X
) 3 <é f -5 - 3
€ x—2 X x—4 x+1

Use algebra to obtain a factorable expression from each inequality, if
necessary. Then use a table to determine interval(s) in which the
inequality is true.

P —r— 12 30
a) ————— <0 d r—1<—
t—1 5t
t>+1t—6 2t — 10
b) ——— =0 e) >r+5
t—4
)6t2—5t+1>0 N -t _ 2
© 2+ 1 4r—1 1-9
Use graphing technology to solve each inequality.
)x+3>x—1 0 x 1
¥ w—4 x+6 x+9  x+1
b x+5< ) T8
x 2x + 6 € *
X 1 x2— 16
©) = f) =0

(x = 1)°
a) Find all the values of x that make the following inequality true:
3x—8 x—4
- 17 x+1
b) Graph the solution set on a number line. Write the solution set

x+4 x+1

using interval notation and set notation.
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8.

B

10.

-6t —30
t—2<t—2'

a) Use an algebraic strategy to solve the inequality
b) Graph both inequalities to verify your solution.
o) Can these rational expressions be used to model a real-world
situation? Explain.
5t

The equation () = 757
thousands, for a sample of tap water that is left to sit over time, #, in
15¢
2+ 9

thousands, for a sample of pond water that is also left to sit over
several days. In both models, # > 0. Will the bacteria count for the
tap water sample ever exceed the bacteria count for the pond water?
Justify your answer.

models the bacteria count, in

days. The equation g(z) = models the bacteria count, in

Consider the inequality 0.5x — 2 < %

a) Rewrite the inequality so that there is a single, simplified
expression on one side and a zero on the other side.

b) Listall the factors of the rational expression in a table, and
determine on which intervals the inequality is true.

. An economist for a sporting goods company estimates the revenue

and cost functions for the production of a new snowboard. These
functions are R(x) = —x* + 10x and C(x) = 4x + 5, respectively,
where x is the number of snowboards produced, in thousands. The
average profit is defined by the function AP(x) = ﬂxﬁl, where P(x)

is the profit function. Determine the production levels that make
AP(x) > 0.

x + 1 x+3
x— 1 <x+22l
< 0 are equivalent.

nd

a) Explain why the inequalities
x+5
(x—1)(x +2)
b) Describe how you would use a graphing calculator to solve these
inequalities.
o) Explain how you would use a table to solve these inequalities.

Extending

13.

14.

15.

NEL

Solve | - = =1
Solve.L < 4,0° = x = 360°.
sSin x

Solve% > 0.5,0° < x < 90°.
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