7 - 6 Solving Quadratic
Trigonometric Equations

YOU WILL NEED
e graphing calculator

Solve quadratic trigonometric equations using graphs and algebra.

LEARN ABOUT the Math

A polarizing material is used in camera lens filters, LCD televisions, and
sunglasses to reduce glare. In these examples, two polarizers are used to
reduce the intensity of the light that enters your eyes.

polarizer B ﬁ
polarizer A ———

light source

The amount of the reduction in light intensity, 7, depends on 6, the acute
angle formed between the axis of polarizer A and the axis of polarizer B.
Malus’s law states that 7 = 7, cos” 6, where I is the intensity of the initial
beam of light and / is the intensity of the light emerging from the

polarizing material.

O Atwhat angle to the axis of polarizer A should polarizer B be
placed to reduce the light intensity by 97%?

EXAMPLE 1 Solving a quadratic trigonometric
equation using an algebraic strategy

Use Malus’s law to determine the angle between polarizer A and polarizer B that
will reduce the light intensity by 97 %.

Solution
If the light intensity is reduced by
Malus’s law is 7 = cos 0. 97%, thenitis 1 — 0.97 or 0.03
Solve the equation 0.03 1, = I, cos” 6. of the initial intensity. Therefore,
/= 0.03/,

&l
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0.031, Iy cos” 6 - (Divide both sides by /, to isolate

Iy I, Lcos 0.

0.03 = cos*
V005 = Veos' |
*0.1732 = cos 0
cos = 0.1732 orcos = —0.1732

[Take the square root of both sides.

A Since the cosine ratio has both
positive and negative values, solving
both equations will result in values
- for 0 that lie in all four quadrants.

This means that there are four
possible solutions. These solutions,
C however, are all related by the acute
Krelated angle.

Only the acute angle is necessary.
This is the angle in quadrant I.
cos @ = 0.1732

6 = cos” ' (0.1732)

] N To determine the related acute

B, 17322 .
2H, BZEBTITE angle, use a calculator in degree
B — ==

mode and determine the inverse

cosine of 0.1732.

0 = 80°
S . 80°
To reduce the light intensity by 97 %, 4/}/?
the axis of polarizing material B must

be placed at an angle of about 80° to
the axis of polarizing material A.

cossTi

] N
\ I.'"'-l"'l ."r
| IIIIII / To verify the solution, graph
) X | < | f(x) =cos’6 — 0.03 in degree
E-zr-:-\% ! mode and determine its first zero.
nEBOLNEERFE Y=-1.2E-1Y
| J

The graph confirms the calculated solution.
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Reflecting

A.

Compare the number of solutions between 0° and 360° for the
equation cos” x = 0.03 with the number of solutions for a linear
trigonometric equation, such as cos x = 0.03. Explain the difference,
using both graphical and algebraic analyses.

Why were some of the solutions for the trigonometric equation

cos® x = 0.03 omitted in the context of Example 12

How would the equation change if the intensity of light in an LCD
television was reduced by 25%? What angle would be needed between
the axis of polarizer A and the axis of polarizer B for this situation?

APPLY the Math

EXAMPLE 2 Selecting a factoring strategy to solve

quadratic trigonometric equations

Solve each equation for x in the interval 0 = x = 2. Verify your solutions

by graphing.

a) sin’x — sinx = 2 b) 2sin’x — 3sinx+ 1 =0
Solution

a) sinx — sinx = 2 M

NEL

Subtract 2, so you have 0 on
the right side.This is a quadratic
(sinx — 2)(sinx +1) =0 equation in sin x. Factor.

sinx = 2orsinx = —1 =

sinx —sinx — 2 =0 <——]

Solve both of these equations. p
Since the graph of y = sin x has the

The equation sin x = 2 has no solutions. <— range {yeR|—1 =y = 1}, the

values of sin x cannot exceed 1.

N
The equation sin x = —1 has only one

solution in the interval 0 < x < 277,

y
/™ X Since sin x = };/ = _71 the point
\S (0,-1) ~< (0, = 1) lies on the terminal arm
kof angle x.
v

3

The solution is x = ER
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Tech | Support

For help using the graphing
calculator to determine points
of intersection, see Technical
Appendix, T-12.

b)
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g h (To verify the solution, graph
f(x) =sinx — sinxand g(x) = 2
Efﬂh“-\ in the required interval. Then
r N determine the points of intersection.
Inter:ectqiﬁ' h
n=4.71z:E98 Y=z -
N~ / WIHDOOW
Amin=H
Vs ~ Amax=E. 2851853
T wecl=1, 37ETIES.
ST - Yrmin=-1
4. 712388938 Ymax=3
YMaol=,5
Ares=1
\
L Y, You can see that there is only one
solution in the interval 0 = x = 27.

\

Since 37” = 4.712 388 98, this verifics

the previous solution.

2sin’x — 3sinx +1=0
(2sinx — 1) (sinx — 1) = 0 <7[Factor the left side.

. 1 .
Sinx = 5 orsinx = 1

. 1 . .
sinx = 5 has two solutions in

(Use the 1,2, V3 special triangle
0=x=2m =

T 1
to det ine that sin— = —
k O determine that sin 6 2

.1 (1 . . .
sin” ! (E) = %13 the solution in

quadrant I and is also the related acute angle.

y Since sin x is positive, both y and r
are positive. The solutions lie in
quadrants | and Il

o\
oS

| Todetermine the solution in
quadrant II, subtract the related

angle from 7.
_m_>57
\7’ 6 6

S

The solution in quadrant IT is 56

sin x = 1 has one solution.
. w in—1 1) = l
This occurs when x = Ex sinT' (1) = 5
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Graph f(x) = 2sin®x — 3sinx + 1,
and determine the zeros to verify
the solutions.

ll ll Limit the window
i i to the interval
i ! B ! [0, 2] so you
ﬁg.?zzssa%;a ¥=0 ﬁgifk?u?ﬁ; ¥=0 only consider the
required solutions.
-
- ~ | If you set Xscl to %,
|I T CREEEETEE you can see that
T i mr i the zeros match
AJ e e the solutions
&1 J 2. 61799357 Kalready obtained.
EIA
N J
The solutions match those obtained algebraically.
EXAMPLE 3 Selecting a strategy using identities to solve quadratic trigonometric

equations

For each equation, use a trigonometric identity to create a quadratic equation. Then solve the equation for x
in the interval [0, 277].

a) 2sec’x—3+tanx=0 b) 3sinx + 3 cos2x = 2
Solution
a) 2sec*x — 3+ tanx =0

Use the Pythagorean identity
1 + tan? x = sec® x to create an
equation with only tan x and

A

2(1 + tan’x) — 3 + tanx = 0

tan? x in it.
2+ 2tan’x — 3 + tanx = 0 (" ,
5 < Expand and combine terms. Factor.
2tan“x + tanx — 1 =0 .
(2ranx — 1)(anx + 1) =0 (Set each factor equal to O to solve
2tanx — 1 =0ortanx + 1 =0 Lthe equations.

1
taanE or tanx = —1
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tan x = 1 has solutions in quadrants I
and II1.

an”'(3) = 0.46

This is the solution in quadrant I and is
also the related angle.

s y A
/1 ioa6 x

046
T C

The solution in quadrant III is
7 + 0.46 = 3.60

Solutions to the equation are x = 0.46, 3%,

rounded to two decimal places where not exact.

b) 3sinx + 3cos2x =2

tan x = — 1 has solutions in quadrants IT and IV. ("Use the CAST
T rule to help
-1 _ .
tan ' (1) = 4 =< determine the
solutions in
The related angle is % the required
interval,
y \O =x=2m.
S A
T N\
4 AN X
NS
4
T C
. . . T _ 3m
The solution in quadrant ITis 7 — - = 7.
The solution in quadrant IV is 277 — % = 7%
7T . g
3.60, or v radians, _ Round answers that are
|_not exact.

/To create a single
trigonometric function

3sinx + 3(1 — 2sin*x) = 2 <
3sinx + 3 — 6sin*x =2

0=2—3sinx— 3+ 6sin’x
0=06sin’x — 3sinx — 1

0=06a>— 32— 1

2(6)
3+ V33
12
a=0.730ra= —0.23
sinx = 0.73 orsinx = —0.23

434

(such as sin x) with the
same argument, use the
double angle formula
cos2x =1 — 2sin’x.
Rearrange the equation
\so that one side equals 0.

/This is not factorable, so

_ (-3 V(-3 - 46 (-1) ~

substitute @ = sin x and
use the quadratic
formula.
— —b * Vb? — dac
2a '
wherea =6,b = —3,
Kand c= -1
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sinx = 0.73 has solutions in quadrants
I and II.

sin! (0.73) = 0.82

This is the solution in quadrant I and is
also the related angle.

y

T C

The other solution is 7 — 0.82 = 2.32.

sin x = —0.23 has solutions in quadrants
III and IV.

sin”!' (0.23) = 0.23. The related angle is
0.23.

S y A
b -~
0.23 0.23
T C

The solution in quadrant III is
m + 0.23 = 3.37.

The solution in quadrant IV is
27 — 0.23 = 6.05.

The solutions are approximately 0.82, 2.32, 3.37, or 6.05.

In Summary

Key Ideas

or graphically.

context of the problem.

¢ In some applications, the formula contains a square of a trigonometric ratio.
This leads to a quadratic trigonometric equation that can be solved algebraically

e A quadratic trigonometric equation may have multiple solutions in the interval
0 = x = 27. Some of the solutions may be inadmissible, however, in the

Need to Know

linear trigonometric equations.

* You can often factor a quadratic trigonometric equation and then solve the
resulting two linear trigonometric equations. In cases where the equation
cannot be factored, use the quadratic formula and then solve the resulting

Note: The solutions to ax? + bx + ¢ = 0 are determined by x = —

¢ You may need to use a Pythagorean identity, compound angle formula, or
double angle formula to create a quadratic equation that contains only a single
trigonometric function whose arguments all match.

b = Vb2 — 4ac

2a

CHECK Your Understanding

1. Factor each expression.

a) sin’6 — sin 6 d 4cos’ — 1
b) cos’O — 2cosh + 1 e 24sin’x — 2sinx — 2
o 3sin’6 — sinh — 2 f) 49 tan® x — 64

NEL

("Use the CAST
rule to help

determine the

solutions in
the required
interval,

KOSXSZ’]T.
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2. Solve the first equation in each pair of equations for y and/or z. Then
use the same strategy to solve the second equation for x in the interval
0=x=2m.

a) y2 = g, tan’ x = g

b) y>+ y=0,sin’x + sinx =0
o y—2yz2=0,cosx — 2cosxsinx =0
d) yz =y, tanxsecx = tan x

3. a) Solve the equation 6y — y — 1 = 0.
b) Solve 6 cos’x — cosx — 1 = 0 for 0 < x < 27r.

PRACTISING

4. Solve for 0, to the nearest degree, in the interval 0° = 6 = 360°.

@, sinf0=1 d 4cos’6 =1
b) cos’f =1 e 3tan’fh =1
¢ tan’f =1 f) 2sin’6 =1

5. Solve each equation for x, where 0° = x = 360°.
a) sinxcosx =0
b) sinx (cosx —1) =0
¢) (sinx + 1) cosx =0
d) cosx (2sinx — V3) =0
o (V2sinx—1)(V2sinx+ 1) =0
f) (sinx — 1)(cosx + 1) =0

6. Solve each equation for x, where 0 = x = 277,
a) (2sinx — 1) cosx=0
b) (sinx+ 1)*=0
o (2cosx+ V3)sinx =0
d (2cosx —1)(2sinx+ V3) =0
e (V2cosx—1)(V2cosx+ 1) =0
f) (sinx + 1)(cosx —1) =0

7. Solve for 0 to the nearest hundredth, where 0 =< 6 < 277.
a) 2cos’0 +cosh—1=0
b) 2sin°0 =1 — sinf
o cos’0 =2+ cosf
d) 2sin’6 + 5sinf —3=0
e 3tan’H — 2tanf = 1
f) 12sin’60 +sinf —6=0

8. Solve each equation for x, where 0 = x = 277,
a) secxcscx — 2cscx =0 d) 2cotx + sec’x =0
b) 3sec’x —4=0 e) cotxcsc’x = 2 cot x
o 2sinxsecx —2V3sinx=0 f) 3tan’x — tanx = 0
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10.

Solve each equation in the interval 0 = x = 277. Round to

two decimal places, if necessary.

a) Scos2x —cosx +3 =0 ¢ 4cos2x+ 10sinx —7 =0
b) 10cos2x —8cosx +1 =0 d) —2cos2x = 2sinx

Solve the equation 8 sin?x — 8sinx + 1 = 0 in the interval
0=x=2m.

11. The quadratic trigonometric equation cot’x — bcotx + ¢ = 0 has
the solutions %, %, %T, and 5777 in the interval 0 =< x =< 2. What are
the values of 4 and ¢?

12. The graph of the quadratic trigonometric equation sin® x — ¢ = 0
is shown. What is the value of ¢?

Y
oF /N
ey
I 2 2
13. Natasha is a marathon runner, and she likes to train on a 27 km
B siretch of rolling hills. The height, in kilometres, of the hills above

sea level, relative to her home, can be modelled by the function
h(d) = 4 cos* d — 1, where d is the distance travelled in kilometres.
At what intervals in the stretch of rolling hills is the height above sea
level, relative to Natasha’s home, less than zero?

14. Solve the equation 6 sin* x = 17 cos ¥ + 11 for x in the interval

Ho<y=27m
15. a) Solve the equation sin* x — V2 cos x = cos* x + V2 cos x + 2
for x in the interval 0 = x =< 2.
b) Write a general solution for the equation in part a).
16. Explain why it is possible to have different numbers of solutions for
quadratic trigonometric equations. Give examples to illustrate your
explanation.
Extending
tan x cot x
17. Given that f(x) = — , determine all the values
1 — tanx 1 — cotx
of  in the interval 0 = 2 = 27, such that f(x) = tan (x + a).

18. Solve the equation 2 cos 3x + cos 2x + 1 = 0.

19. Solve 3 tan’2x = 1, 0° < x < 360°.

20. Solve V2sin6 = V3 — cosh,0 < 0 < 21r.

NEL
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