3 4 Transformations of Cubic
and Quartic Functions

YOU WILL NEED

e graphing calculator or
graphing software

Describe and perform transformations on cubic and quartic functions.

INVESTIGATE the Math ¥

The graphs of the parent cubic function y = x° and a second function,
which is a transformation of the parent function, are shown.

© How do the graphs of y = a(k(x — d))? + c and
y = a(k(x — d))* + crelate to the graphs of y = x> and y = x*?

A. Use dynamic geometry software to create a Cartesian grid with an

x-axis and y-axis. y =025 (x+ 2P +1

@ He b3t Leplsy Corstruct dransam Messure Graph wedow  Help

%,
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For information about how to
use The Geometer's Sketchpad
B. Plot f( x) = 43 E e B3 Gy Cordud Trnsam Poasas Gon s wob to plot f.unctions, see Technical
Appendix, T-19.

- T(X) =3

NEL Chapter 3 149



C. Define four new parameters: 2 = 1, k4 = 1,4 = 1,and ¢ = 0.

D. Createand plot Bt s v o resnes [RR ey ok
e(x)=a(b(x—d))>+ec. N f=rx w;:d'ﬁ[ _
Describe how the new & a=1.00 e
graph, g(x), is related to 7 k=1.00 o
the graph of the parent A df 1.00

. W, ¢=0.00
function, f(x). e v

E. Make a conjecture about , , , , i
how changing the ‘ zonoe Taie Do,
parameter « in the 2
function g(x) will affect .
the graph of the parent 4

function, f(x). T

F. Change the Value Ofﬂ at QHS B3t Leplzy Corchruct  Iranzamn Measre  Graps  window -eb

least four times using .| fx) = x3
integers and rational | a=1.00 i
numbers. Record the || k=1.00 -~
effect of each change on d=1.00

¢=0.00

the graph. Make sure that 300 = AKEd e
you use both positive and -

negative values.

G. Repeat parts E and F for |
each of the other -
parameters (4, d, and ¢). | | N -

H. Repeat parts A to G for
the quartic function f(x) = x*.

Reflecting

I.  Describe the transformations that must be applied to the graph of the
function f(x) = x° to create the graph of y = a(k(x — 4))° + <.

J.  Describe the transformations that must be applied to the graph of the
function f(x) = x* to create the graph of y = a(k(x — d))* + «.

K. Do you think your descriptions in parts I and ] can be applied to
transformations of the function f(x) = x” for all possible values
of n? Explain.
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APPLY the Math

EXAMPLE 1 Using reasoning to determine transformations

34

3
Describe the transformations that must be applied to y = x° to graph y = — 8<;x + 1) — 3, and then graph

this function.

Solution A: Using the equation as given

1 3
y=—8<2x+1> -3

Factor the coefficient of x so
that the function is in the

. o)

)= —8(;(x " z))3 — 3

yzxais

* vertically stretched by a factor of 8 and reflected in the x-axis

* horizontally stretched by a factor of 2
e translated 2 units left <

-

ormy =a(k(x — d))* + c

Il
|
0o

e translated 3 units down

(A o =~
[[]
[
w N

Begin with the parent
function to be transformed

. )

5 Y
=x
y 811y = x
X y 4]
-2 | -8 "
-1 7 -8 —4 i 5
0 0 —4-
1 |
2 8
(% y) = (2%, —8y)
y=x = —g(1x)’ X
y (zx) o
(=2, —8) | (2(—2),—8(—8)) = (—4,64) X yE=x
(=1, =1) | 2(=1),—8(=1)) = (-2,8)
_ - -4 -2 2 4
(0,0) (2(0), —8(0)) = (0, 0) 5 y=—8(lx)3
(1. 1) (2(1), —8(1)) = (2, -8) ] 2
(2,8) (2(2), —8(8)) = (4, —64)

NEL

Qnd its key points.

4 Perform the stretches,
reflections, and
compressions first.
Multiply the x-coordinates
of the key points by 2.

Multiply the y-coordinates
\_of the key points by —8.

&
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(2x, —8y) > (2x — 2,—8y — 3)

I R

(-4,64) | (=4 — 2,64 —3) = (=6,61) 4
(-2,8) (-2-2,8-3) = (—45) 2
(0,0) (0-2,0-3)=(-2,-3) I\
(2, -8) (2-2,-8-3)=(0,—-11) 21
(4, —64) | (4-2,—64—3)= (2 —67) -

Solution B: Simplifying the equation first

1 3
y=—8<2x+1) -3

Perform the
translations last.
Subtract 2 from the
x-coordinate and
3 from the
y-coordinate of each
point on the red
graph to obtain the
corresponding point
\on the blue graph.

Factor out the
coefficient of x, and
apply the exponent

)= —8(;(36 " z))3 3

13
y=—8<2> (x+2)° =3
y=—(x+2)° -3
y=-(kx+2)°-3
y=x7is

* vertically reflected in the x-axis

to both parts of the
product.

Simplify.

¢ translated 2 units to the left
e translated 3 units down

R
A Qo
Il
|
Nd

Il
I
w

Begin with the graph

_y—x
X y Y
_2 _8 8_ y=x3
—1 | —1 4-
0 0 X
1 1 -8 —4 4 8
2 8 T
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of the parent function
to be transformed.
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(%) = (% —y)

34

y=x y=-x
(=2,-8) | (=2,=(=8) =(-2,8)
(=1L=1 | =1L, =(=1)=(1LM
(0,0) (0, =(0)) = (0,0)
(1, (1L,=Q)=@0,-1
(2,8) (2,-(8) = (2, -8)

(% =) 5 (x—2,—y+3)

y = —x3 y=—-(x+2)}-3
(-2,8) (—2-2,8-3) = (—4,5)
(-1,1) (-1-2,1-3)=(-3,-2)

(0, 0) (0 —2,0-3)=(-2,-3)

(1, =1 (1=2,-1=-3)=(-1,-4)

(2,-8) | (2-2,-8-3)=(0,—11)

y
41 y=x3 Apply the reflection in the
24 x-axis first. Multiply the
X y-coordinate of each key
4 - 2 4 point on the green graph
2- to obtain the corresponding
4 y=—-x point on the red graph.
y=—(x+2p-3
y
1 Jy=x3 prpIy the translations last.
. Subtract 2 from the
X x-coordinate and 3 from the
-
—4\ -2 2 4 y-coordinate of each point
2- on the red graph to obtain
1 ly=-x3 the corresponding point on
\the blue graph.

Note that the final graph, shown in blue, is the same from the two different solutions shown above. Two different sets
of transformations have resulted in the same final graph.

EXAMPLE 2

Selecting a strategy to determine

the roots of a quartic function

Determine the x-intercept(s) of the function y = 3(x + 6)* — 48.

Solution A: Using algebra

y=3(x+6)* — 48 <
0=3(x+6)"—48

ELety = 0, and solve for x.

C .
Use inverse operations to
isolate (x + 6)% Add 48 to

48 = 3(x + 6)* <

both sides, and then divide
\both sides by 3.

/Take the fourth root of

both sides.

=
Any even root of a number

has both a positive value

and a negative value.
N

478_3(964‘6)4
3 3
16 = (x + 6)*
V16 = V(x + 6)* <
T2 =x+06 <
2=x+6and —2=x+6
2—6=x —2—-6=x
—4 = x -8 =x <

NEL

The x-intercepts are —4 and
-8.

N~

%
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Solution B: Using transformations and a graphing calculator

Flokl Flokz Flokz
MBI CE+62 448
He=
wMr=

~My=
wNe=
wMNME=

(Enter the equation into a

Ne=

Lgraphing calculator.

To graph y = 3(x + 6)* — 48, y = x* must be

sincea = 3

e translated 6 units to the left and
48 units down, since d = —6
and ¢ = —48

(x,9) > (x — 6,3y — 48)
(0,0) - (0 — 6,3(0) — 48)
= (—6, —48)

vertically stretched by a factor of 3

p
Use transformations to help

determine suitable window
settings.

-

-~

[Determine the new location
of the turning point, (0, 0),
of the parent function.

Since 2 > 0, the graph opens up.

Subtract 6 from the

x-coordinate. Multiply the

y-coordinate by 3, and
Ksubtract 48.

/Adjust the window settings
so that Xmin is to the left of

Tech | Support

x = —6 and Ymin is below
= —48.

Graph the

For help using the zero
operation on a graphing
calculator to determine the
zeros of a function, see
Technical Appendix, T-8.

The x-intercepts are — 8 and —4.
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determine the
locations of the
Zeros.

function. Use the
zero operation to
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In Summary

Key Ideas

e The polynomial function y = a(k(x — d))" + ¢ can be graphed by applying
transformations to the graph of the parent function y = x”, where ne N. Each

point (x, y) on the graph of the parent function changes to (

e When using transformations to graph a function in the fewest steps, you can
apply a and k together, and then ¢ and d together.

X

k+d,ay+c).

Need to Know
e Iny=a(k(x—d)" +c

a vertical reflection
a horizontal reflection

« the value of c represents a vertical translation

« the value of d represents a horizontal translation

- the value of a represents a vertical stretch/compression and possibly

« the value of k represents a horizontal stretch/compression and possibly

CHECK Your Understanding

1. Match each function with the most likely graph. Explain your reasoning.

) y=2(x—3)°+1
1
b) y=—g(x+1)3—l

9 y=02(x—4)*—3
d y=—-15@x+3)"+4

A B
Y 6_)’
6_
4
4
2
21 X
X T T T T
. . -4 -2 9 4
-2 0 4 -2
-2
—4
—4
—6
C o D 61
4+ 4+
2+ 2+
X X
DR R T3 5 s
-2 2+
—4 4 4
—6 6+

NEL
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2. State the parent function that must be transformed to create the graph
of each of the following functions. Then describe the transformations
that must be applied to the parent function.

a) y22x4+3 d y=—(x+8)*

b) y=3x—4 e y= —48(x—3)(x— 3)
1 3

o y=(Bx+4)>° -7 f) y=2(5x+7) — 4

3. Describe the transformations that were applied to the parent function
to create each of the following graphs. Then write the equation of the
transformed function.

a) parent function: y = x° o parent function: y = x*
y y
(_1:4) T 4
2_ — -
) (-1,2) 6.2,
7 T Y
-2
(1.-2)
—4
b) parent function: y = x* d) parent function: y = x°
(=4, 5) 1Y y
4] 4-
(—3r 3)
(453)| 2]
X
RTECREa
-2
—4 4

PRACTISING

4. Describe the transformations that were applied to y = x” to create
B cach of the following functions.

a) y=12(x—9)° -7 d y=(x+9)(x+9)(x+9)
b) y=(g(x+l)> + 3 e y=—2(—3(x—4)° -5

0 y=—-2(x—6)"—38 £ y= (Z(x — 10))3
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34

5. For each graph, determine the equation of the function in the form
9 = a(x — h)* + k. Then describe the transformations that were
applied to y = x* to obtain each graph.

b)

6. The function y = x° has undergone the following sets of
transformations. If y = x” passes through the points
(—1,—1), (0,0), and (2, 8), list the coordinates of these

transformed points on each new curve.

a) vertically compressed by a factor of 3 horizontally compressed by
a factor of %, and horizontally translated 6 units to the left

b) reflected in the y-axis, horizontally stretched by a factor of 2, and
vertically translated 3 units up

o) reflected in the x-axis, vertically stretched by a factor of 3,
horizontally translated 4 units to the right, and vertically

translated% of a unit down

1
10
a factor of 7, and vertically translated 2 units down

d) vertically compressed by a factor of +, horizontally stretched by

e) reflected in the y-axis, reflected in the x-axis, and vertically
9 .
translated 10 of a unit up

f) horizontally stretched by a factor of 7, horizontally translated
4 units to the left, and vertically translated 2 units down

The graph shown is a result of transformations applied to y = x*. 51

B~

Determine the equation of this transformed function. (1.3) X

Dikembe has reflected the function g(x) = x° in the x-axis, vertically

B

. 2 . . .
compressed it by a factor of %, horizontally translated it 13 units to
the right, and vertically translated it 13 units down. Three points on

the resulting curve are (1 1, —?), (13, —13), and (15’ _?>
Determine the original coordinates of these three points on g(x).

(5,-61)
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10.

11.

@5

Determine the x-intercepts of each of the following polynomial
functions. Round to two decimal places, if necessary.

a) y=2(x+3)*"-2 d y=-5(x+06)—-10
b y=(x—2)"—38 9 y=4(x—8)"—12

9 y=-3x+1)"+4 fH y=—(2x+5)"—20

Consider the functiony = 2(x — 4)” + 1, neN.

a) How many zeros will the function have if » = 3? Explain how
you know.

b) How many zeros will the function have if » = 4? Explain how
you know.

c) Make a general statement about the number of zeros that the
function will have, for any value of 7. Explain your reasoning.

a) For what values of 7 will the reflection of the function y = x” in
the x-axis be the same as its reflection in the y-axis. Explain your
reasoning.

b) For what values of 7 will the reflections be different? Explain your
reasoning.

Consider the function y = x°.

a) Use algebraic and graphical examples to describe all the
transformations that could be applied to this function.

b) Explain why just creating a single table of values is not always
the best way to sketch the graph of a function.

Extending

13.

14.

15.

Can you create the graph of the function
y=2(x—1)(x + 4)(x — 5) by transforming the function
y= (x—4)(x+ 1)(x — 8)? Explain.

Transform the graph of the function y = (x — 1)*(x + 1)*to
determine the roots of the function y = 2(x — 1)*(x + 1)* + 1.

The function f(x) = x* was transformed by vertically stretching it,
horizontally compressing it, horizontally translating it, and vertically
translating it. The resulting function was then transformed again by
reflecting it in the x-axis, vertically compressing it by a factor of 5
horizontally compressing it by a factor of -, and vertically
translating it 6 units down. The equation of the final function is

f(x) = —4(4(x + 3))* — 5. What was the equation of the function

after it was transformed the first time?
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