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Solving Exponential Equations

Solve exponential equations in one variable using a variety
of strategies.

LEARN ABOUT the Math

All radioactive substances decrease in mass over time.

Jamie works in a laboratory that uses radioactive substances. The laboratory
received a shipment of 200 g of radioactive radon, and 16 days later, 12.5 g
of the radon remained.

© \What is the half-life of radon?

EXAMPLE 1 Selecting a strategy to solve an exponential
equation

Calculate the half-life of radon.

Solution A: Solving the equation algebraically by writing
both sides with the same base

~
Write the formula for half-life,

M(z) = P<1>}7 b kWhere h is the half-life period.
2
» Substitute the known values
12.5 = 200 1V < M(t) (for the remaining mass),
> = 2 P (the original mass), and t (the
\_time in days).
16
12.5 _ 1y (lsolate h by dividing both sides
200 2 kof the equation by 200.
16 —~
1 _ 1Y\ Express the left side of the
16 2 equation as a fraction.
—
4 16 .
1 _ 1)\ B Both sides can be written with
2 2 the same base.
—

8.5 Solving Exponential Equations NEL



p
The powers are equal when

the exponents are equal.
kSoIve the resulting equation.

Multiply both sides by h, and

16 <
4=—
h
4h =16 =
h=4

The half-life of radon is 4 days.

then divide by 4 to solve for h.

Solution B: Solving the equation algebraically by taking

the logarithm of both sides

M(t) = P<;>/i )

16

[Write the formula for half-life.

A

12.5 = 2oo<l)h
o 2

16

[Substitute the given values.

Divide both sides of the

125 <1>b
200 \2

eqguation by 200.
—

g
Express the fractions as

0.0625 = (0.5)7 <

log (0.0625) = log (0.5)% <

1
log (0.0625) = 7610g (05) <————

hlog (0.0625) = 16 log (0.5) <

decimals.

-

If two quantities are equal,
then the logs of the quantities
\will also be equal.

Use the power rule for

logarithms to rewrite the right

side of the equation without
n nent.

_an expone t

_ 16log (0.5)
log (0.0625)
h=4

The half-life of radon is 4 days.

NEL

[I\/Iultiply both sides by h.

Divide both sides of the
equation by log (0.0625) and
evaluate the result with a
calculator.
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Tech | Support

For help using the graphing
calculator to determine points
of intersection, see Technical

Appendix, T-12.

Solution C: Solving the equation graphically using
graphing technology

M(2) = P<1>;] < EWrite the formula for half-life.
16
1\%
125 = 200<2> < ESubstitute the given values.
16
125 _ <1>h - rTo solve for h, divide both sides
200 2

Lof the equation by 200.

16
0.0625 = (0.5)» /Express the

fractions as
decimals. Enter the
right side of the
equation into Y1
of the equation
editor. Enter the
left side into Y2.
Graph using a
window that
corresponds to the
domain and range
Lin this context.

Determine the point of
intersection of the graphs

< using the intersect operation.
The x-coordinate of the point
of intersection is the solution
to the equation.

Intgrseckion
H=4

LR e op—

The half-life of radon is 4 days.

Reflecting

A. Why did the strategy that was used in Solution A result in an exact
answer? Will this strategy always result in an exact answer? Explain.

B. Which of the strategies used in the three different solutions will always
result in an exact answer? Explain.

C.  Which of the three strategies do you prefer? Justify your preference.
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APPLY the Math

EXAMPLE 2 Selecting a strategy to solve an exponential
equation with more than one power

Solve 2*%2 — 2% = 24,

Solution

p
The terms on the left side of the
\equation cannot be combined.

22— 2 = 24 <

=
(22— 1) = 24 Divide out the common factor of 2%
24— 1) = 24 Lon the left side of the equation.
2°(3) = 24 (Simplify the expression in brackets.
»=8 _ Divide both sides by 3.
2% = 93 Express the right side of the equation
3 | as a power of 2.
x =
EXAMPLE 3 Using logarithms to solve a problem

An investment of $2500 grows at a rate of 4.8% per year, compounded annually.
How long will it take for the investment to be worth $4000? Recall that the
formula for compound interest is 4 = P(1 + 7)”.

Solution

(Substitute the known values
A= P+ )" (P = 2500, i = 0.048, and A = 4000)

4000 = 2500(1.048)" h into the formula. The variable n
krepresents the number of years.
~

4000 48)" Divide both sides of the equation

2500~ (1:048) | by 2500.

1.6 = (1.048)" < [Express the result as a decimal.

( .
log (1.6) = log (1.048)" :zlr(ithe log of both sides to solve
L .

p
Use the power rule for logarithms to
= B
log (1.6) = nlog (1.048) krewrite the equation.
= log 1.6 - 10,025 (Divide both sides of the equation by
log (1.048) klog (1.048) to solve for n.

It will take approximately 10.025 years for the investment to be worth $4000.
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EXAMPLE 4 Selecting a strategy to solve an exponential
equation with different bases

Solve 2°"1 = 371 (5 three decimal places.

Solution

_
Both sides of the equation cannot be

2x+1 — 3x*1 - ) )
written with the same base.
.

—

log (2°°1) = log (3" Take tlhe log of both sides of the
\equa‘uon.

(Use the power rule for logarithms

(x+ 1)log2 = (x — 1) log 3 <——— to rewrite both sides of the

_equation with no exponents.

Expand using the distributive

xlog2 + log2 = xlog3 — log 3 ~—— oroperty.

—

log2 + log3 = xlog 3 — xlog 2 Collec.t like terms to solve the
equation.
—

| | l l ("Divide out the common factor of x
og2 +log3 _ x(log3 — log2) ~—— on the right side. Then divide both

log 3 — log 2 log 3 — log 2 _sides by log 3 — log 2.
log2 + log 3 = x5 = EEvaIuate using a calculator.
log 3 — log 2
L (Round the answer to the required
4419 = x < Lnumber of decimal places.

Key Ideas

¢ Two exponential expressions with the same base are equal when their exponents are equal. For example, if a™ = a",
thenm = n, wherea > 0,a # 1,and m, neR.

e If two expressions are equal, taking the log of both expressions maintains their equality. For example, if M = N, then
log,M = log,N, where M, N > 0,a > 0,a # 1.

Need to Know

¢ To solve an exponential equation algebraically, take the logarithm of both sides of the equation using a base of 10,
and then use the power rule for logarithms to simplify the equation and solve for the unknown.

e Sometimes an exponential equation can be solved algebraically by writing both sides of the equation with the same
base (if possible), setting the exponents equal to each other, and solving for the unknown.

e Exponential equations can also be solved with graphing technology, using the same strategies that are used for other
kinds of equations.
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CHECK Your Understanding

1. Solve. 1
a) 5% = 625 D) 9x+1 — 272x*3 e) 23x — 5
1
b) 4% =2~ d 8= V16 f) 4= e
2. Solve. Round your answers to three decimal places.
a) 2°=17 o 30(5%) = 150 e 5'7*=10
b) 6° =231 d) 210 = 40(1.5)* f) 6 =30

Solve by rewriting in exponential form.

a) x = log;243 o x=logs5V5 e x= 10g2<4>
( 1

)

—_

b) x = logs216 d x=log, V8 f) x = log,

PRACTISING

4. The formula to calculate the mass, M(#), remaining from an original

NEL

sample of radioactive material with mass P, is determined using the

formula M(z) = P(%)Z, where 7 is time and /4 is the half-life of the

substance. The half-life of a radioactive substance is 8 h. How long will
it take for a 300 g sample to decay to each mass?

a) 200g b) 100 g 9 75g d 20¢g
Solve.

) 49 1=7V7 @) 363 = (\E%)

b) 2%74=0.25 e 22T+ 7 =71

0 (i)w V8 B 9¥ =81(27)

a) If $500 is deposited into an account that pays 8% /a compounded
annually, how long will it take for the deposit to double?

b) A $1000 investment is made in a trust fund that pays 12%/a
compounded monthly. How long will it take the investment to
grow to $5000?

¢ A $5000 investment is made in a savings account that pays 10% /a
compounded quarterly. How long will it take for the investment
to grow to $7500?

d) Ifyou invested $500 in an account that pays 12% /a compounded
weekly, how long would it take for your deposit to triple?

A bacteria culture doubles every 15 min. How long will it take for
a culture of 20 bacteria to grow to a population of 163 840?
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Solve for x.

a) 47+ 4= 160 d 107! — 10* = 9000
b) 272 + 2¥ = 320 e 32+ 3*=30
o T2 —2¥=96 f) 43 — 4 =63

Choose a strategy to solve each equation, and explain your choice.
(Do not solve.)

a) 225(1.05)* = 450 b) 3*"2 + 3 =270
10. Solve. Round your answers to three decimal places.
a) Stfl =392 C) 42x — 52x*1
b) x = log;25 d) x = log,53.2
11. A plastic sun visor allows light to pass through, but reduces the
intensity of the light. The intensity is reduced by 5% if the plastic is
1 mm thick. Each additional millimetre of thickness reduces the
intensity by another 5%.
a) Use an equation to model the relation between the thickness
of the plastic and the intensity of the light.
b) How thick is a piece of plastic that reduces the intensity
of the light to 60%?
12. Solve 3** — 5(3%) = —6.
1
13. Iflog,x = y, show thaty = %C . Explain how this relationship could
be used to graph y = logsx on a graphing calculator.
Extending
14. Solve for x. 1\
a) 2x2 _ 32(249:) b) 3x2+20 — (27) C) 2 X 3x =7 X Sx.
15. Iflog,2 = log,8, show that & = b.
16. Determine the point of intersection for the graphs of y = 3(5*) and
y = 6(4%). Round your answer to three decimal places.
17. Solve for x, to two decimal places.
a) G = 4273 b (1.2)" = (2.8)""* ¢ 3(2)* = 4*"!
18. Solve for x, to two decimal places.

(29 =10
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